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Towards explicit description of ramification
filtration in the 2-dimensional case

par VICTOR ABRASHKIN

RESUME. Le résultat principal de cet article est une description
explicite de la structure des sous-groupes de ramification du grou-
pe de Galois d’'un corps local de dimension 2 modulo son sous-
groupe des commutateurs d’ordre > 3. Ce résultat joue un role
clé dans la preuve par 'auteur d’un analogue de la conjecture de
Grothendieck pour les corps de dimension supérieure, cf. Proc.
Steklov Math. Institute, vol. 241, 2003, pp. 2-34.

ABSTRACT. The principal result of this paper is an explicit de-
scription of the structure of ramification subgroups of the Galois
group of 2-dimensional local field modulo its subgroup of commu-
tators of order > 3. This result plays a clue role in the author’s
proof of an analogue of the Grothendieck Conjecture for higher
dimensional local fields, cf. Proc. Steklov Math. Institute, vol.
241, 2003, pp. 2-34.

0. Introduction

Let K be a 1-dimensional local field, i.e. K is a complete discrete valu-
ation field with finite residue field. Let I' = Gal(Ksep/K) be the absolute
Galois group of K. The classical ramification theory, cf. [8], provides I'
with a decreasing filtration by ramification subgroups I'®), where v > 0
(the first term of this filtration I'®) is the inertia subgroup of I'). This ad-
ditional structure on I' carries as much information about the category of
local 1-dimensional fields as one can imagine: the study of such local fields
can be completely reduced to the study of their Galois groups together with
ramification filtration, cf. [6, 3]. The Mochizuki method is a very elegant
application of the theory of Hodge-Tate decompositions, but his method
works only in the case of 1-dimensional local fields of characteristic 0 and
it seems it cannot be applied to other local fields. The author’s method
is based on an explicit description of ramification filtration for maximal
p-extensions of local 1-dimensional fields of characteristic p with Galois
groups of nilpotent class 2 (where p is a prime number > 3). This infor-
mation is sufficient to establish the above strong property of ramification
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filtration in the case of local fields of finite characteristic and can be applied
to the characteristic 0 case via the field-of-norms functor.

Let now K be a 2-dimensional local field, i.e. K is a complete discrete
valuation field with residue field K(!), which is again a complete discrete
valuation field and has a finite residue field. Recently I.Zhukov [9] pro-
posed an idea how to construct a higher ramification theory of such fields,
which depends on the choice of a subfield of “1-dimensional constants” K,
in K (i.e. K. is a l-dimensional local field which is contained in K and
is algebraically closed in K). We interpret this idea to obtain the ramifi-
cation filtration of the group I' = Gal(Ksep/K) consisting of ramification
subgroups I'"), where v runs over the ordered set J = J; U J, with

Ji={(v,0) €Qx{c}|v20}, 22={j€Q’|j=(0,0)}.

Notice that the orderings on J; and Jo are induced, respectively, by the
natural ordering on Q and the lexicographical ordering on Q?, and by
definition any element from Jj is less than any element of J;. We no-
tice also that the beginning of the above filtration {I')};c;, comes, in
fact, from the classical “1-dimensional” ramification filtration of the group
I'c = Gal(K¢gep/Kc) and its “2-dimensional” part {F(”) }jes, gives a filtra-
tion of the group [ = Gal(Kgep/ K Kcgep). Notice also that the beginning
of the “Ja-part” of our filtration, which corresponds to the indices from the
set {(0,v) | v € @>0} C J2 comes, in fact, from the classical ramification
filtration of the absolute Galois group of the first residue field K() of K.

In this paper we give an explicit description of the image of the ramifica-
tion filtration {T'()} jes in the maximal quotient of I', which is a pro-p-group
of nilpotent class 2, when K has a finite characteristic p. Our method is, in
fact, a generalisation of methods from [1, 2], where the ramification filtra-
tion of the Galois group of the maximal p-extension of 1-dimensional local
field of characteristic p modulo its subgroup of commutators of order > p
was described. Despite of the fact that we consider here only the case of
local fields of dimension 2, our method admits a direct generalisation to
the case of local fields of arbitrary dimension n > 2.

In a forthcoming paper we shall prove that the additional structure on I'
given by its ramification filtration {T'(?)} jeJ with another additional struc-
ture given by the special topology on each abelian sub-quotient of I' (which
was introduced in [5] and [7]) does not reconstruct completely (from the
point of view of the theory of categories) the field K but only its composite
with the maximal inseparable extension of K.. The explanation of this
phenomenon can be found in the definition of the “2-dimensional” part of
the ramification filtration: this part is defined, in fact, over an algebraic
closure of the field of 1-dimensional constants.
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1. Preliminaries: Artin-Schreier theory for 2-dimensional local
fields

1.1. Basic agreements. Let K be a 2-dimensional complete discrete val-
uation field of finite characteristic p > 0. In other words, K is a complete
field with respect to a discrete valuation v; and the corresponding residue
field K is complete with respect to a discrete valuation ¥ with finite
residue field k > F,~,, No € N. Fix a field embedding s : K (1) — K, which

is a section of the natural projection from the valuation ring Ox onto K1,
Fix also a choice of uniformising elements to € K and 7p € K (1), Then
K = s(KW)((to)) and KU = k((7)) (note that k is canonically identified
with subfields in K1) and K). We assume also that an algebraic closure
K of K is chosen, denote by Kgep the separable closure of K in K,jg, set
I' = Gal(Ksep/K), and use the notation 79 = s(7p).

1.2. P-topology. Consider the set P of collections w = {J;(w) }icz, where
for some I(w) € Z, one has Jij(w) € Z if i < I(w), and Ji(w) = —o0
if i > I(w). For any w = {J;(w)}icz € P, consider the set A(w) C K
consisting of elements written in the form 3", s(b;)th, where all b; € K1),

for a sufficiently small i one has b; = 0, and b; € 75 Ok if Ji(w) # —o0.

The family {A(w) | w € P} when taken as a basis of zero neighbourhoods
determines a topology of K. We shall denote this topology by Pk (s, to)
because its definition depends on the choice of the section s and the uni-
formiser to. In this topology s(b;)ty — 0 for i — 400, where {b;} is an
arbitrary sequence in K(1). Besides, for any a € Z, we have ¢ — 0 if
j — 400 and, therefore, s is a continuous embedding of K(!) into K (with
respect to the valuation topology on K} and the Py (s, to)-topology on
K). It is known, cf. [5], if t; € K is another uniformiser and s; is an an-
other section from K(!) to K, then the topologies Pk (s,to) and Pk(s1,t1)
are equivalent. Therefore, we can use the notation Py for any of these
topologies. The family of topologies Pg for all extensions E of K in Kjjg
is compatible, cf. [7, 5]. This gives finally the topology on K, and this
topology (as well as its restriction to any subfield of Kpy) can be denoted
just by P.

1.3. Artin-Schreier theory. Let o be the Frobenius morphism of K.
Denote by I'2" the maximal abelian quotient of exponent p of I'. Consider
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the Artin-Schreier pairing
& : K/(o —id)K ®F, T3* — F,,.

This pairing is a perfect duality of topological Fp-modules, where
K/(o0 —id)K is provided with discrete topology, and I'4® has the pro-finite
topology of projective limit F%b = limI'g/k, where E /K runs over the
family of all finite extensions in Kjj; with abelian Galois group of exponent

p.
Consider the set Z? with lexicographical ordering, where the advantage

is given to the first coordinate. Set
Ay ={(i,j) € Z* | (i,§) > (0,0),j # 0, (3, 4,p) = 1},

A1 ={(3,0) | i >0, (i,p) = 1}, A= A3 U A; and A° = AU {(0,0)}.

Consider K /(o — id)K with topology induced by the P-topology of K
(in this and another cases any topology induced by the P-topology will
be also called the P-topology). Choose a basis {a, | 1 < r < Np} of the
Fp-module k£ and an element ap € k such that Try/, a0 = 1. Then the
system of elements

{ort57 1 (,4) € A1 <7< No} U {aol, 1)

gives a P-topological basis of the F, module K/(o —id)K.
Let Q be the set of collections w = {J;(w) }o<i<r(w), Where I(w) € Zx>o
and Jij(w) € N for all 0 < i < I(w). Set

Aw) = {(4,§) € A | 0< i < T(w),j < Ji(w)}

and A(w) = A%w)NA = A%w) \ {(0,0)} (notice that (0,0) € A%(w)).
Denote by U (w) the Fp-submodule of K/(o—id) K generated by the images
of elements of the set

{ar'ro_jtai | (,5) € Aw),1 <7 < NO} U {ao}, (2)

where 79 = $(7p). This is a basis of the system of compact Fp-submodules
in K/(o —1id)K with respect to P-topology.
Let
G ={D) | (i) € A 1< < No}U{Dp)}

be the system of elements of I'?" dual to the system of elements (1) with
respect to the pairing £;. For w € (2, set

Gi(w) = {D{)) € G | (,)) € Aw),1 <7 < NO} U{Do}-
Denote by M{ (resp., M{ (w)) the Fp-submodule in T'?" generated by ele-
ments of Gy (resp., G1(w)). Notice that G (resp., G1(w)) is an Fp-basis of

M{ (resp., M{(w))
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For any w € Q, set I';(w)?P = Hom(U;(w),Fp), then

% = imI; ().
—
weN

We shall use the identification of elements D((:)j) where (i,j) € A(w),
1 <r < No, and Do) with their images in I';(w)2P. Then

M (w) = Homp 0p(U1(w), Fp) C TF°

and T';(w)®® is identified with the completion of M{ (w) in the topology
given by the system of zero neibourghoods consisting of all Fp-submodules
of finite index. Denote by M’ff (w) the completion of M{ (w) in the topology
given by the system of zero neibourghoods consisting of Fj-submodules,
which contain almost all elements of the set G1(w). Then M’l’f (w) is the
set of all formal [Fj-linear combinations

> @Dy + 00 Deo

(,5)€EA(w)
1<r<Np

and we have natural embeddings M{ (w) CT1(w)? C M’l’f (w).

We notice that I'?® is the completion of M{ in the topology given by the
basis of zero neibourghoods of the form Vi @ V5, where for some w € Q, V;
is generated by elements D((:)J) with 1 < r < Ny and (4,5) ¢ A%w), and
Fp-module V5 has a finite index in M{ (w). Denote by Mﬁ’f the completion
of M{ in the topology given by the system of neibourghoods consisting of
submodules containing almost all elements of the set G;. Then le)f is the
set of all IF,-linear combinations of elements from G, and we have natural
embeddings MJ c T2 ¢ MP/

1.4. Witt theory. Choose a p-basis {a; | ¢« € I} of K. Then for any
M € N and a field E such that K C E C Kgep, one can construct a lifting
Oum(E) of E modulo pM, that is a fully faithful Z/p™ Z-algebra Oy (E)
such that Op(E) ®z/pmz Fp = E. These liftings can be given explicitly in
the form

Om(E) = Wy (oM E) [{[ai] | i € I}],

where [a;] = (a;,0,...,0) € Wy (E). The liftings Op(E) depend functo-
rially on E and behave naturally with respect to the actions of the Galois

group I' and the Frobenius morphism o.
For any M € N, consider the continuous Witt pairing modulo p™

& - Om(K)/(0 —id)On (K) ®ppuz T — Z/pY'Z,

where F‘R? is the maximal abelian quotient of I" of exponent p™ considered
with its natural topology, and the first term of tensor product is provided
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with discrete topology. These pairings are compatible for different M and
induce the continuous pairing

O(K)/(c —id)O(K) ®z, '(p)*® — Z,,

where O(K) = limOp(K) and I'(p)?° is the maximal abelian quotient of
the Galois group I'(p) of the maximal p-extension of K in Kgep.

Now we specify the above arguments for the local field K of dimension 2
given in the notation of n.1.1. Clearly, the elements tg and 79 give a p-basis
of K, i.e. the system of elements

{r0t§ | 0 < a,b < p}

is a basis of the KP-module K. So, for any M € N and K C E C Kgep, wWe
can consider the system of liftings modulo p™

Om(E) = Wy (a¥ ' E)[t, 7], 3)
where t = [to], T = [r0] are the Teichmuller representatives.

Choose a basis {ar | 1 < 7 < Np} of the Z,-module W (k) and its
element oo with the absolute trace 1. We agree to use the same notation
for residues modulo p™ of the above elements a,, 0 < r < Np. Then the
system of elements

{orm™9t7 | (4,5) € A1 < 7 < Noj U {ao} (4)
gives a P-topological Z/p™ Z-basis of Op(K) /(o —id)Op(K).

For w € (, denote by Up(w) the P-topological closure of the Z/pMZ-
submodule of Op(K)/(o —id)Op(K) generated by the images of elements
of the set o

{ar™7t7 | (4,5) € A(w),1 < < No} U {ao}. (5)
This is a basis of the system of compact (with respect to the P-topology)
submodules of Oy (K)/(0 —id)Op(K) (i.e. any its compact submodule is
contained in some Ups(w)). As earlier, we introduce the system of elements
of I'ab
Gu = {Dg)]) | (i,7) € A1 <7 < No} U{D,0}
which is dual to the system (4) with respect to the pairing &ps. Similarly
to subsection 1.3 introduce the Z/p™Z-modules M{VI, M% and for any
w € §Q, the subset Gp(w) C Gy and the Z/p™Z-submodules M{\,I(w),
Cpr(w)®® and Mﬁf; (w) such that
Ml cT c MB, Ml (w) C Ty ()™ € MBS (),

rab = ELnFM(w)ab, and Homp _op(Up(w),Fp) = M{V[(w)

Apply the pairing &5 to define the P-topology on I"j‘\}[’ . By definition,

the basis of zero neibourghoods of I'¥? consists of annihilators Ups(w)? of
compact submodules Ups(w), w € €, with respect to the pairing £y;.
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We note that
Up(w)? = Ker (F’}\}} — I"M(w)ab) .

Finally, we obtain the P-topology on I'(p)2P = liglfM(w)ab and note that
M,w

the identity map id : I'(p)2> top ['(p)? is continuous. Equivalently, if
E/K is a finite abelian extension, then there is an M € N and an w € 2
such that the canonical projection I'(p)2® — I'g /K factors through the
canonical projection l"(p)ab — FM(w)ab.

1.5. Nilpotent Artin-Schreier theory. For any Lie algebra L over Z,
of nilpotent class < p, we agree to denote by G(L) the group of elements
of L with the law of composition given by the Campbell-Hausdorff formula

1
(ll,lg)l—-)llolg=l1+l2+—2-[l1,12]+....

Consider the system of liftings (3) from n.1.4 and set O(E) = lim Op(E),
where K C E C Ksep. If L is a finite Lie algebra of nilpotent class < p
set Lg = L ®z, O(E). Then the nilpotent Artin-Schreier theory from [1] is
presented by the following statements:

a) for any e € G(Lk), there is an f € G(Lk,,,) such that of = foe;

b) the correspondence 7 — (7f) o (—f) gives the continuous group homo-
morphism ¢ : I' — G(L);

c)ife; € G(Lk) and f1 € G(Lk,,,) is such that o fi = f1 0e1, then the ho-
momorphisms 5. and ¥, ., are conjugated if and only if e = coe; o (—0oc)
for some ¢ € G(Lk);

d) for any group homomorphism 9 : I' — G(L) there are e € G(Lk) and
f € G(Lkg,,,) such that ¢ = 9.

In order to apply the above theory to study I' we need its pro-finite
version. Identify T'(p)2® with the projective limit of Galois groups I'g /K
of finite abelian p-extensions E/K in Ksep. With this notation denote by
E(E) the maximal quotient of nilpotent class < p of the Lie Zp-algebra
E(E) generated freely by the Zj-module I'g/x. Then L= lim L(E) is a
topological free Lie algebra over Z with topological module of generators
I'(p)*® and £ = lim £(E) is the maximal quotient of L of nilpotent class
< p in the category of topological Lie algebras.

Define the “diagonal element” & € O(K)/(o — id)O(K)&z,I'(p)®> as
the element coming from the identity endomorphism with respect to the
identification

O(K)/(0 ~id)O(K)®2,T(p)** = Endeont (O(K)/(0 = id)O(K))

induced by the Witt pairing (here O(K) is considered with the p-adic topol-
ogy). Denote by s the unique section of the natural projection from O(K)
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to O(K)/(o —id)O(K) with values in the P-topological closed submodule
of O(K) generated by elements of the set (4). Use the section s to obtain
the element

e = (s®id)(€) € O(K)&'(p)** C Lk := O(K)L
such that e — € by the natural projection
Lx — L3P mod(c —id)L® = O(K)/(o — id)O(K)&I'(p)?P.
For any finite abelian p-extension E/K in Kgep, denote by eg the projection
of e to Lk(E) = L(E) ®z, O(K), and choose a compatible on E system
of fg € L(E)sep = L(E) ® O(Ksep) such that ofg = fg oeg. Then the

correspondences 7 — 7fg o (—fg) give a compatible system of group ho-
momorphisms ¢ : I'(p) — G(L(E)) and the continuous homomorphism

¥ = limyp : T(p) — G(L)

induces the identity morphism of the corresponding maximal abelian quo-
tients. Therefore, ¥ = ¥ mod Cy(T'(p)) gives identification of p-groups
['(p) mod Cp(I'(p)) and G(L), where Cp(I'(p)) is the closure of the sub-
group of I'(p) generated by commutators of order > p. Of course, if
f = lim fz € G(Lsep), then of = foe and ¥(g) = (9f) o (~f) for any
g € I. Clearly, the conjugacy class of the identification v depends only on
the choice of uniformisers ¢y and 79 and the element og € W (k).

For w € Q@ and M € N, denote by Lp(w) the maximal quotient of
nilpotent class < p of the free Lee Z/p™ Z-algebra EM(w) with topological
module of generators I'y;(w)?®. We use the natural projections I'(p)2® —
I'a(w)? to construct the projections of Lie algebras £ — Lj(w) and
induced morphisms of topological groups

Ym(w) : T(p) — G(Ly(w)).
Clearly, the topology on the group G(Ls(w)) is given by the basis of neigh-
bourhoods of the neutral element consisting of all subgroups of finite index.
Consider Z/p™ Z-modules Mf/[(w) and M% (w) from n.1.4. Denote by
Eﬁ,[ (w) the maximal quotient of nilpotent class < p of a free Lie algebra over
Z/pM7Z generated by Mﬁ/f(w), and by [.ﬁ,’; (w) the similar object constructed

for the topological Z/p™Z-module M%(w). Clearly, E’I’V’;(w) is identified
with the projective limit of Lie sub-algebras of Lys(w) generated by all
finite subsystems of its system of generators

.. 0
{Dg}j) 11<r<No,(G,j) € A(w)} U {Dgo}o)} . (6)
Besides, we have the natural inclusions

L), (w) C Ly(w) C L2 (w),
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where Lpr(w) is identified with the completion of E{/I(w) in the topology
defined by all its Lie sub-algebras of finite index. Let

em(w)= Y. ar It DY + Dy € On(K)SME(w).

(3,5) EA(w)
1<r<Np

Lemma 1.1. There exists fy(w) € G(Ly(w)sep) such that ofy(w) =
fu(w) o epr(w) (and therefore ep(w) € Op(K)®T82(w)) and for any
g€ L(p),

Yu(w)(g) = (9fm(W)) o (—fm(w)).
Proof. Denote by e),(w) the image of e in Op(K)®Tp(w)2®. Let Up
be an open submodule of M%(w) and Uj = Up N Tpr(w)?P. Set eg =
ey (w) mod Op(K)®Up and efy = €),(w) mod O (K)®U§. Then

eo, eh € V i= Op(K) ® Tar(w)?® /Ul = O (K) @ MBS (W) /Us.

The residues ey mod(c — id)V and epmod(c — id)V coincide because the
both appear as the images of the “diagonal element” for the Witt pairing.
But ey and eg, are obtained from the above residues by the same section
Vmod(o — id)V — V, therefore,

e (w) = epr(w) mod Oy (K)&Up.

Because intersection of all open submodules Uy of Mps(w) is 0, one has
eyy(w) = em(w) and we can take as fy(w) the image of f € G(Lsep)
under the natural projection G(Lsep) — G(Lar(w)sep). The lemma is
proved. O

By the above lemma we have an explicit construction of all group mor-
phisms ¢pr(w) with M € N and w € 2. Their knowledge is equivalent to
the knowledge of the identification 1 mod Cy(I'(p)), because of the equality

P = limyy (w)
Mw
which is implied by the following lemma.
Lemma 1.2. Let L be a finite (discrete) Lie algebra over Z, and let ¢ :

['(p) — G(L) be a continuous group morphism. Then there are M € N,
w € Q and a continuous group morphism

¢um(w) : G(Ly(w)) — G(L)
such that ¢(w) = Py (w) o pp(w).

Proof. Let e € G(Lk) and f € G(Lsep) be such that of = foe and for any
g € I'(p), it holds

#(g) = (9f) o (= f)-
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One can easily prove the existence of ¢ € G(Lgk) such that for
e; = (—c) o eo (oc), one has
Z T a,b) 0y

(a,b)€.A°

where all l(q4)0 € Ly = L ® W (k) and l(,0),0 = aol(o,0) for some [(g ) € L.
If fi=focthenofi = fioe; and for any g € T,

¢(9) = (9f1) o (= fr)-
Let hy,...,hy € L be such that for some m; € Z>o with 1 <i < w,
L = ®1<i<uiZ/p™ Z.

Lab),0 = Z Q(a,b),iMis

1<i<u
where all coefficients a(, ) ; € W(k), then

e = Z Aihg,

1<i<u

If

where all coefficients
A; = Z a(a,b)’iT_bt—a € Op(K)
(a,b)e.A°
with M = max{m; | 1 <i < u}. Clearly, there exists w € 2 such that
(gp); =0 forall 1 <i<uand (a,b) ¢ A(w).
Let 31, ..., On, be the dual W (IF,)-basis of W (k) for the basis a1, ..., an,

from n.1.4. Consider the morphism of Lie algebras ¢,;(w) : Ly (w) — L
uniquely determined by the correspondences

D(0,0) + (0,0), ab) — Z " (Brl(ap),0)s
0<n<No
for all (a,b) € A(w) and 1 <7 < Np.

Clearly, ¢),(w) is a continuous morphism of Lie algebras, which trans-
forms epr(w) to e1. Let f' € G(Lgep) be the image of far(w), then of’ =
f'oej. So, the composition

¢' = Yum(w) o gy (w) : T'(p) — G(L)
is given by the correspondence ¢'(g) = (9f') o (—f’) for all g € ['(p).

Let co = f' o (—f) € G(Lgep). Then cg € G(Lsep)|o=ia = G(L). There-

fore, for any g € I'(p),
¢(9) = (9f) o (=f) = (=co) o (gf') o (= f') 0 co = (—c0) 2 ¢'(g) ° co.
So, we can take ¢pr(w) such that for any [ € Lp(w),

m(w)(1) = (—co) © Py (w)(1) © co.
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The lemma is proved. |

2. 2-dimensional ramification theory

In this section we assume that K is a 2-dimensional complete discrete
valuation field of characteristic p provided with an additional structure
given by its subfield of 1-dimensional constants K. and by a double valu-
ation v(® : K — Q2 U {o0}. By definition K, is complete (with respect
to the first valuation of K) discrete valuation subfield of K, which has fi-
nite residue field and is algebraically closed in K. As usually, we assume
that an algebraic closure Ky of K is chosen, denote by Esep the separable
closure of any subfield E of Ky in Kayg, set I'r = Gal(Esep/E) and use
the algebraic closure of K, in E as its field of 1-dimensional constants E..
We shall use the same symbol v(¥ for a unique extension of v to E. We
notice that pry(v(?) : E — QU {oo} gives the first valuation on E and
pry(v() is induced by the valuation of the first residue field E(!) of E. The
condition v(9) (E*) = Z2 gives a natural choice of one valuation in the set
of all equivalent valuations of the field E.

2.1. 2-dimensional ramification filtration of f‘E CTIg. Let E be a
finite extension of K in K,j,. Consider a finite extension L of E in FEgep
and set 't g = Gal(L/EL.) (we note that Lc = (ELc)c). If imI'; /g :=T'g

L
then we have the natural exact sequence of pro-finite groups

1—Tp—Tp—Tg — 1 (7)

The 2-dimensional ramification theory appears as a decreasing sequence
of normal subgroups {I‘g)}. ; of I'g, where
J€J2

J2 = {(a,b) € Q* | (a,b) > (0,0)}.
Here Q? is considered with lexicographical ordering (where the advantage is
given to the first coordinate), in particular, Jo» = ({0} x Q>0) J (Q@>0 x Q).

Similarly to the classical (1-dimensional) case, one has to introduce the
filtration in lower numbering {F L/E,j }j s for any finite Galois extension
L/E. Apply the process of “eliminating wild ramification” from [4] to
choose a finite extension EC of L¢ in K 45 such that the extension L= LE’C
over E := EE, has relative ramification index 1. Then the corresponding
extension of the (first) residue fields L) /EQ) is a totally ramified (usually,
inseparable) extension of complete discrete valuation fields of degree [Z : E’]

If § is a uniformising element of L(!) then Oz = Ogw[0]. Introduce
the double valuation rings O = {l € E|vO®1) > (0,0)} and O :=
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{z eL|vO0) > (0,0)}. Then O; = Oz6] for any lifting 6 of 6 to
O;. This property provides us with well-defined ramification filtration of
FZ/E“ C 'y /g in lower numbering

Prypy= {9 €Tz 1000 —0) = v (0) + 5},

where j runs over the set Js.
One can easily see that the above definition does not depend on the

choices of Ec and 6. The Herbrand function go(f/) g J2 — Ja is defined

similarly to the classical case: for any (a,b) € J (2) take a partition
(07 O) = (a07b0) < (al,bl) << (asvbs) = (a’ b)’

such that the groups ['; g ; are of the same order g; for all j between
(@i-1,b;—1) and (a;, b;), where 1 < i < s, and set

(‘0(L2/)E(a7 b) = (gl(al_a0)+‘ : '+gs(as_as—1)agl(bl—b0)+- . '+gs(bs—bs—1))~

Let E C L1 C L be a tower of finite Galois extensions in Egep. Then the
above defined Herbrand function satisfies the composition property, i.e. for
any j € J@, one has

@ 1 _ @2 2 /.

‘PL/E(J) =¥L/E (SOL/Ll(J)) . (8)
This property can be proved as follows. Choose as earlier the finite

extension E. of L., then all fields in the tower

L>LDE,
where [ = LEC, Zl = LIEC, E = EE’C (note that EC = il,c =_E’c),
have the same uniformiser (with respect to the first valuation). If 6 is a
uniformiser of the first residue field L) of L and 6 € Oj is a lifting of 0,
then O = Op(0] and Of = Of [0]. But we have also O = OE[Nz/zl(H)]
(

because N /il(é) is uniformizing element of El” . Now one can relate the
values of the Herbrand function in the formula (8) by classical 1-dimensional
arguments from [8].

Similarly to classical case one can use the composition property (8) to
extend the definition of the Herbrand function to the class of all (not nec-
essarily Galois) finite separable extensions, introduce the upper number-

@) .
ing I'p/pj = PEP/LE{E W) and apply it to define the ramification filtration
{Pg)} of the subgroup I'pcClg.
Jje€J2
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2.2. Ramification filtration of I'g. The above definition of 2-dimen-
sional ramification filtration works formally in the case of 1-dimensional
complete discrete valuation fields K. Note that in this case there is a
canonical choice of the field of 0-dimensional constants K., and we do not
need to apply the process of eliminating wild ramification. This gives for

any complete discrete valuation subfield E C Kjj, the filtration {Fg)} oo
v>

of the inertia subgroup f‘E C I'g. Note also that this filtration depends on
the initial choice of the valuation v(®) : K — QU {oco} and coincides with
classical ramification filtration if v(9 (E*) = Z.

Consider the 2-dimensional ramification filtration {Fg)}_ ; and the
JeJ2

above defined 1-dimensional ramification filtration {I‘g’c)} o for the (first)

v>
valuation pr; (v(?) : K, — QU {oo}.

Let J = J1 U Ja, where J1 = {(v,c) | v > 0}. Introduce the ordering on
J by the use of natural orderings on J; and Jy, and by setting j; < jq for

any j1 € J1 and jo € Jy. For any j = (v,¢) € Jp, set Fg) =pr! (I‘gc))
where pr : ' — I'g_ is the natural projection. This gives the complete
ramification filtration {Fg)} - of the group I'g. For any finite extension
je
L/E, we denote by
pip:d — 7
its Herbrand function given by the bijection W(L2/)E 1 Jy — Ja from n.2.1
(1)
Le/Ec
the classical Herbrand function if v(%) (E*) = Z2). We note also that the
above filtration contains two pieces coming from the 1-dimensional theory
and the both of them coincide with the classical filtration if v(9) (E*) = Z2.
The first piece comes as the ramification filtration of I'g_ given by the

groups FJ(';)C) = Fg’c) / Fg’o) for all v > 0. The second piece comes from the

ramification filtration of the first residue field E() of E. Here for any v > 0,

Fg()l) = I’g’v)/f‘%)’oo), where

and its 1-dimensional analogue ¢ : J1 — Ji (which coincides with

Fg’w) = the closure of U {Fgg’b) | (a,b) € J?,a > 0}.

2.3. n-dimensional filtration. The above presentation of the 2-dimen-
sional aspect of ramification theory can be generalised directly to the case
of n-dimensional local fields. If K is an n-dimensional complete discrete
valuation field, then we provide it with an additional structure by its (n—1)-
dimensional subfield of “constants” K. and an n-valuation v(® : K —
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Q™ U {oo}. For any complete discrete valuation subfield E of K, the n-

dimensional ramification filtration appears as the filtration {Fg) . of
jeJn

the group I'g = Gal (Esep/Ecsep) With indexes from the set
Jo={a€eQ"|a>(0,...,0)}

(where E is the algebraic closure of K. in E). The process of eliminating
wild ramification gives for any finite Galois extension L/F a finite extension
Ec of L. such that for the corresponding fields L= LEC and E = EEC, the
ramification index of each residue field L(™ of L with respect to the first
r < n — 2 valuations over the similar residue field E() of E is equal to 1.
Then one can use the lifting © of any uniformising element of the residue

field L("=D to the n-valuation ring O; = {l eL|vO0 > (0,... ,0)} to
obtain the property

O; = Oz[0].
This property provides us with a definition of ramification filtration of
I'; /B C I'y/E in lower numbering. Clearly, if L; is any field between E and

L, and L= Llﬁc, then one has the property
O; = OE [NL/L16] .

Ly
This provides us with the composition property for Herbrand function, and
gives finally the definition of the ramification filtration {Fg)}jeJn of T in
upper numbering.

One can choose a subfield of (n — 2)-dimensional constants K.. C K.
and apply the above arguments to obtain the ramification filtration of
Gal(Kcsep/Kcesep). This procedure gives finally the ramification filtra-
tion of the whole group I'g, which depends on the choice of a decreasing
sequence of fields of constants of dimensions n — 1, n — 2, ... , and 1.

3. Auxiliary facts

In this section K is a 2-dimensional complete discrete valuation field
given in the notation of n.1.1. We assume that an additional structure
on K is given by its subfield of 1-dimensional constants K. and a double
valuation v(®) such that K. = k((tp)) and v(%) (K*) = Z2 (or, equivalently,
v (to) = (1,0) and v (rp) = (0,1)). As in n.1.4 we use the construction
of liftings of K and Kgep, which corresponds to the p-basis {to, 70} of K.
We reserve the notation ¢ and 7 for the Teichmuller representatives of tg
and 79, respectively. For any tower of field extensions K C E C L C Ky,
we set

Jj(L/FE) = max {j eJ| Fg) acts non-trivially on L} ,
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where Fg) is the ramification subgroup of I'r = Gal(Esep/E) with the

upper index j € J. Similarly to the 1-dimensional case, j(L/E) is the
value of the Herbrand function of the extension L/FE in its maximal “ edge
point”. Then the composition property (8) from n.2.1 gives for arbitrary
tower of finite extensions £ C L, C L,

J(L/E) = max {j(L1/E), ¢r,/u(i(L/L1))} - (9)
If « € W(k), then as usually
E(a,X) =exp (aX +0(a)XP/p+ -+ + o™ (a) XP" /p" +...) e W(K)[[X]].
3.1. Artin-Schreier extensions. Let L = K(X), where

XP — X = a1y 5%, (10)

with ap € k* and (a,b) € A, ie. a,b€Z,a >0, (a,b,p) = 1.
Proposition 3.1. a) Ifb=0, then j(L/K) = (a,c);
b) if b # 0 and vp(b) = s € Z>q, then j(L/K) = (a/p°,b/p°).

Proof. The above examples can be found in [9]. The property a) is a well-

known 1-dimensional fact. The property b) follows directly from definitions,
s+1

we only note that one must take the extension M, = K¢(t1), § = to, to

kill the ramification of L/K and to rewrite the equation (10) in the form

a(p—-1) —b
Tf—tl T = Q1T R

where by = b/p°, oz’l’s =qgpand X = (Tltl'“)ps. Then for any j € J,

G)={ PF for j < (a/p**',b1/p),
YL/K j+ (1—=1/p)(a/p° b1), otherwise.

So, F(Lj/)K = e if and only if j > (a/p®,b1), that is j(L/K) = (a/p®, b/p®).
The proposition is proved. O

3.2. The field K(N*,j*). Let N* € N, ¢ = p"¥" and let j* = (a*,b*) € J
be such that A* := a*(¢—1) € N[1/p|, B* :=b*(¢—1) € Z and (B*,p) = 1.
Set s* = max{0, —vp(a*)} and introduce t19,t20 € Kaig such that tdy = to
and tg; = t10-

Proposition 3.2. There exists an extension Ko = K(N*,j*) of K in Ksep
such that

a) Koc = K, and [Ko : K] = g;

b) for any j € Jo, one has

30( ) () = 47, forj <j*/q,
Ko/K\J (g—1)j*+J, otherwise.
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(what implies that j(Ko/K) = j*);
c) if K} := Ko(t2o), then its first residue field K'gl) equals k((m10)), where

q B* A*\ __
T10E (=1, 79 tio) = To

(here tfy := g(s) A" and E is an analogue of the Artin-Hasse ezponential
from the beginning of this section).

Proof. We only sketch the proof, which is similar to the proof of proposition
of n.1.5 in the paper [2].

Let t({—l = to, T{I_l =19, and K1 = K(¢t1,7). Let L1 = Kl(U), where

Ul 4 bU = Tl—b*(q—l)ps* tl—a*(q—l)p’*.

It is easy to see that [L; : K1] = q and the “2-dimensional component” of
the Herbrand function go(L21) /K is given by the expression from n.b) of our
proposition. Then one can check the existence of the field K’ such that
KCK' CLy, [K': K]=gqand L, = K'K;. We notice that K = K. and
one can assume that K’ = K(U27!). Now the composition property of the
Herbrand function implies that go(fl) K = @ﬁ? /K

To verify the property c) of our proposition let us rewrite the above
equation for U in the following form

*( q *(~_1)2 *( ~b*(a—
(Ultg (g 1)) + b (a-1) (Ultg (¢ 1)) _— b"(a-1),
where U? " =Uand ! =t (notice that tg_l = t10). This implies the
existence of 75 € Ly such that U3 ™) = 770" (=D
can be written in the form

7_2—b*q(q—1) (1 n b*tg*(q—l)zTg*(q—l)z) _ Tl—b*(q—l).

, i.e. the last equation

One can take 7 in this equality such that Tg-l =71y € K’ and after taking

the —(1/b*)-th power of the both sides of that equality, we obtain
o o\ —1/b
T1o] (1 + b*t‘fo(q 1)T{0b (@ 1)> = 7.
This gives the relation
70 (1 _ T{Ob*(q~1)tt11;(q-l)) S 7'07'{026*("—1)t?8*(q_1)A,

where A € K'(ty) is such that v9(A4) > (0,0). Then a suitable version of the
Hensel Lemma gives the existence of B € K'(ty) such that v°(B) > (0,0)
and the equality of n.c) of our proposition holds with

/ b*(¢q—1)+1,a*(g—1
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3.3. Relation between different liftings. Choose j* € Jy and N* € N,
which satisfy the hypothesis from the beginning of n.3.2 and consider the
corresponding field Ko = K(N*,j*). Let K' = Ko(ti), then K' is a
purely inseparable extension of Ko of degree q and Ko, = KsepK'. Clearly,
K' = K'W((t10)), where K'Y = k((r10)).

Consider the field isomorphism 7 : K — K’, which is uniquely defined
by the conditions 5|, = o N", n(to) = t10 and 7(10) = T10. Denote by 7sep
an extension of 7 to a field isomorphism of Kgep and Kigp.

For M > 0, denote by O}, (K’) and O}, ; (Kg,p), respectively, the lift-
ings modulo pM*! of K” and K, with respect to the p-basis {t10, 710} of K’
We reserve now the notation ¢; and 7, for the Teichmuller representatives of
elements t19 and 719, respectively. Clearly, n(Op+1(K)) = O}, (K') and
Nsep(OnM+1(Ksep)) = Ojyr41(Kgep)- On the other hand, by n.c) of Prop. 3.2,

5 := K'(t20) = Ko(t20) is a separable extension of Ky := K (t20). We note
that Ké’sep = K, Ky and Kpsep = KsepKo. Denote by Opr41(K2) and
Onm+1(Kagep), respectively, the liftings modulo pM of Ky and K> sep with
respect to the p-basis {t20, 70} of K5 (as earlier, t; and 7 are the Teichmuller
representatives of elements too and 79, respectively).

Clearly, one has the natural embeddings

Om+1(K) C Op41(K2), Orm41(Ksep) C Onr41(Kasep)-

With respect to these embeddings we have t = 2 " . Denote by Ohr41(K3)
and O} (K3 sp) the liftings of Kj and Kj o, with respect to the p-basis
{t20, 710} of K (as usually, t2 and 7 are the Teichmuller representatives of
elements to9 and 79, respectively). Clearly,

;VI+1(KI) - O;VI+1(K£)’ ?VH—I(K;ep) C O;\/I+1(Ké,sep)'

*

With respect to these embeddings we have t’; = 1.
The first group of the above liftings can be related to the liftings of the
second group by the following chain of embeddings

O'MOM+1(K2) C WM+1(O'MK2) C WM_H(O'MKQ) C OM+1(K£).
Similarly, one has the embedding 0™ Ops41(Kasep) C O i1 (Kisep). The
above embeddings correspond to the relation

T{”’ME(—l,Tl *tf*)pM =" mod pM+1,
which follows from the basic equation given by n.c) of Prop. 3.2.

3.4. A criterion. Let L be a finite Lie algebra over Z, of nilpotent class
< pand let M € N be such that p 1L = 0. Consider the group homomor-
phism g : I' — G(L). By the nilpotent Artin-Schreier theory there exists
ane € G(Lig) = L®Op4+1(K) and an f € G(Lgep) = LROOpr41(Ksep) such
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that of = foe and for any g € I', ¥o(g) = (gf)o(—f). Let K(f) = Ks[f,;rwo
be the field of definition of f over K. Note that for jo € J, the ramification
subgroup ') ¢ Ker vy if and only if j(f/K) := j(K(f)/K) < jo.

Consider f1 = Nsep(f) € Lgep := L ® Oy, 1(Kiep). We use the embed-
dings from n.3.3

oMOn11(Ksep) € oM Onr11(Kasep) € Orr (K sep)y

and OM+1( sep) - OM+1( 2sep) to define X € L2 sep - L®OM+1(Ké.sep)

such that
oMf = (aM'*'N*fl) o X.

Let I'y = Gal(K2gep/K2) and let {ng )}jej be the ramification filtration
of I’y related to the additional structure on K> given by the valuation ©(% | Ky

and the subfield of 1-dimensional constants Ko = K¢(t20)-
Let K(X) be the field of definition of X over KJ. Set

j2(X/K3) = max {j eJ| ng) acts non-trivially on KQ(X)}
Proposition 3.3. jo(X/K3) = max {5*,j(f/K)}.
Proof. One has the natural identification I" = I'y, because K3 gep = KgepKo2

and K5 is purely inseparable over K. With respect to this identification

for any j € Jy, we have ['Y) = ng ), because the extension K3/K is in-
duced by the extension of 1-dimensional constants Ky ./K.. This implies

sog?/;{z = <P§§(),/K, J2(K3/K3) = j* and ja(X/Ka) > j*.

If j(f/K) € J1, then K(f) C Kcsep, K'(f1) C K¢ sep and, therefore, X
is defined over K3 . oo, and ja(X/K2) = jo(K3/K2) = j*, i.e. in this case
the proposition is proved.

Now we can assume that A = j(f/K) € J2. Let I'" = Gal(Kg,,/K’) and

let {I”(j ) }jes be the ramification filtration corresponding to the valuation
v @ = n(v(®) and K’ = K(t10). Then j'(fi/K') = A, where J'(fi/K') is
defined similarly to j(f/K) but with the use of the filtration {I"” (J)} jed-

Because Ky = K'(tg) is obtained from K’ by extension of its field of
constants, there is an equality

J'(f/K) =§'(f1/K3) = A.
But the relation v'(¥) = qv(® implies that

g A =q ' (fi/K5) = ja(f1/K3).
This gives

ol E3(f1)/ Ka) = max { j(Kp/ Ka), 0ig) e, (a7 A) b
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Because j(K}/K2) = j* and cp% 1Ky = 90%), /K> it remains to consider the
following two cases:

— let A = j(f/K) = j(Ka(f)/K2) < j*, then jao(K3(f1)/K2) =
J(K4/K2) = j* and, therefore, j(K5(X)/Ka) < j* ie. j(Ky(X)/K2) = j*;
— let A > j*, then ja(Kh(f1)/Kz2) = p) i, (471 4) = j*+ (A= ") /a <
A = j(K5(f)/K2), what gives that j2(K3(X)/K2) = j(K3(f)/K2) = A.
The proposition is proved. O

Corollary 3.4. Suppose that jo > j*. Then the following three conditions
are equivalent:

a) j(f/K) < jo;

b) ja(X/K2) < jo;

c) §'(X/K') < ¢5° — (¢ = 1)5*.

3.5. First applications of the above criterion. Corollary 3.4 can be
applied to study ramification properties of the homomorphism vy. This
criterion has been already applied in the case of 1-dimensional local fields
to describe the structure of the ramification filtration modulo commutators
of order > p [1, 2|, and will be applied in section 5 to the description of
2-dimensional ramification filtration modulo 3rd commutators. It can be
used to prove also the following two propositions.

Proposition 3.5. Let M € Z>o and let f € Opr41(Ksep) be such that
of — f=wr %
where w € W (k)*, a € Z>o, b € Z\ {0}, (a,b,p) =1 and vp(b) = s. Then
J(K(f)/K) = (0" %a,p™ D).

Proof. First, consider the case s = vp(b) = 0. We are going to reduce the
proof to the case M = 0, where the statement of our proposition has been
already known by Prop. 3.1.

Choose a* = m*/(q — 1), where (m*,p) = 1, ¢ = p"V" for some N* € N,

and
q

2(q—-1)
One can take, for example, g =p, N*=1ifp#2,q=4, N*=2ifp=2,
and m* = pMa(q—1) — 1.
Take b* =1/(q— 1), 7* = (a*,b*) and consider the field Ko = K(N*, j*)
and all related objects introduced in n. 3.4. Consider fi € Onry1(Kgep)
such that

pMa < a* < pMa.

ofi — fi= (U"N*w)Tl_btl"“,
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then X = oM f — oM +N" ) € O}, (K} ,) and satisfies the equation
M M
X - X = (M) " (B, 09" - 1)),

where ©* = Tf*(q_l)t(f*(q_l). It can be easily seen that for some h = h(T) €
Zp|[T]], one has
M M 2
E(b, T =1+ bpMT + T2(T).
Therefore, X = X; + Xo, where
oX) — X = pr(UMw)Tl-b:DMHb*(q—l)tl—aqu+a*(q—1)

0Xy— Xy = Ay := Tl_bqu+2b*(q_l)tl_aqu+2a*(q_1)h(@*).
By the choice of a* we have the inequality —ap™q + 2a*(g — 1) > 0, which
implies limy, oo 0" A2 = 0, X2 € O}, (K') C Oy, (K3) and j/(X/K') =
7' (X1/K'"). But
7'(X1/K") = (apMq - a*(g - 1), bpMq — b*(g - 1))
by Prop.3.1. By Corollary 3.4 we conclude that j(f/K) = (pMa,p™b), and
the case s = 0 is considered. ,

Let vp(b) = s > 1. Set b =b'p*, t'¥ =t¢, L = K(t'), w' = 0"*w, and
take f € O} (Lsep) such that of — f' = w'rV¢"% and o°f' = f. Let
L. := k((t')) and consider the valuation vg)) of L such that v(LO)(t' ) =(1,0)
and U(LO)(T) = (0,1). In the ramification theory, which corresponds to
the valuation UEO) and the field of constants L., we have already known
that j.(f'/L) = (pMa,pMV'). But if & € Laz and v(¥(a) = (a’, V'), then
vg)) (a) = (p®d’,b"). Because the field of constants of L is the same in the
both ramification theories, one has

](fI/L) — (pM—sa,prl) — (pM—Sa,pM_sb).

It remains only to note that j(f'/L) = j(f/K). The proposition is proved.
O

(©)

Proposition 3.6. Leta € N, b,c € Z\ {0}, (a,b,p) =1, s = vp(b) < vp(c
be

and o, 3 € W(k)*. Let f = f(B,a,a,b),9 = g(a,a,b) € Opr41(Kse 3)
such that

og—g=ar % of—f=pB1"%.
Then j(f/K) = (9 ~*a, 7 ~*(b + ¢)).
Proof. First, consider the case vp(b) = 0 and M = 0. Let L; = K(g),
Ly = Li(f). Let ! =t and gt$ = 0~ (a)7; . Then

ot (1 _oY(a) T{’(’"”t‘;(’"”) —
(0]
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and we can assume that

r=t (147 bcﬁa) =10~ ”)m a8 Vk((ry) ).

Therefore, 77¢g = o~ (a)r] P7°t;* + A, where A € L, and hrgoanA 0.
n—
Therefore,
. . a cp+b
/) =it/ = (4, 222,

where f'P — f = 77 P7%7%. This implies that

§(f/K) = max {j(L1/K), or,/x (i(f/L1))}
= max { (@0 pruuc (52 4¢) | = @b+ o

Consider now the case s = 0 and M € N. Set a* = p™a and choose
b* € Z such that (b*,p) = 1 and bp™ < b* < bp™ + cpM. Consider the field
Ky = K(1,(a*,b*)) from n. 3.2 together with all related objects. Introduce
fi,q1 € OSVI+1(Kéep) such that

og1 — g1 = o @)%, ofi— f=0"YB) a1

Set
Y =0Mg—oMtlg, X=0Mf-oMtlf,

then it a1 .y
oY =Y = oM(a)7] ~tp % (E(b, ey — 1) )
cX -X = aM(ﬁ)Tl_cP E(c, @*)”MaMg - UM(ﬁ)TfCPM+laM+1g1.
In the notation from the proof of Prop. 3.5 we have
oY — Y = oM (a)pMbry P 0Dy ety

UM(a) —bpM+1 —ap @*Qh(@*)

Therefore, Y = pMY] + tapM(p—Q)Al, where A; € k((1))[[t1]] and Y7 is the

element from O}, (Kg,) modp = K, such that

O'Y]_ . Yl — O_M(a)le—bpM“-}-b*(p—l)tl—apM.
Therefore,
M
oMg = oM+1g 4 pMy; 4¢P =1 4,
and for some Ay € k((71))[[t1]], one has
oX = X = M@ (Ble. 077" - 1) ot

M(ﬁ)p ,7_1 Y +taP (P 2)A2
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One can check up that

-—cpM+l

" (Ble, 0" ~ 1) € 67 P Vk((m))[1]

and

sll»nolo o (t«lsz(p-l)aMﬂgl) —o.

So, if X1 € Kggp, is such that

oX1 - Xy = oM@y
then j2(X/K}) = ja(X1/K5). Now we can apply the case M = 0 of our
proposition to obtain that

) 1 *
j2(X1/K3) = E(GPM,CPM“ + opMH —b*(p - 1)).

This gives immediately that j2(X1/K2) = (p™a,pM (b+c)). The case s = 0
is considered.

The case of arbitrary s € Z>o can be reduced now to the case s = 0 in
the same way as in Prop. 3.5. The proposition is proved. O

4. Filtration of £} (w)mod C3(L%,(w))
In this section we fix w = {J;(w) }o<i<r(w) € ¥ and M € N. We set

J(w) = max{J;(w) | 0 <i < I(w)}.
Clearly, the set
Si(w) = {p"a | (a,) € B°(w),n € Z}

consists of non-negative rational numbers and has only one limit point 0.
Therefore, for any a € Qsg, we can define the positive rational number

01(w,a) = min{a — s | s € S1(w),s < a}.
We also agree to use the notation
L' = Ly1(w)? mod Cs <£M(w)f) , IPY = Ly(w)P mod Cs (LM(w)pf> ,

where £ (w)f and Ly(w)P/ are Lie Wy, (F,)-algebras from n. 1.5. We also
set

Lu)] = Lu(w)f © Wi (k), Ly = La(w)? @ Wa(k),
L =L o W(k) and ¥ = 1P @ W (k).
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4.1. Special system of generators. Let
By = {(a,b) € 2 | b€ Z,(b,p) = 1,a € Z[1/p]}.

This is a set of rational pairs which are either of the form (0,b), where
beN,(b,p) =1, or — (a,b), where b € Z, (b,p) =1, a > 0 and a € Z[1/p].
Set By = A, i.e. Bj is the family of pairs (a,0) such that a € N and
(a,p) = 1. We also set B =By UB; and B® = BU {(0,0)}.
For j = (a,b) € Z2, let
s(j) = s(a) = max{-vp(a),0}.

Then the correspondence (a,b) — (ap®, bp®), where s = s(a, b), induces the
bijection fs : By — As and the identical map f; : By — A;. One can set
by definition fo : (0,0) — (0,0) and apply these maps fy, f1, f2 to obtain
the bijections f : B — A and f0: B® — A%, Set By(w) = f5 Az (w),

Bi(w) = fi ' A1), B(w) = /™' Aw), and Bw) = [ (A’w). If (a,b) €
B(w) and f(a,b) = (i,7) € A(w), set in the notation of n.1.4

D(a,b),O = Z a’"Dg‘,)j) € EM(“’)i'
1<r<No

We set also D(gg)0 = @D and for any (a,b) € B%w) and n € Z,
D pyn = 0" D(ap),0- Clearly, D(gp)n+Ny = D(ap),n) S0 We can assume if
necessary that n € Zmod Ny.

It is easy to see that the family

{Djn|j€ B(w),n € ZmodNo}U {D(O,O)}

is the set of free generators of the Wy (k)-Lie algebra £ (w)f ® War(k) (or
the set of free generators modulo deg p of the Lie algebra L (w)f @ Wiy (k)).
We shall agree to use the notation D;, forall j € B°, by setting Djn,=0

if j ¢ BO(w).

4.2. Elements F,(w), v € J. Define the elements F,(w) = Fy € sz =

P @ W (k) for all y € J as follows.
Let v = (71,¢) € J1.
For v, ¢ Z, set

Fr== Y 51 Dym Dind

n1,n2,j1,j2

where the sum is taken under the restrictions ny € Zx>o, no € Z, ji
(a1,0),j2 = (a2,0) € Bi(w) and p™ay + p™2as = 1 (notice that ng =
vp(m1) < 0).



316 Victor ABRASHKIN

If v, € Z, then v; = ap™, where m € Z>o, a € N and (a,p) = 1. In this
case we set

Fy= ame(a,O)»m - Z n(n1,n2)p™ a1 [Djinys Digna] »
n1,12,J51,52

where the sum is taken under the same restrictions as in the case of non-
integral v; and

1, if niy > ng,
n(ni,ng) = 1/2, if my = no,
0, if n1 < no.
Let v = (71,72) € Ja.
If vo ¢ Z, set
Fy=- Z n(n1 — s1,n2 — 82)p"1b1 [Djn,y, Djonol s

n1,n2,j1,j2
where the sum is taken under the restrictions ni € Zxo, n2 € Z,
j1 = (a1,b1),j2 = (a2,b2) € B(w), p™a1 +p™2az = y1, p*'b1 +p"?b2 = 72
(notice that F, # O implies that ny = vp(7y2) < 0), and s1 = s(a1),
so = s(ag).
If y5 € Z, then v = bp™, where m € Z>o, b € Z and (b,p) = 1. In this
case we set

f’}’ = bme(a,b),m - Z 77("1 — 81,2 — S?)pnl bl [Dj1n1 ) Djznz] )

n1,n2,J1,J2

where a = y1p™™, s1 = s(j1),82 = $(j2), the sum is taken under the
same restrictions as in the case of non-integral 2 (notice that everywhere
Djn=0if j ¢ B(w)).

One can easily verify that the above definition gives elements F, from
Lgf but, in fact, one has the following more strong property.

Proposition 4.1. For anyy€ J, Fy € L,’:.

Proof. The only non-obvious case appears when v = (y1,72) € Jo,
v1 > 0. We must prove the finiteness of the set of collections of the
form (j17n17j27n2)a where j; = (alab1)7j2 = (a27b2) € B(W), ni,ng € Z,
0<n; <M, ng—s1 >ng— Sz, p*ai+p™2az = v and p"tby +p"2by = 7o.

Let af = a1p°®!, a3 = agp®?, then a? and aJ are integers from the interval
[0, I(w)] and we can assume that they are fixed.

Assume that a?,a3 # 0. Then the equality a;p™ + agp™ = v implies
that

51 (W, 71) < a’tl)pnl_317agpn2_32 <7,

therefore, there are mi(w, 1), ma(w,¥1) € Z such that

my(w,71) < n1— s1,n2 — s2 < ma(w,71)-
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So, we can assume that the values n; — s; and ng — sg are fixed. The
equality b1p™! + bap™ = 2 implies the double inequality

Y2 — J(w)pmz(w,"/l) <bhpm < J(w)me(‘*’ﬁl),

Together with the obvious inequality n; > n; — s1 it implies the finiteness
of the set of all different collections (b, n;). All other components of the
collection (j1,n1,j2,n2) can be recovered uniquely from (b1,71) and the
values a?,ag,nl — 81,n9 — 8o, which were fixed earlier. Therefore, our
proposition is proved in the case a{, a3 # 0.

Suppose now that a(l) = 0. Then s; = 0, by > 1 and the relation
p™7%2a9 = v; determines uniquely the value of na — s2. The inequalities

J(w)p™ > bp™ > 1

imply the finiteness of the set of different collections (b1, n1). As earlier,
this gives the finiteness of the set of all collections (j1,n1, j2,n2) such that
0
a; = 0.
Suppose, finally, that a3 = 0. Then sy = 0, by > 1 and the value of
ny — 81 is determined uniquely. The finiteness of the set of all collections
(be, n2) follows from the inequalities

1 < bop™ < J(w)p™™*, ng > min{ni, vp(y2)} > min{0, vp(¥2)}.

This gives the finiteness of the set of all collections (j1,n1, j2, n2) such that
a9 = 0. The proposition is completely proved. O

4.3. Ideals L{(j), j € J. For any j € J, define the ideal L! (j) of L] as its
minimal o-invariant ideal containing the elements F, for all v > j, v € J.

Clearly, { L£ (])} - is a decreasing filtration of ideals of L£ .
j€
For a € Q>0, set

Li(at) =\J{20) 1= (@.¥) € Bpyd' > a}.
Notice that for a given a and all sufficiently large b, the ideals L£( j), where
j = (a,b), coincide.

Proposition 4.2. Let j; = (a1,b1) € J2, m € Z>o and p™a; = a. Then
for any jo = (az,be) € Ja, where ag > 0, and any ni,ne € Z, it holds

p" [DjanDjZnZ] € L]{(CH')-

Proof. We can set n; = m because the statement of our proposition is
invariant under action of ¢. By induction we can assume, that our propo-
sition holds for all ' = (a/,V') € Jo and m' € Z>¢, such that pva =a
and p™'b' > p™b; (notice that if p™b; > pM J(w), then Dj,;m = 0). Because
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Dj,n, depends only on the residue ny mod Ny we can assume also that ng
is a “sufficiently big” negative integer such that

P I(w) < §1(w,a), ba+p " > J(w), m — 81 > ng — 82
(where, as usually, s; = s(a;) and sg = s(a2)).
Let v = (71,72), where 71 = a + p™2ag and 2 = p™b; + p™2by. Consider

the expression for F, € L,’: (7). This expression is a linear combination of
commutators of second order of the form

p™Md [D(Clydl)»ml’D(027d2),m2] ) (11)

where m1 € Zxo, mg € Z, (c1,d1), (c2,d2) € B(w), m1 — 8§ > ma — s with
sy = s(c1), s5 = s(ca), and c1p™ + c2p™2 = 1, d1p™ + dap™? = V2.

First, notice that my = vp(72) = no.

If c;p™ > a, then the term (11) belongs to [Li(a+), L£] C L,{(a+). Oth-
erwise, the inequality cop™ < I(w)p™ < d1(w,a) implies that
c1p™ = a. If dip™ > p™by, then the term (11) belongs to Li(a-*—) by
the inductive assumption. If dip™! = p™b;, then the term (11) coincides
with the term from our proposition multiplied by b € Zy. If dip™ < p™by,
then the equality dip™! + dop™2? = p™b; + p™2be implies that

do = bo +p_n2 (pmbl -_ pmldl) > by +p_"2 > J(w)
This gives p2dy > J(w), i.e. D¢, dy),m, = 0 and the term (11) is equal to

0.
It remains only to note that F, € L£ (a+). The proposition is proved. O

4.4. Elements ﬁj,o(w), j € B, and their properties. For any j =
(a,b) € Ja, define the elements D;o(w) = Djo

=Djo— Y  n(ma,mi)n(mi — s1,ms — 52) [Djy my» Djpyma)
m1,mz2,j1,j2

where the sum is taken for all mi, mo € Z and j1 = (a1,b1), j2 = (a2,b2) €
B(w) such that b1p™ + bap™2 = b and a1p™ + agp™? = a. One can easily
verify that the above expression gives the element from Lﬁf .

For any n € Z, set l~)j,n = 0"Dj . Clearly, the family

{ﬁj,n l jE B(w),n € Zmod No} @] {D(O,O)}
generates the algebra Lif . Notice that if j € Jo\B(w), then D, € Co(LEY).

Proposition 4.3. For any j = (a,b) € J, l~7j,o € L,’:.

Proof. We must prove the finiteness of the set of all collections of the form
(j1,m1, j2,m2), where j1 = (a1,b1),j2 = (a2,b2) € B(w) and m;,mg € Z
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are such that mg > mq, m; — 81 > mg — Sg, a1p™ + aep™? = a and
bip™ + byp™2 = b.

Let a1 = a%p~®1, ag = adp™2, by = bp~*! and by = bJp~*2. Then af
and a are integers from the interval [0, [(w)] and we can assume that they
are fixed.

Suppose a, a3 # 0. Then the relation a;p™ + agp™? = a gives that

a>p™ %102 > §(w,a).
This implies the existence of m(w, a), ma(w,a) € Z such that
mi(w,a) <my — s1 < ma(w,a).
Therefore, we can fix the value of m; — s;. We have also
P I(w) 2 Py = PTG = b— pT T 2 b — p™ T (w).

Because m; > m; — s1 > mi(w,a), this implies the finiteness of the set
of all different collections (b1, m1). As in the proof of Prop. 4.1 any such
collection determines uniquely the collection (j1,m1, j2,m2). This proves
our proposition in the case af,a9 # 0.

Let a) = 0, then s = 0, 1 < b < J(w) and my — s is uniquely
determined. If m; = mg then m; < vp(b). If m; < mg then mg = vp(b). In
the both cases m; < vp(b) and

p™by < J(w)p”"(b).

Besides, we have m; > mo — s9 and byp™ > p™2752, This implies the
finiteness of all collections of the form (b1, m;). This proves our proposition
under the assumption af = 0.

If ag = 0, then s = 0, 1 < by < J(w) and the value of m; — s is
determined uniquely. Here we have the inequalities

my — s1 <mq < up(h).
Apart from the trivial boundary p™b; < b, we have also a lower boundary
P™Mby = b—b9p™27%2 > b— J(w)p™ > b— J(w)p*®.
This gives the finiteness of the set of all collections (b1, m;) and we can

finish the proof as earlier. The proposition is proved. g

For vy € J;, define the elements .7?7 (w) = .7?7 € sz as follows.

Let v = (71, 72)- N

If either o = 0 or v, ¢ Z, set F, = F,.

If v9 € Z, then 9 = bp™ for m € Z>¢ and (b,p) = 1. In this case we set

Fy = pmbﬁ(a,b),m - Z n(mi, ma)p™ by [Ejlyml’ sz,mz} )

mi1,mz2,j1,J2
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where a = p~™~; and the sum is taken for all m;,my € Z and j; =
(a1,b1),j2 = (az2,b2) € B(w) such that a;p™ + agp™2 = v, and bp™ +
bop™2 = 75 (one can verify that this expression gives an element from Lif ).

Proposition 4.4. For any vy € J, ﬁ, € L,’; .
This proposition can be proved in the same way as Prop. 4.1 and Prop. 4.3.

Proposition 4.5. For any j € Ja, Li(j) is the minimal o-invariant ideal
of L,’; such that for anyy > j, Fy € Li(j).

Proof. 1t is sufficient to prove that for any v = (y1,72) € J,
Fy = Fymod |Lf(m+), LE] . (12)

We can assume that v = p™(a,b), where m € Z>¢ and (a,b) € Ba(w).
Then

P"™bD(a,bym — P"™bD(a,),m
= p™b Z n(me, m1)n(my — s1, ma — s2) [Ejl»ml’ Ejz,mz] ,

m1,m2,j1,j2
where mj,me € Z, j1 = (al,bl),jg = (ag, b2) S B(w), p™May+p™ay = pTa
and p™1b; + p™2by = p™b.
Notice that if my; < 0, then m; = mq and, therefore, either a;p™
or asp™? is bigger than ap™. Therefore, if we assume in addition that
mi,mg > 0, then the right-hand side of the above equality will not be

changed modulo [L{ (m+), L,{] and can be rewritten in the form

Z pmlbl [Ejl,mpﬁjz,mz] "I(m2, ml)n(ml — 81,Mm2 — 82)—

m1,m2,j1,j2

- > b [Djl,mlaDjz,mz] n(mi, ma)n(me — s2,m1 — s1)
mi1,m2,51,j2

(we substitute p™ by +p™2by instead of p™b and interchange indexes 1 and

2 in the second group of terms). The relation (12) can be obtained then by

the use of the relations n(maq, m;) = 1—n(m1, me) and n(mg—s9, m;—s1) =

1—17(m1—81,m2—32). O

Proposition 4.6. Let m € Z>o and j = (@,b) € Ba(w). If a > 0 is such
that p™a > 2(a — 61(w, a)), then for any n € Z, one has p™Djy, € Lg(a-l—).

Proof. The statement of the proposition is invariant under action of o,
therefore, we can assume that m = n.
Notice that p™bDj, is the only a first order term in the expression of

~

Fpmj € Lig(p™)) C Li(a+). Therefore, it is sufficient to verify that any
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commutator of second order from that expression belongs to Li(a+). Any
such commutator is of the form

pml bl [D(al,bl),ml ) D(az,bg),mz]a
where mg < my, my > 0, (a1, b1), (ag,b2) € B(w), a1p™ + azp™ = p™a.
Because p™a > 2(a — 01(w,a)), we have either a;p™ > a — 61(w,a), or
asp™ > a — 61 (w, a).

In the first case a;p™ > a. If a;p™ > a, then our term belongs to
[Li(a+), L,j;] C Li(a—i—). If p™a; = a, then ay > 0 and our term belongs
to Li(a—i—) by Prop. 4.2.

In the second case the inequality ms < m; implies asp™! > a — d1(w, a)
and we finish the proof in the same way. The proposition is proved. a

5. Ramification filtration modulo 3rd commutators

As usually, K is a complete discrete valuation field of dimension 2 given
in the notation of n. 1.1. It has an additional structure given by a dou-
ble valuation v(?) and a subfield of 1-dimensional constants satisfying the
agreements from the beginning of n. 3. Consider the corresponding ramifi-
cation filtration {T'¥) }jeJ of I' = Gal(Ksep/K). Fix w € Q, M € Z, set

L = Lp1+1(w) mod C3(Lpr+1(w)), and consider the group epimorphism
¢ = 'szH(w) mod C3([,M+1(w)) ' — G(L),
cf. n. 1.5. This gives the decreasing filtration of ideals {L(j ) }j cJ of L such

that (@) = LY. For any j € J, denote by L(j) the ideal of L generated
by elements of the ideal Lf(j) from n. 4. The following theorem gives an
explicit description of the image of the ramification filtration of I' in its
maximal p-quotient of nilpotent class 2.

Theorem 5.1. For any j € J, L(j) = LY.
The rest of section deals with the proof of this theorem.

5.1. The cases j = (v,c) € J1 and j = (0,v) € Ja.
Set L = L® Wass1(k), Lk = L® Opr41(K) and Leep = L ® Opr1(Ksep)-
Let

e =epy+1(w)mod C3(Lpr41(w)) = Z % p—ap® Dap),s € Lk,

(a,b)€BO(w)

s=s(a)

f = fm1(w) mod C3(Ly+1(w)) € Lsep.
Then of = foe and for any g € T, one has ¢(g) = (9f) o (—f).
Let I. be the minimal ideal of L such that I. ® Wysy1(k) contains all
D4 p),0 With indexes (a,b) € B®(w) with b # 0.
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Consider the natural projection pr, : L — L/I; := L.
Denote by the same symbol extensions of scalars of that projection. Then
we obtain the elements

= pre(e) € G(Le ® Onm41(Ke)), feo = pre(f) € G(Le ® Onr+1(Ksep))

Here 0M+1(Kc) and Opr41(Kcgsep) are hftlngs modulo pM+1 constructed

via the p-basis of K determined by uniformising element ¢ty € K.. Notice

that
= Z t—aDa,Oy

where a runs over the set {a € N | (a p) =1,a < I(w)}U{0}. There is also
an equation o f. = f. oe. and a group eplmorphlsm

Yo : Te = Gal(Kesep/Kc) — G(Le)

such that for any g € T'¢, ¥c(g) = (9fc) o (—fo)-
Notice in addition, the composition

r-% 1. 2 6L

coincides with the composition

I — T 25 G(Le)

(where the first arrow is the natural projection from n. 2.1).
One can easily see that for any v > 0,

() = prz? (ve(r)),

where ng) is the ramification subgroup of the Galois group I'c of the 1-
dimensional field K. The case j = (v, c) of our theorem follows now from
the description of ramification filtration for 1-dimensional local field from
1, 2].

T%le case j = (0,v),v > 0, can be considered similarly, because the
ramification subgroup F( v) appears from the ramification subgroup ')
where T'V) = G 1(K$ep /KM) is the Galois group of the first residue ﬁeld
KO of K.

5.2. Abelian case. Let j° = (a® 8°) € Jo. The ideal L(5°); mod Co(Ly)
is the minimal ideal of Ly mod C2(Lg) containing all elements of the form
P°D(q )5, Where s € Z>o and the indexes (a, b) € J are such that p°(a, b) >
j9. We can apply Prop. 3.1 to deduce that

LU = L(j°) mod Cy(L),

what gives the assertion of our theorem modulo 2nd commutators.



Towards explicit description of ramification filtration in the 2-dimensional case 323

5.3. Application of the criterion. Until the end of the paper we assume
that jO = (a,b%) € J; is such that a® > 0. Consider the rational number
61(w,a®) defined in the beginning of n. 4. Define similarly d2(w,b°) as
the minimal value of all positive differences of the form 5% — p™b;, where
(0,b) € B(w) and n € Z.

Choose j* = (a*,b*) € J; and N* € N satisfying the assumptions from
the beginning of n. 3.2, and the following conditions: a* = a°, b* < #°, and

a® +pMI(w)  pMI(w) pMJo(w w), 2pM I(w)
q>max{ 01 (w,al) ’ af +2 do(w, b9)’ al +1}'

Consider the fields from n.3.3: Ky = K(N*j*), K' = K(tio) with
tdy = to and K} = K'(tao) with t5y = t10, where s* = s(a*), the lift-
ings Ojy,1(K"), Ohyyq1(Kgep) and Ojypy 1 (Kpg,), the field isomorphisms
n: K — K’ and nsep : Ksep — KL, and the elements

sep
n(e) =e = Z Tl_bp t;ap D(a,b),s—N* € LK' =L ® O;VI-H(K/)?
(a,b)_e?o)(u)

nsep(f) = fl € L;ep =L® O;VI-{-I(K;ep)
Then we can use the equations

1 1
Uf=f°6=f+€+§[f,€], ofi=fioe =f1+€1+§[f1,61]
to obtain for the element
= (0M£) o (oM f1) € Lagep 1= L ® Ohr1 (Kzsep)

the following equation

X—-0X= A—% [A,GM*'N*el] — [O'X,O'M-"-N*el] + % X, Al, (13)

where
A=gM+N"¢ _oMe =
+M b+ Mg _aps+M
-y ( (b, 0" 1) TP D gy s
(a,b)€BO(w)
s=3s(a)

The criterion from n.3.3 implies that the ideal LU" is the minimal ideal

in L such that the element X mod Lg sgp is invariant with respect to the

action of l"(] ), where L(] ) = L0 g OM+1(K2vsep)- By n. 5.2 one can
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assume that LU®) contains [L(j°),L]. We are going to prove our theorem
by decreasing induction on j°. For this reason introduce the ideal

= J L)
7>5°
Then it will be natural to look for the ideal LU°) in the family of all ideals
of L containing the ideal L(j°+) + [L(j°), L]. In order to realise this idea
we shall simplify the relation (13) in nn. 5.4-5.5 below modulo the ideal
{L(j°4) + [L(5°), L]}sep generated by elements of L(j°+) + [L(j°), L] in
L2,sep'

5.4. Auxiliary statements. Let Of = Way1((m1))[[t2]] C Ojypq(K3).
For b€ Zy and 1 <r < M, set

E_1(b) =1, Eo(b) = E(b,0%),
E,.(b) =0"Ep(b H o" % exp (bp"©*),

1<u<r

where F is an analogue of the Artin-Hasse exponential from the beginning
of n. 3.
Clearly, for all 0 < r < M and b,¥ € Zj, one has

E.(b+V) = E.(b)E. (V).

For 0 < r < M and b € Z;, set &.(b) = E.(b) — 0E,_1(b). Then &.(b) €
pt N0 and

E(b+b) =& () +&®W) + Za’ —i(D)o & (V),

0j
where the sum is taken for all 0 < i, j < r, such that either i =0 or j = 0.
For 0 <r < M and (a,b) € B’(w) such that s(a) < N* + 7, set
Ar(a,b) = &) P U4 Do - € L.

Lemma 5.2. There is an € > 0 such that

=— Z oM=T+5 A, (a,b) mod t‘prI(w)HLOé,

M—-r+s<N*
r(a,b)
where in the right-hand sum s = s(a), r runs from 0 to M and (a,b) runs
over the set B°(w).

Proof. The terms of the expression for A from the end of n. 4.4, which do
not appear in the right-hand sum, can be written in the form

s+M s+M

M- —b, -
g r+sgr(b)7_l P qtl w® D(a,b),s+M7
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where M —r+s > N*, 0 < r < M and (a,b) € B°(w). All those terms

tt{pM Iw)tep

belong to 0, for some € > 0, because

_aps+Mq +pM—T+sa*(q _ 1) - pM—r+5(__apr+N* + a*(q _ 1)) >

g(=ap*™ +a*(g — 1)) > g(=pMI(w) +a* (g~ 1)) > p™I(w)
(we use that a*(q — 1) > 2pMI(w), cf. n. 5.3). O

Denote by Mo(w, j*) the subset of all W (k)-linear combinations of ele-
ments from Ly of the form

—p"bg+b*(g—1) ,—a* r
71 t1" D" D(a* jpr b)ms

where 0 < r < M, (a*/p",b) € B(w), p"b < b°.
Lemma 5.3. If M —r + s < N*, then
Ar(a,b) € L0 g+ TOFEL04) 0 +88 7Y Loy + Mo(w, %) +Ca(Licy)-
Proof. Consider the decomposition
Er(b) = pbO* + p O 11y 4(©7),

where p,p(X) € W(k)[[X]] and ©* = Tf*(q—l)t‘f*(q_l) (it follows easily
from the definition of the Artin-Hasse exponential). This decomposition
induces the decomposition of A, (a,b) into 2 summands. Consider the first
summand

Sy = le—bp q+b (q—l)tl—ap gta (q—l)pr Dap)r-
If p'a > a* = a® or p'a = a* and p’b > b°, then ) € L(jO)Ké + Co(Ly)-
If pra = a* and p"b < b°, then S; € Mo(w,j*). If 0 < p"a < a*, then

S € tzl’MI(“)H'EL((H-)OI2 + Ca(Lky) because
—ap"q+ a*(qg—1) > ¢y (w,a’) — a® > pMI(w),
of. the beginning of n. 5.3. If a = 0, then 51 € £} "V L.
Consider the second summand
Sy = Tl—bPTQ‘i‘Qb* (q—l)tl—aPTQ+20'* (Q“l)prD(a b).rbbr b(@*)-
If p'a > a*, then Sy € L(a0+)K£ + Ca(Lky) C L(jO)Ké + Co(Lgy). 1If
0<p'a < a* then Sy € t(f*(q_2)L(0+)o£+CQ(LKé) and a*(g—2) > pMI(w),

cf. the beginning of n. 5.3. If a = 0, then S € £} VLo, c ¢7 7 VL.
The lemma, is proved. (i
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Denote by M (w, j*) the set of all W (k)-linear combinations of elements
of L gep of the form

Y (a,p"bg — b"(q — 1),a")p" D(ax fpr b),m>
where a € W (k), m € Zmod Ny, (a*/p",b) € B(w), p"b < b° and for ¢ € Z,
one has

Y(a,c,a*) — oY (a,c,a*) = ary 7.

This W (k)-module coincides with the W (k)-submodule of Ly s generated
by all Z such that Z —0Z € Moy(w, j*). One can easily verify that

M1(W,j*) c LKz(jo) + L(j0+)2,sep + C2(L2,Sep)a

.0 ngo) .
where K2(j°) = K2, by using that
Y (o, p"bg — b*(g — 1), 0") € K(j°) mod pOnr41 (K2 sep)

if p"b < b°, and that p" 1D (ge /pr py.m € L(G%4)k + Ca(Lk)-
For 0 < 7 < M and (a,b) € B%(w), denote by X,(a,b) the element of
Xr(a,b) — 0X;(a,b) = Ar(a, b).

Directly from the preceding lemma we obtain the following property.

Lemma 5.4. If M —r + s < N*, then

M
X;(,0) € L) Kgep + 15 " TLO0+) 0+
t?*(q—l)LOé + M1 (w, %) + Ca(Lasep)-

Lemma 5.5. For 0 < ni,ng < N*, 0 < r < M and (a1, b1),(az,b2) €
B°(w), there exists € > 0 such that

0™ Ar, (a1, b1), 0™ Ar, (az, b2)] € tiLoy + L(7"+) rey + [L(5°), L] Ky

Proof. This lemma follows from estimates of Lemma 5.3. We only notice
that

[L(0+)K2,sep’M0(w’j*)] - L(a’0+)K2,sep
by Prop. 4.2, and for 0 <n < N*,

Vo Mo(w, j*) € Loy,

where ¢/ = a*(¢—q/p—1) > 0. a
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Remark. We note that if Z € L, ,, is such that with the notation of the
above lemma one has

Z—o0Z = [O'nl.Arl (al, bl),O'n2.A7-2 (ag, b2)] )
then Z € 5 Loy + {L(°4+) + [L(7°), L] }
Lemma 5.6. If for any 0 < r1,ro < M, 0 < n < N*, (a1,b1),(ag,bs) €
B%w), an element Z € Logep satisfies the relation

Z—0Z = [U"An(al,bl),aN*sz(ag, b2)] y

¢
then Z € Li,joy + {L(°+) + [L(1°), L]}, 5, (where K»(j%) = K2, ).

Proof. Tt is sufficient to use the estimates from Lemmas 5.3 and 5.4 and

that o is nilpotent on 19" @ DN I My (w,j*) C Lk, (), what follows from
1 2(5°)

the embedding o™V 1M (w, j*) C oV My(w, 5*) + tl‘a*qLOQ. O
Lemma 5.7. In the notation of nn. 5.8-5.4 for some € > 0, it holds
[A, UM+N*61] =-— z [JM_T+SAT(Q, b),aM*’N*el] mod ¢{ Loy .
™(a,b)
M—r+s<N*

Proof. This follows from Lemma 5.2 because e; € tl_l(w)LOé. O
Lemma 5.8. In the notation of nn.5.3-5.4 if Z € Lk, ,,, is such that

[O'X, UM+N*€1] =— Z [a”Ar(a, b), 0’M+N*61} +7Z—02Z,

r(a.b)

M—-r4+s<n<N*
then Z € Li,joy + {L(j%+) + [L(1°) L] }5 op-
Proof. We notice first that for some £ > 0, it holds

ocX = — Z oc"Ar(a,b) — ZO’N*X (a,b)

,(a,b) r,(a,b)
M—-r+s<u<N*

M
mod t‘{p I(w)+sLOé + C2(Lagsep)-
This is implied by the relation

X=- Y oMHX(a,b)modt (WL,

(a,b)
M—-r+4+s<N*

which follows from Lemma 5.2.
So, it is sufficient to prove that if Z(a,b) € Lo sep is such that

Z(a,b) — 0 Z,(a,b) = [X,(a,b),0 61]
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then Z(a,b) € Li,(j0) + {L(°+) + [L(5°), L]}, o0p- By Lemma 5.4 this
can be reduced to the following property: if U € Lggep is such that

U-oUe€ [M1(w 7 ) o 61]
then U € L, ;o) + {L (3%4) + [L(59), }2,sep' By Prop. 4.2 we have
Mi(w,5%), L(0+) k] C L(5°+)2,5ep-
We have also
p [Ml(wvj*)yLKé] C [L(a"+)2,5eps Lasep] C L(5+)2.sep-
So, the proof of lemma is reduced to the following statement.

— let V,W € Wirs1(Kosep) be such that V — oV = """ W and
W—oW = arl_bprq+b*(q—1)tl_a, where (0,b1), (a*/p",b) € B(w) and bp" <
bO,' then V € pWM+1(K2,sep) + WM+1(K2(jO))

In other words, cf. n. 3.4, j2(V mod p/K3) < j° or, equivalently,

7'(Vmodp/K') < ¢j° = (¢ 1)j* = (a®,¢t° — (¢ — 1)b").
The case M = 0 of Prop. 3.6 gives
§'(Vmodp/K') = (a°, bip™ + bp"q — b*(g - 1)).
It remains only to notice that
bip™ + bp"g < pM Jo(w) +¢(8° = 62(w, 1)) < b,
because qda(w, b0) > pM Jy(w), cf. n.5.3. The lemma is proved. O
5.5. Simplification of relation (13). Consider S = S; + S2 € Lo gep,

with
- Z An(a, b),
n,(a,b)
S2 = Z 77("1 — 81,N2 — 32) [Anl (a’lv b1)1 —bzpnzqt_azpnqu]%nz )

n1,12,J1,J2
where the first sum is taken for 0 < n < M and (a,b) € B%(w) such that
M —n+s < N* with s = s(a); and the second sum is taken for all
0<n <M,ny>—-N"+M—359, j1 = (al,b1),j2 = (a2,b2) (S Bo(w) with
s1 = s(a1) and sg = s(ag) (cf. the definition of n(n1,n2) in n. 4.2).

Proposition 5.9. Suppose X € Logsep satisfies relation (13). Then there
is X' € Ly gep such that

X' = X mod Ly, o) + {L(j0+) + [L(jo)’ L] }2,sep

and
X' —oX'=8. (14)
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Proof. From Lemmas 5.2, 5.7 and 5.8, we conclude that the right-hand
side of the relation (13) is equivalent modulo

(0 —id)Licy(goy + {L(G+) + LG, L1} 5 ooy

to the expression

_ Z O'M—T+S.A7-(a,,b)+

r,(a,b)
Z 77(“, 0) [UM—T1+SI+U~AT1 (G'l’ bl)a UM+N*61] )

r1,(a1,01),u
where the summation indexes satisfy the conditions 0 < 7r,r; < M,
(a,b),(a1,b1) € B(w), u € Z>o, M —7+5 < N*and 0 < u < N* -
(M — 711+ s1) (with s = s(a) and s1 = s(a2)).
By changing the above expression modulo (o —id) L and setting r1 = n1
and ny = (sg — u) — (s; — r1) we transform it to S. The proposition is
proved. a

By the use of the identity 1 = n(ni,ng) +n(n2,n1) we obtain the decom-
position Sy = S9; + Sag, where Sp; =

Z n(n1 — s1,n2 — s2)n(n1, n2) |Ag, (a1, bl)a7'1—b2pn2qt1_azpn2qDJ'2»"2] ’
n1,12,j1,j2
and Ss9 is given by the same expression with n(n1, ny) replaced by n(ng, n1).
By the use of the decomposition, cf. the proof of Lemma 5.3, &,,(b1) =
bip™ O* + pMO* 2y . (©%), set Sa; = Sh; +SY,, where S, is given by the
expression

Z n(ny — s1,n2 — s2)n(n1, n2)p™ by x
n1,m2,J1,j2

—(P"1b14+p™2b2)q,—(p"1a1+p"2a2)q oy x
T tl S/ [Djml’Djznz]'

Prove that
St € tiLoy + {L(°+) +[L(5°), L1}, -
It is sufficient to verify that the element of the form

—(a1p™ +a2p"2)q %2 n
13 0™ p I[Djlnl’Dj27n2]

belongs to {{Lo; + {L(%) + [L(5°), L]}K, if n1 > no.
2
If p™a; > a?, then our element belongs to [L(5°), L]k;. Let p™a; = ad.

If a; > 0, then our element belongs to L(j0+)Ké by Prop. 4.2; if ay = 0,

(g-2)

0
then it belongs to ¢} Loy,

The case p™lag > a° can be considered similarly.
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If p"a;,p™ag < a®, then it remains to note that
(™ a1+ p™az)g < (P™ a1 +pMag)q < 2a°q — 261 (w, a®)g < 2a°(¢ — 1),

because g6 (w,a®) > a° cf. n. 5.3.
Thus we have obtained

Sa1 = Sy modti Loy + {L(7°+) + [L(5°), L1} gy -
For no > ny, b= by and b’ = p"2~™by, consider the identity from n. 5.4

Eny (b1) = Eny (b + p™ ™" ba) — Eny (P b2) -

> 0 Eny—i(b1)07 Eny (P bg).

i’j
With respect to three summands of the right-hand side of the above identity
decompose So2 in the form Sg21 + S292 + S223. Then

Spz=— Y n(n—s1,n2— s2)n(ng,n1)x
n1,n2,j1,j2

[0" Ap, ~i(a1,b1), 07 An,—(p"* "™ by)]

belongs to t1Lo; + {L(%+) + [L(jo),L]}K, by Lemma 5.5, because one
2

can repeat the arguments of the proof of Lemma 5.3 to obtain its estimate

for the element given by the expression

— —aop™2=Jdqg —bopt2—J
8n1_j(pn2 " b2)t1 2P ’ qu 2P ? qD(a‘27b2)1n2—j'
By the use of the identity
Eny (P by) = PP25y0* + P20 1y na—nr, (67)

and the arguments we have used above to estimate S3;, we obtain

Spp=— Y n(m —s1,n2 = s2)n(nz, m1)x
n1,12,51,j2

—(p™1b14+p"2b2)q,—(p"1a1+p"2a2)q
pn2b271 iy @*[Djlmv ng,n;;]

D nng —sa,ma = s1)n(n, n2)
nl»nzajlaj2
—(p™1d n2p. —(pm1 n2
Py (P"1b1+p z)qt1 (p™a1+p az)q@*[Dj

1n1y Dj2,n2]'
Now we notice that

S1+ Sg01 = — Z An(a, b)ﬁ(a,b),n'
n,(a,b)eBO
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By the use of the decomposition £,(b) = p"bO* + p"O**y, ,(©*) and
Prop. 4.6 we obtain
S1+ S221 = — Z Pnb"'fbpnqtl_apnq@*b(a,b)’n'
n,(a,b)
We summarize the above relations by the use of the identity
n(n1 — s1,n2 — s2) + N(ng — s2,n1 — 51) = 1
and expressions for elements .7-'7(w), v € Jo,
= Z 7'1_7‘qt1_72q@*.7?7(w).
Y=(71,72)€J2
In order to simplify this equivalence modulo
(0 = id)Ligygo) + {LG+) + [LGO), L1}, o,
consider the set
Go(w) = {7y = alp™ +adp™ | a?,a} € ZN [0, [(w)], m1,m2 € Z}.
It is easy to see the existence of §(w, a’) € Q=g such that if v € Go(w) and
v < a® then vy < a® — §(w, a”).
Now suppose in addition to conditions for g from n. 5.3 that ¢ satisfies

also the equality
q0(w, a®) > a. (15)
Notice that ﬁ,(w) =0ify ¢ gg(w).
For v = (71,72) € Go(w), let X, € Lagep be such that
%, - 0%, = —rMge F,
If v; < a® then
—v1q+a*(g—1) > ¢6(w,a’) —a® >0
by inequality (15) and, therefore, )Z'A, € L. Ity > a®, then (cf. the
relation (12) in the proof of Prop. 4.5) F,(w) = F, mod [L(a®+), L] and
pF(w) € L(a%4)y, (cf. the proof of Prop. 4.6). This implies that
— if v1 = a%, vo < B0, then
Xy € L0y + [L(5°4), L]
— if v > 50, then
X, € {LG™) + L) L}y

— 5(;]-0 = X,o mod {L(j°+) + [L(5°), L]}Q,sep, where

2,sep ;

_p0 *( —n0 *(g—1
XjO—O'on = —7 b%q+b (q 1)t1a q+a (q ).7:]0

With the above notation we obtain the following proposition.
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Proposition 5.10.
X = on mod LK2(j0) + {L(j0+) + [L(jo)’ L]}2,sep :

5.6. The end of the proof of theorem. It is sufficient to prove that if
LY is a finite Lie algebra and p° is a projection of L to L, then for any
j € J, one has p*(LW)) = p°(L(5)).

It is easy to see that the both filtrations {p°(L(5))};jes and {p°(LU))};es
are left-continuous, have jumps only in “finite points” j° € J and have
trivial terms for a sufficiently large j. Therefore, we can use in the proof
a transfinite decreasing induction on j, i.e. we can assume the existence of
40 € J such that for all j > 59 it holds

P(L(5)) = p° (L)
and must prove under this assumption that p°(L(5°)) = pO(L(jO)).
By arguments of n.5.1 we can assume that j© = (a°,b%) with a® > 0. By

Prop. 5.10 and inductive assumption, pO(L(jO)) is the minimal ideal in the
family of all ideals I of L° such that

12 p%(L(%) + [L(5°), L))

and

J2 (p°(Xj0) mod Iy sep/ K2) < 4°.
It remains only to note that p°(Fj0) ¢ Ip if and only if
7' (p°(Xj0) mod Ipsep/K') = qj° — (g — 1)j*, and this is equivalent to the
equality 7o (pO(on) mOdIgysep/Kz) =40
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