OURNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Sign changes of error terms related to arithmetical functions
Tome 19, n° 1 (2007), p. 1-25.

<http://jtnb.cedram.org/item?id=JTNB_2007__19_1_1_0>

© Université Bordeaux 1, 2007, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.cedram.org/), implique I’accord
avec les conditions générales d’utilisation (http://jtnb.cedram.
org/legal /). Toute reproduction en tout ou partie cet article sous
quelque forme que ce soit pour tout usage autre que I’utilisation a
fin strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2007__19_1_1_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 19 (2007), 1-25

Sign changes of error terms related to
arithmetical functions

par PAuro J. ALMEIDA

RESUME. Soit H(z) =), -, % — % . Motivé par une conjec-
ture de Erdos, Lau a développé une nouvelle méthode et il a dé-
montré que #{n < T : H(n)H(n+1) < 0} > T. Nous considérons
des fonctions arithmétiques f(n) =3, %d dont 'addition peut
étre exprimée comme Y. . f(n) = ax + P(log(x)) + E(x). Ici

P(z) est un polynéme, E(z) = =3, <, %w (£) 4 o(1) avec
Y(x) = — |z] — 1/2. Nous généralisons la méthode de Lau et
démontrons des résultats sur le nombre de changements de signe

pour ces termes d’erreur.

ABSTRACT. Let H(z) =Y, . 2% _ 64 Motivated by a con-

n<z n w2

jecture of Erdos, Lau developed a new method and proved that
#{n <T:HMn)H(n+1) < 0} > T. We consider arithmetical
functions f(n) = >y, % whose summation can be expressed as
Y on<e f(n) = ax+ P(log(x)) + E(x), where P(x) is a polynomial,
E(x) = =3 <y bayp (£) 4+ 0(1) and (z) = — [z] — 1/2. We
generalize Lau’s method and prove results about the number of
sign changes for these error terms.

1. Introduction

We say that an arithmetical function f(x) has a sign change on integers
at = n, if f(n)f(n+ 1) < 0. The number of sign changes on integers of
f(z) on the interval [1,7T] is defined as

Nf(T) = #{n < T,n integer : f(n)f(n+ 1) <0}.

We also define zf(T') = #{n < T, n integer : f(n) = 0}. Throughout this
work, ¢¥(x) =z — |x| —1/2 and f(n) will be an arithmetical function such
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This work was funded by Fundagdo para a Ciéncia e a Tecnologia grant number
SFRH/BD/4691/2001, support from my advisor and from the department of mathematics of
University of Georgia.



2 Paulo J. ALMEIDA

that

b
f(n) = Z “ for some sequence of real numbers b,.

dn

The motivation for our work was a paper by Y.-K. Lau [5], where he
proves that the error term, H(x), given by

¢(n) 6
——~=—zx+ H(z
> =3 ()
has a positive proportion of sign changes on integers solving a conjecture
stated by P. Erdos in 1967.
An important tool that Lau used to prove his theorem, was that the
error term H (z) can be expressed as

1) H() = — wn, (i) +0 (@) . (S. Chowla [3)])

= n

- log5 x
We generalize Lau’s result in the following way

Theorem 1.1. Suppose H(x) is a function that can be expressed as

) nw=- ¥ 20 (2)+0 ().

n<y(z)
where each b, is a real number and

i) y(x) increasing, o <L yYlr) €« —2—5, for some D >0, and
( ot
1 g 2

ogx)
(3) Z bfL < zlogP x;

n<x

(ii) k(x) is an increasing function, satisfying lim,_, k(z) = oo.

(iii) H(zx) = H(|z]) — a{x} 4+ 0(x), where o # 0 and 0(x) = o(1).

Let <€ {<,=,<}. If #{1 < n < T : aH(n) < 0} > T then there exists
a positive constant co and coT disjoint subintervals of [1,T], with each of
them having at least two integers, m and n, such that aH(m) > 0 and
aH(n) < 0. In particular,

(1) #{n<T:aH(n)>0}>T;
(2) if #{n<T:aH(n)<0}>T, then Ngy(T)>T or zg(T) >T.

We consider arithmetical functions f(n) for which, the error term of the
summation function satisfies the conditions of Theorem 1.1. A first class is
described in the following result
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Theorem 1.2. Let f(n) be an arithmetical function and suppose the se-
quence by, satisfies condition (3) and

(4) an_3x+o<log x)

n<x

for some B real, D >0 and A > 6 + %, respectively. Let o = 5%, bg

n=1 p2>

. b, Blog 2rx W
yb—lengo(Z;—Blogx> and H(x Zf #—1—5
n<x n<z
If a # 0, then Theorem 1.1 is valid for the error term H(x). Moreover, if
f(n) is a rational function, then, except when o = 0, or B = 0 and « is

rational, we have
Ny(T)>T ifand onlyif #{n <T:aH(n) <0} >T.

Notice that this class of arithmetical functions is closed for addition, i.e.,
if f(n) and g(n) are members of the class then also is (f 4+ g)(n). In the
case considered by Lau, it was known that H(x) has a positive proportion
of negative values (Y.-F. S. Pétermann [6]), so the second part of Theorem
1.2 generalizes Lau’s result. Another example is f(n) = %

Using a result of U. Balakrishnan and Y.-F. S. Pétermann [2] we are able
to apply Theorem 1.1 to more general arithmetical functions:

Theorem 1.3. Let f(n) be an arithmetical function and suppose the se-
quence by, satisfies condition (3) and

() 2_: O 9(s)

for some (8 real, D > 0, and a function g(s) with a Dirichlet series expan-
sion absolutely convergent for o > 1— X\, for some A > 0. Let o = ¢%(2)g(2)
and

E \

H( )_ anxf(n)_ax? ifﬁ<07
TN\ Saee f(0) — az — SV Bilog )i i g >0,

where the constants B; are well defined. If a # 0, then Theorem 1.1 is valid
for the error term H(x).

Theorem 1.3 is valid for the following examples, where r # 0 is real:

e G G
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2. Main Lemma

The main tool used by Y.-K. Lau was his Main Lemma, where he proved
that if H(z) = X<y 2% — S then

n<x n

20 [ rt+h 2
/ < H(u) du> dt < Th,
T t

for sufficiently large T and any 1 < h < log?T. Lau’s argument depends
essentially on the formula (1). In this section, we obtain a generalization of
Lau’s Main Lemma.

Main Lemma. Suppose H(x) is a function that can be expressed as (2)
and satisfies conditions (i) and (ii) of Theorem 1.1. Then, for all large T
and h < min (log T, k*(T)), we have

2T [ ft+h 2 s
(6) / H(u)du) dt < Th3.
T t
For any positive integer IV, define

(7) Hy(a) =~ Y " (2).

d<N

The Main Lemma will follow from the next result.

Lemma 2.1. Assume the conditions of the Main Lemma and take D > 0
satisfying condition (i). Let E =4 + %, then
(a) For any 6 >0, large T, any Y < T and N < y(T), we have

T+Y
L )~ By ) du < s+ g (T ) (05T

(b) For all large T, N < y(T) and 1 < h < min (log T, k*(T)), we have

2T [ (t+h 2 s
/ Hy(u)du| dt < Th3 + N3(log N).
T t

Now we prove the Main Lemma:

Proof. Take N = T7 and § > 0 small. Cauchy’s inequality gives us

t+h 2 t+h 2
( ) H(u)du) §2< t HN(u)du>

+2 < /t " ) — Hay(w) du>

2
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Since N = T'i then, for sufficiently large T, N3log? N < T'. So, using part
(b) of Lemma 2.1 we have

oT [ rt+h 2 . s
/’ Hy(u)du| dt < ThS + N3logP N < Th.
T t

Using Cauchy’s inequality and interchanging the integrals,

2T [/ rtt+h 2
kéy(ﬁ' Gﬂuy—HNOQ)mO dt
gh/fT<ZHhuﬂuy-HN@»2d§>m

’ h/2T+h (/mm u,2T) (H(u) B HN(U))Q dt) du

max(u—h,T)

2T+h
<h!/ — Hy(u)? du
T+h T+h
2 o, 2T oT ITE)
<h <N1—5+k2(T)+y( —I—h)(og )

< T +Th < Th?
since y(2T + h) < W and h < min(log T, k?(T)). Hence

2T [ rt+h 2 .
/ H(u)du | dt < Thz2.
t

T

3. Step 1

In this section, we will prove part (a) of Lemma 2.1. Using expression
(2) and Cauchy’s inequality, we obtain
2

/TT+Y(H(U) — Hy(uw)du < 2/TT+Y( yiu) %¢ <:1>)du+0 <k2}(/T)) :

m=N+1
Let n(T,m,n) = max (T,y~*(m),y"1(n)), then
’ ) g b

o (S e ) e [ () (e

m=N+1 m,n=N+1
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The Fourier series of 1(u) = u — |u] — 3, when u is not an integer, is
given by

1 S sin(27kw)
® vl =23 =
k=1
so we obtain
g VIHY) by S 1 [T+Y
3 Z bmb Z */ sin <27rku> sin (27Tlu> du.
™ mn=nN+1 T T kL Jy(Tm.n) m n

Now, the integral above is equal to

1 [T+Y k l k l
— / cos | 2mu [ — + — —cos | 2mu | — — — du.
2 Jn(Tmm) m o n m n

For the first term we get

T+Y k l 1
/ cos (27ru <+)> du < ——.
n(T.m.n) m.on (&+1)

If £ =L then
T+Y
/ cos <27ru (kl>> du <Y,
n(T,m,n) m.n

T+Y k l 1
/ cos (27ru ( — )) du <« .

Part (a) of Lemma 2.1 will now follow from the next three lemmas.

otherwise

Lemma 3.1. Let E =4 + % as in Lemma 2.1. Then

[e.9]

1 E
binbn ——— < X (log X)~.
Z;X’ > R —im] <X (o8 X)
m,n< k=1
kn#lm

Lemma 3.2. If D > 0 satisfies condition (3), then
> el ¥ i
bbb S ———— < X (log X)'*= |
e X Pyt El (kn +Im)
Lemma 3.3. For any § > 0,

bmb =1 1
y bl 5 0 < i
N<mn<X k,l=1
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In order to finish the proof of part (a) of Lemma 2.1 we just need to take
X =y(T 4+Y) in the previous lemmas. Hence

T+Y Y
2 E
/T (H(w) ~ Hy()? du < s +y(T+Y) (0g7)° 4 .

O
Before we prove the three lemmas above, we need the following technical

result

Lemma 3.4. Let b, be a sequence satisfying condition (3). Then

D D b2 D
S b2 < Nlog2 N, Y |by| < Nlog® N, > < (log N)** =2 |

n<N n<N n<N
b D b 1
Z ’7:| < (log N)'* 7 | Z n—ZT(n) < §is for any 6 > 0.
n<N n>N

Proof. Follows from Cauchy’s inequality, partial summations and the fact
that, for any € > 0, 7(n) = O(n®). O

Remark. If H(z) can be expressed in the form (2), then
by, 1 D
(9) Hw < Y o (7)< oz %
n<y(z) k()

Proof of Lemma 3.2 : Since the arithmetical mean is greater or equal to
the geometrical mean, we have

1
2 |bb|zkl(k + Im) <2 ) |bb|zkz\/ﬁ

mn<X k=1 mn<X k=1
b2
<(X %)
m<X m

<(Z0(Z )

< X(log X)H%
|

Proof of Lemma 3.3 : For the second sum, take d = (m,n), m = da and
n = df. Since kn = Im, then «|k and f|l. Taking k = o<y, we also have

l=0v. As
> 1 &1 m,n)?

(10) Z kl aﬂ; 22? mn

k=1
kn=Im
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Then
> T s S 3 [bmbn|(m,n)?
- 2012
N<m,n<X mn k=1 ki N<mn<X men
kn=Ilm
'y (ay )
6
dSX N<m<X
dlm

The next step is to estimate the inner sum using Hélder inequality

b\ b\ 2 1 \?
<§27ﬁ>§< 2. %J( 2. M»’
N<m<X N<m<X N<M<X

dm dm diM
Set M = 3d, then

3 3 1
1\* 1 1)°? 1 d3 2
( ) ( Z M2> d3<NZX’82> <<d3<mln{’N3}>
N<M<X Dep<X

d|M

To complete the proof of Lemma 3.3 we use Cauchy’s inequality and
Lemma 3.4. For any § > 0,

y bl Los (G EN s )

N<mn<X k=1 d<X N<m<X
kn=Im dim
therefore
2
by i 1) { d3 } i
Z ] < Z zmm N3 Z Z 2
<N<m,n§X mn k=1 kil d<Xd N D<X N<m§Xm
kn=Ilm D\m
(Y dsy b)Y (tny)
d<N d>N N<m<X D|m
1 b 1
<= Y, Brm) < 55
N yGoex™ N

g

Proof of Lemma 3.1 : This lemma is a generalization of Hilfssatz 6 in [9] of
A. Walfisz. Notice first that

s 1 > 1
binbn, — ) <2 bimbn — ).
Z(| | Z k‘l]k:n—lm|) Z (‘ | Z k:l|kn—lm\)

m,n<X k=1 m<n<X k,l=1
kn#lm kn#lm



Sign changes of error terms 9

Like in [9] we begin by separating the interior sum into four terms:

> 1 > 1 > 1
Zl kl|kn —1Im| kzlzzl <kl|k‘n—lm|>jL kz <kl\kn—lm|>

k= =1

kn#lm lmgl%" k—"<lm<kzn
s 1
+ kzlz:l (k‘l|k:n lm|>+ 1;1 <k‘l\k¢nlm|>
En<lm<2kn Im>2kn

For the first term, we use Lemma 3.4,

1
Z“’b’zkukn im] = 2 [ombal Z k:2l

m<n<X m<n<X k=1
lmg’m Im<kn
[bnl <
=2 >, |bm Z DI
m<n<X z<k"
by | logk logX
< > bl Z(kQ + kQ)
m<n<X
|bn| 14+L2
< log X — || < X (log X) 7 2.

From the forth inequality of Lemma 3.4, we get

s 1 1+2
2, Nbmbal D gy < X (log X)

m<n<X
knﬁ%ﬂ

The estimation of the third term is more complicated and we have to use
a different approach. In this case, % < i:m so that

ad 1
|bm b T
mS%X men k,zZ:1 kl| kn —Im|
%<lm<kn

1
2 o kM —1Im

m

bOO
<2 > |bm TZ

m<n<X

P —
kn
o <
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2 ¥ sl oy (,m_l)

m<n<X k=1 1<k kn _

[ba] o= 1 m
2 b 1 _m_
m<Z:n<X kzzjl le::_l%:Kkn kn — lm

m

Now, taking L = [%” — l],

|| < |bn| <~ 1 1
m|— ( ) [ -
mS;SX Z k2 % 2 mS;SX n kgl k2 Lg%— L

< X (log X)'*7 |

as in the first term. If there exists an integer [ with %" -1l<l< %”, then

m { kn. In this case, kn —Im =m {k”} and m < n. So, we have to estimate

bn| &~ 1
(12) [bm | — —
W2 T 2 T
mtkn

n

Notice that the fractional part of % is at least % So, when k£ > m,

Y lbm Z < Y \b[ <<X(logX)

m<n<X m<n<X

‘Ib!

D
2

We are left with the estimation of
|bn| 1

2 2 ey
m<n <m

N mtkn n
Since m { kn, given k and n, we can take aj p, such that 1 < ay, < m and
akn = kn mod m. Then,

b
m<n<X k<m k {R} m<n<X k<m Qk,n
mfkn
1 b
< oz > mbal X ‘n”’
a,k<X max(a,k)<m<X m<n_§X
od'm

We need to estimate the inner sums. In order to do that, we partition
the interval [1, X] in intervals of the form [M,2M) and apply Cauchy’s
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inequality. Take 1 < P < @) < X, then,

b P
ONEICTEND DR D D S
P<m<2P Q<n<2q P<m<2P Q<n<20
kn=a mod m kn=a mod m

Next, we apply Cauchy’s inequality twice, first to the first sum on the right
and afterwards to the second sum:

(2, 3w

kn=a mod m

<Y B Y ( > rbnw)
P<M<2P P<m<2P QR<n<2Q
kn=a mod m

< PlogzP Y ( ooy 1)

P<m<2P Q<n<2Q QRIN<2Q
kn=a mod m kN=a mod m

<PlogzP Y <(1+g) 3 bi).
P<m<2P (k,m) Q<n<2Q
kn=a mod m

2

2

Since m < 2P < 2@Q, we have % > % Using also (k,m) < k, we obtain
k k
142 s P Ly <@
) mem m

Therefore,

(= (5 ) crmte > (4 5 )

P<m<2P QR<n<2Q P<m<2P Q<n<2Q
kn=amod m kn=amod m

3k
<<P—PQlog§P 3 (bi 3 1)
Q<n<2Q P<m<2P
mlkn—a

Z b2 1(kn —a).

Q<n<2Q

Nl|s]

< kQ (log P)
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By a theorem of S. Ramanujan [7], >, < ¢ 72(n) ~ X log® X and by another
application of Cauchy inequality and condition (3), we get

> T(kn—a)>2§( > bi)( > TQ(kn—a)>

Q<n<2Q Q<n<2Q Q<n<2Q
< Qlog” Q > 72(N)
kQ—a<N<2kQ—a
< kQ%logPt3 X.

Therefore,
> (mlbwl > M)<<£(k@(1ogp)% Sy kn—a))%
m n Q
P<m<2P Q<n<2Q QR<n<2Q
kn=a mod m
P Do o pigo1)2
< a(k:@(logX)z(kQ log X)2)

< Pk1 (log X)H%.

The number of pairs of intervals of the form ([P,2P),[Q,2Q)) to be con-
sidered is at most < log® X, hence
1

> — S omlbnl Y ‘;Z|<< > kQZPIogX)1+2

a,k<X a<m<X m<n<X a,k<X
kn=amod m

< X (log X)*72

The fourth term is treated as the third, hence

oo
1 m
Z b bn| Z ——— < X (log X)
m<n<X 52 Kllkn —Im|
kn<lm<2kn
This completes the proof of Lemma 3.1. =

4. Step I1

In this section we prove part (b) of Lemma 2.1. From equation (8), we

get
b 1 X /cos( 27rkb _ cos(2mka)
/a ¢(u) du T z:: ( L2 ) :
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Using the definition of Hy stated in (7), we obtain

t+h

h
Hy(u)du = — Z /H_

m<n "
Z i cos (2 k(t;th)gz— cos (2#%) '

m<N

As usual, let us write e(t) for €2 then

t meﬁ_eﬁe_(QtJrh)_
*’ZHNm)du:;ﬁ;meg( (5) ~1)e () (e (+252) —1)

¢ k2
Therefore,
oT | pt+h 2
1671'4/T t Hy(u)du| dt
kh e (k) (e(—kEER) _q ?
e ;sz(( ) )(m)kQ(( =) -U[
(e () =) (e (=%) 1)
- T3 iy

) (e ) ) 222

After multiplying the terms inside the integral above, we obtain the follow-
ing four terms that we will estimate below:

okt Ut Ih kh\ [?T (It Kkt

/ e{———)dt+e(——— / e(———)dt

T m n n  m)Jr n m

2T It kt 2T

/ e(——)dt—e(m)/ e(lt—l-m)dt.
T n o m n)Jr n o m
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Notice that, ’sz 2mirt dt‘ < \1r|7 for any r # 0. We begin with the last
term and use |e(t) — 1)| < 2 and Lemma 3.2. Then

= & CEDECR () o ey,

m,n<N k=1 (kl)2 T n m
4
<= > |bmbal Z S —
T <N k=1 ( ( +%)
1 D
bmbn _— N3 (log N)' Tz .
<<m%<:N‘ |,§:1( > ( ) Fm + g SN (g N)

The third term is treated similarly to obtain

= s R el o,

(k1)2 T n m

mn<N k,l=1

< N3 (log N)'" 2 .

Now, if kn = Im, then

2T (kt lt) (lh kh>
/ ———)dt+e|l———
T m n n m

If kn # Im then,

2Tkt It lh  kh 2T it kt 1
[T (Bt (B (R g |
T m n n m)/)Jr n m ‘%_%‘

Let us study first the case when kn # Im,

oT
/ e(h—m>dt—2T.
T nom

= £ CEDCE D) oy,

mn<N k,l=1 (kl)Q T m n
kn#lm

< Y |bmbal Z S

mn<N k=1 ’ - E’

kn;élm
1

< ;N‘ | Z < )( )klk ‘<< og ,

m,ns k,l=1

kn##£lm
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by Lemma 3.1. Similarly,

n m

S bubn Z (e (%) -1) (6(_%2 —1)6(5?—53)/21; (lt k:t) ”
m,n<N k=1 (k ) T
kn;ﬁlm
< N3logP N.
If kn = ml, we will use |e(t) — 1| < min(1, |¢|) instead. The expression

obtained has some similarities with Lemma 3.3. We are going to use the
same argument to prove:

(13) >

( , kh) min (1, lh) < h3.
mn<N k=1 m n

kn= lm

As in Lemma 3.3, take d = (m,n), a =", 3=15 and v = g So l = B
and then

<1 ( kh) : ( lh> 1 ( < h7>)2

——=min (1, — | min { 1, — min — .
k;1 (kl)? m n 2ﬁ2; d
kn=Ilm

If d < h, we obtain Zﬁ/_l =1 (min (1, M)) 907

() -0 z

=1

Therefore,

>

(15 ) i ()
— |Jmin (1, —
mn<N k,l=1 m n

kn= lm
— ( 7n)4 .- i . h"}/ 2
_m;Nﬂ) mbn| . ;74 (mln (1, (m,n)))
bmbn’ = 1 . h")/ 2
T S ()
EV d’i‘%N> o 72174 !
<<Z(d22 !bm\) LR 3 (dZMf
m2/
d<h m<N h<d<N m<N

djm dm
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2

Since d|m we have m > h and so, h* 37}, _g<n (dZmQV |bm|> < W' To
dlm
estimate the first term we begin with Hoélder inequality:

Sa(x ) s xa(x ) (X )

d<h m<N <N <
dlm djm d|M

The third sum is O (%) (similar to (11)). Then

3 4 1
Zd“(z Uik ) (Z %)2« Sa Y VZZJ )’
" AT dsh - asmeN

<(T# [T (T B
- - D|n€

<<h2( Z ‘bm| 21)

D<h
Dlm

1
2

The last part of Lemma 3.4 implies >,y 5= |bm| (m) = O(1), where the
underlying constant doesn’t depend on N. Therefore, we obtain inequality
(13) and part (b) of Lemma 2.1, follows. O

5. A general Theorem

In this section, we prove Theorem 1.1, from which the main Theorems
1.2 and 1.3, will be deduced.

Proof of Theorem 1.1 : From the Main Lemma, we have, for all large T
and h < min (log T, k*(T)),

2T [ (t+h 2 s
/ H(u)du | dt < Thz2.
¢

T

Assume #{n < T : aH(n) < 0} > T. Let ¢ > 0 be a constant and T
be sufficiently large, such that #{n < 27 : aH(n) < 0} > ¢TI Divide the
interval [1,27] into subintervals of length h, where h is a sufficiently large
integer satisfying h < logT. Then more than ¢I'/h of those subintervals
must have at least one integer n with aH(n) < 0. Let C be the set of the
subintervals which satisfy this property. Write C = {J, |1 < r < R}, where
the subintervals are indexed by their positions in the interval [1,27] and
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where R > ¢T'/h. Define Kgy = J3s_9, for 1 < s < R/3, and let D be the
set of these subintervals. We have #(D) > ¢T'/3h. Notice that any two
members of D are separated by a distance of at least 2h.

Let M be the number of subintervals K in D for which there exists an
integer n in K such that aH(n) < 0 and aH(m) < 0 for every integer
m € (n,n + 2h), and let S be the set of the corresponding values of n.

Lemma 5.1. For some absolute constant ¢1, we have M < ¢1 - .
ha

Proof. Since H(z) = H(|z|) — a{z} + 6(z), then
aH(z) — aH(|z]) = —a?{z} + af(z).

So, if x is sufficiently large and not an integer then
5 9 3 9
(14) ~1° {z} < aH(z) —aH(|z]) < —1¢ {z}.

Let n1 be the smallest integer such that any non integer x > n; satisfies
condition (14). If #{n € S :n > n;} = 0 then M < nj, so, the lemma is
clearly true for sufficiently large T'. Otherwise,

#neS:n>n} >M—n; > M.

Take n € S with n > ny and ¢t € [n,n + h]. For any integer m € [t,t + h],
aH(m) < 0. Now, for any 1 < j < h,

[t]+i+1 [t]45+1 [t]+5+1
[ Hwdu= [T Hw - B+ D) dut [ H(E + ) du
[+ [t]+J [+

Therefore, by (14),

[t]+j+1 1/ 3
/ aH (u)du < / <—a2:n> dz + aH([t] + j)
[t]+j 0 4

< —SQZ,

because aH ([t] + j) < 0. Since [t] > n, we also have

/t[tHl aH(u)du < /{tl} (—ia%) dz +aH([t]) (1 - {t}) <0

and
t+h {t} 3
/ aH (u)du < / <—a2x> dz + aH([t] + h){t} <0.
[t+h 0 4

Hence,

t+h 3
H(u)du| > é\a|(h— 1).

t
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Take an integer r = r(T") such that 2" > (log T)3+% Using (6) and (9), we
obtain
2

2T [ pt+h 2 L [ tt+h
/ ( H(u) du) dt:/ ( H(u) du) dt
0 t 0 t

roopsir [ b 2
+Z/T_ t H(u)du | dt

J=0"27

T , 91D | 3~ T
<<§h (logT)""2 + h2 ‘ Og
j:

< Th3,

due to h <logT'. On the other hand,

t 2 n t 2
/2T ( o H(u) du) dt > Z / " ( " H(u) du) dt
0 t t

nesS’m

>y /”+h(2|ar<h—1>)2dt

nes n
n>ni

> Mh3.

Hence M < cl% for some absolute constant c;j. O
h3

Take ¢y = ¢/6h. If h is a suitably large integer such that ;7T < coTh%,
then there are at least coT" intervals K in D such that aH(n) < 0 for some
integer n € K and aH(m) > 0 for some integer m lying in (n,n + 2h).
Now, suppose #{n < T : aH(n) < 0} > T. Take T sufficiently large and
take the order relation ‘<’ to be * <’. Therefore, we have coT integers m in
the interval [1, 2T, for which aH (m) is positive. In this case,

#{n<T:aH(n)>0}>T.
If we don’t have #{n < T : aH(n) <0} > T, then
#{n <T:aH(n) >0} =T(1+o0(1)).

Hence, part 1 of Theorem 1.1 is proved. Next, we prove part 2. Take ‘ <’
to be ‘<’. Then, there exists a positive constant ¢y and cg7" disjoint subin-
tervals of [1,T], with each of them having at least two integers, m and n,
such that H(m) > 0 and H(n) < 0. Therefore, in each of those intervals
we have at least one [ with either H(l) =0 or H(I)H(l + 1) < 0. Whence,
zu(T) > QT or Ny(T) > FT. O
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6. A class of arithmetical functions

In this section, we consider arithmetical functions f(n), such that the
sequence by, satisfies conditions (3) and (4). We begin with some elementary
results about this class of arithmetical functions. Using condition (4), we
immediately obtain the following lemma:

Lemma 6.1. Let b, be a sequence of real numbers satisfying (4), for some
constants B and A > 1, then there exist constants vy, and o such that

b 1
15 — =Blogz +7%+0 | ——- |,
(15) T %= plogs <1ogA—1x>
o0 bn
n:ln
b B 1
17 2="4+0——F—].
(17) gnQ T (xlogAlx>

Next, we calculate the sum of f(n) and describe the error term H(x).

Lemma 6.2. Let b, be a sequence of real numbers as in Lemma 6.1, then

(18) Zf(n)zZZ%zaw—M—%—i—H(m),

n<zx n<z din
where,
by, T 1 1
19 H = — — - 140 +O0 | —F+1—],
(19) (=) n<z:a: n v (n) (logc x) <logA_C_1 x)
_logc T

forany 0 < C < A—1.

Proof. We have

b b b
Cin=YYi=Yyyi=% ¥
nse n<x dln d<z ’éﬁf m<z d<Z

We separate the double sum above in two parts. Let 0 < C < A — 1 and
y = log® z. Then

20) DT EDID IS ML

xT xz T xz
m<x d<- ny d< d<i — y<n<y
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In order to evaluate the first term on the right, we start with an application
of formula (15):

> Z = > (Blogg;—BlognJrﬂberO(bgAfl(z)))

n<y d<% z n<|y]

n<|y) 0og (g)

Recall that by Stirling formula, 3°,,<|, logn = [y|logly| — y]| + % +
log% + 0 (%) Hence,

B(log 2my)
2

Y 1
vo(t)+o(,).
(10gA1:r> Y

> 3 % = Bly) (o —loaly) + 1)+ L) -

n<y d<¥

For the second term, we get

yi 2 =sili)-w)

d<t @ y<n<t d<=
bd b bd 1 bd
ey e -y e(G) - (5rw) S
d=1 >z d<t <z
b Bl
_ax—By—qu/;(>_%+20g‘T
d<ﬂc

Blogy Y
- +o———).
5 Yy <log a1,

Notice also that B|y|(logy — log|y]) = B|y]| (— log (1 - %)) = B{y} +
O (é) . Joining everything together, we obtain

5500 - (e B2 )

n<x

by <ZL‘> 1 1
= - —Y| =) +O0| —F—F——|+O|—— |-
d<2$ dw d <10g‘401x> <logca:>

- logc T

— Bly|(logz —logy) +
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Proof of Theorem 1.2 : We just have to show that H(x) satisfies the con-
ditions of Theorem 1.1. From Lemma 6.2, for any z

H(z) - H(|z]) = —a{z} — g (log 27| x| — log 27x)
= —afx} + g{i} + 0 (;) .

In Lemma 6.2, we also obtained

by, x 1 1
H(z)=- > (n> +0 (logoaz> +0 <logA01x> ;

n<l—2%2__
710gC1

for any 0 < C < A — 1. Take C =5+ 2, y(x):bgicx and k(z) =

min (logcx, logA—¢—1 x) Since A >6+D/2, then C < A—1and A—C —
1 > 0. The first part of Theorem 1.2 now follows from Theorem 1.1.

Suppose that f(n) takes only rational values. In order to prove the second
part of Theorem 1.2, we use the following result of A. Baker [1].

Proposition. Let ay,...,a, and By, ..., B, denote nonzero algebraic num-
bers. Then By + Gr1logag + -+ + By loga, # 0.

Using the result above, we obtain the next lemma.

Lemma 6.3. Let f(n) be a rational valued arithmetical function and sup-
pose the sequence by, satisfies condition (4) for some real B and A > 1. Let
r be a real number and suppose H(x) is given by (18). Then
(1) If B =0 and « is irrational then #{n integer: H(n) =r} < 1;
(2) If B is a nonzero algebraic number then #{n integer: H(n) =r} <
2
(3) If B is transcendental then there ezists a constant C' that depends
on r and on the function f(n), such that

#{n < T,n integer: H(n) = r} < (logT) .

Proof. Suppose that B = 0 and « is irrational. Suppose also that there are
two integers, say M # N, such that H(M) = H(N). Then

3 f(n)—aM—l—%: Zf(n)—aN—i—%.

n<M n<N

But this implies that « is rational, a contradiction.
Next, suppose B # 0 is algebraic number and that there are M > N > @Q
integers, satisfying H(M) = H(N) = H(Q). We have

Blog2mnM v _

Z f(n)fonanJr 5 =
n<M n<N

Blog2nN v,
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which implies

o =
N<n<M
Consequently
G
Blog al f(n f(n).
(%) e Q<;M M N N;M

We are going to prove that

(™ ()™

Since B is a nonzero algebraic number and the values of f(n) are rational,
for any integer n, the proposition implies

Blog (%)MIN > fn > fn
(%) M=Q M Q Q<n<M N<n<M

and so we get a contradiction, which implies #{n integer : H(n) =r} < 2,
for any real number r. In fact, instead of proving (21), we are going to prove
that

(22) MN=QQM=N o NM-Q

for any positive integers M > N > Q. Clearly, this implies (21). The
inequality (22) is just a particular case of the geometric mean-analytic
mean inequality

n % 1>
(23) <H Uz) < *Zuh
i=1 =

where equality happens only if u; = ues = -+ = u,. In fact, if we take
n=M-Q,u;=Mforl1<i<N—Qandu; =Qfor N—Q<i<M-Q,
we derive
1
o 1
N-QAM—-N\M-q
(RN <

(N =Q)M + (M - N)Q) = N.

Hence, we obtain (22) and part 2 of the Lemma.
Finally we prove part 3. Suppose r is a real number such that

#{n<T:H(n)=r} >4
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Let @ < N < M be the three smallest positive integers in the above set,
then

0 # Blog %MlN S fn >, I
(%)m M Q oinim N NyEtu

Suppose L is such that H(L) =r. Then L > N > @, and as in part 2:

(57 _
0 # Blog —— Z f(n -7 N > fn
é L-Q Q<n<L N<n<L

After we cross multiply the two expressions above, we obtain

M T L\T-F

N N
@)@

Q Q
for some rational r1. Therefore, there are four rational numbers ro, 73,74
and 75, such that

log

LT‘Q — MT’3 N’I"4 QT’5 .

Now, any prime dividing L must divide M N@Q. Notice that, if p is a prime,
k is an integer and p¥ < x then k < %. Therefore, the number of integers
smaller than x, which have all prime divisors smaller than M is smaller
than (log :E)W(M). This finishes the proof. O

Except when o = 0, or B = 0 and « is rational, we cannot have 2 (T) >
T. Hence, we obtain the second part of Theorem 1.2. O

Example. We finish this section by proving that Theorem 1.2 is valid for
the arithmetical function %
Notice that
1

=) - 255

-1
p|n p

_ #(n)n
Let b,, = PO
that

(n) =>am %d. In [8], R. Sitaramachandrarao proved

).

m\»—t

n—x—i—O(
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so condition (4) is satisfied for any A and with B = 1. By Merten’s Theorem
—1 “1
[ (1 — %) <Il<n (1 — %) ~ €7 logn, hence

Zb4 Z,u ZO(log n):O(xlog4x),

n<lx n<lx n<lx

and condition (3) is satisfied for D > 4. In this case,

achzgsy = e 1ogp

and

lo,
_ C(Q)C(3):c+ log = N 10g27r+y+2pppgzi)
2 9 .

N
<

S
ey
©

Since B = 1 we can apply Theorem 6.3, and so z(T') < 2. Therefore, if
#{n <T:aH(n) <0} > T, then Ng(T)>T.

7. Second class of arithmetical functions

Given a sequence of real numbers b,, and a complex number s, we define
the Dirichlet series B(s) =Y 12 ns. In this section, we consider arithmeti-
cal functions f(n), such that the sequence b,, satisfies conditions (3) and (5)
for some D > 0, [ real and a function g(s) with a Dirichlet series expansion
absolutely convergent for o > 1 — A, for some A\ > 0.

U. Balakrishnan and Y.-F. S. Pétermann [2] proved that:

Proposition. Let f(n) be a complex valued arithmetical function satisfying

Z ()¢ (s + D)g(s + 1),

for a complex number 3, and g(s) having a Dirichlet series expansion
. c
g(s)=> =

S’
n:ln

which is absolutely convergent in the half plane o > 1 — X for some A > 0.
Let By be the real part of 8. If

3‘:
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then there is a real number b, 0 < b < 1/2, and constants Bj, such that,
taking y(x) = x exp (—(log m)b) and o = (P(2)g(2),

_ [ ar =y B (5) +o(1) if Bo < 0,
gf =1 oz + S Bj(log )57 =3 ey B () + 0(1) if By > 0,

The real version of the previous proposition allows us to prove Theo-
rem 1.3:

Proof. Notice that, for any ¢ > 0, log®|z| = log®x — c% logc tz+0 (%) )
So, H(x) = H(|z]) — a{z} + o(1). From the previous proposition, there is
an increasing function k(x), with lim, .. k(z) = oo, such that

o= X B(2)+0lst)

n<y(z)

where y(z) = zexp (—(log:v)b), for some 0 < b < 1/2. Hence, the result
follows from Theorem 1.1. O
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