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A generalization of Scholz’s reciprocity law

par MARK BUDDEN, JEREMIAH EISENMENGER et JoNATHAN KISH

RESUME. Nous donnons une généralisation de la loi de réciprocité
de Scholz fondée sur les sous-corps Kot—1 et Kot de Q({,) de degrés
2t=1 et 2¢ sur Q, respectivement. La démonstration utilise un choix
particulier d’élément primitif pour Kot sur Kq:—1 et est basée sur
la division du polynéme cyclotomique ®,(x) sur les sous-corps.

ABSTRACT. We provide a generalization of Scholz’s reciprocity
law using the subfields Ko:—1 and Ko of Q((,), of degrees 2¢~1
and 2¢ over Q, respectively. The proof requires a particular choice
of primitive element for Ko over Ko:—1 and is based upon the
splitting of the cyclotomic polynomial ®,(x) over the subfields.

1. Introduction

In 1934, Scholz [12] proved a rational quartic reciprocity law via class
field theory. While the law still bears Scholz’s name, it was recently noted
by Lemmermeyer (see the notes at the end of Chapter 5 in [11]) that it
had been proved much earlier in 1839 by Schénemann [13]. Since then,
Scholz’s reciprocity law has been proved using many different methods (see
[3], [7], [10], and [14] for other proofs). The unfamiliar reader is referred
to Emma Lehmer’s expository article [9] for an overview of rational reci-
procity laws and Williams, Hardy, and Friesen’s article [15] for a proof of
an all-encompassing rational quartic reciprocity law that was subsequently
simplified by Evans [4] and Lemmermeyer [10].

We begin by stating Scholz’s reciprocity law and an octic version of the
law proved by Buell and Williams [2]. We will need the following notations.
For a quadratic field extension Q(v/d) of Q, with squarefree positive d € Z,
let €4 denote the fundamental unit and h(d) denote the class number. The
standard notation () will be used to denote the Legendre symbol. We will
also need to define the rational power residue symbol. Assume that a is an
integer such that (a,p) = 1 that satisfies

p—1

an =1 (mod p)
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for a rational prime p and a positive integer n. Then define the rational

symbol
p—1
- =a 2 (mod p).

This symbol takes on the same values as (9

p)Q(<2n)
symbol where p is any prime above p in Q((2,). For our purposes, n will

usually be a power of 2. It should also be noted that the Legendre symbol is
equivalent to our rational power residue symbol when n = 1. By convention,

we define (%)1 =1 for all a such that (a,p) = 1.

, the 2nt" power residue

Theorem 1.1 (Scholz’s Reciprocity Law). Let p = ¢ = 1 (mod 4) be

distinct rational primes such that (%) = (%) =1. Then

(2).G), =) =()

In [1], Buell and Williams conjectured, and in [2] they proved, an oc-
tic reciprocity law of Scholz-type which we refer to below as Buell and
Williams’ reciprocity law. Although their law is more complicated to state,
it does provide insight into the potential formulation of a general rational
reciprocity law of Scholz-type.

Theorem 1.2 (Buell and Williams’ Reciprocity Law). Let p = ¢ = 1

(mod 8) be distinct rational primes such that (3)4 = (%)4 = 1. Then

2) if N(epg) =—1
(2).().- <<_1)>ﬁ<gq>/24(€;)4(e;)4 N =1

where N is the norm map for the extension Q(\/pq) over Q.

Buell and Williams succeed in providing a rational octic reciprocity law
involving the fundamental units of quadratic fields, but it loses some of
the simplicity of the statement of Scholz’s reciprocity law and requires the
introduction of class numbers. It seems more natural to use units from the
unique quartic subfield of Q({,) when constructing such an octic law. This
was our motivation in the formulation of a general rational reciprocity law
similar to that of Scholz.

In Section 2, we describe a primitive element for the unique subfield Ko

of Q(¢,) satisfying [Ky : Q] = 2¢, when p = 1 (mod 2') and <%)2t—2 =
1. Our choice of a primitive element involves a specific choice of a unit
Mot € le<2t_1~ Section 3 provides the proof of a generalization of Scholz’s

reciprocity law after giving a thorough description of the rational residue
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symbols used in the theorem. We show that whenever p = ¢ =1 (mod 2¢)
are distinct primes with ¢t > 2 and

(00 (),.
00,69

¢
where fBye = [ n3 € OIX(Qt_1 and A € Ok, , is any prime above gq.
k=2

then

Our proof is based upon the splitting of the cyclotomic polynomial ®,(z)
over the fields in question. In the special case where t = 2, we note that

(7’74) = (%”), resulting in the statement of Scholz’s reciprocity law.

Since our rational reciprocity law takes on a simpler octic form than Buell
and Williams’ reciprocity law, comparing the two results in an interesting
corollary. It is observed that if p = ¢ = 1 (mod 8) are distinct primes

q 4 p 4 ’

(2)-(2), v

where A € Ok, is any prime above g.

then

Acknowledgements The work contained here was partially supported by
two internal grants from Armstrong Atlantic State University. The authors
would like to thank Sungkon Chang for carefully reading a preliminary
draft of this manuscript and providing comments which cleaned up some
of our arguments and fixed an oversight in Section 3. Thanks are also due
to the referee for several comments that improved the exposition.

2. Subfields of Q(¢p)

When p is an odd rational prime, it is well-known that the unique qua-
dratic subfield of Q((,) is Ko = Q(v/p*) where p* = (—1)®=1/2p_ In this
section, we provide a useful description of the subfield Kot of Q((,) of de-

gree 2! over Q when p = 1 (mod 2¢) and (%)?_2 = 1. We will need the
following variant of Gauss’s Lemma that is due to Emma Lehmer (see [§]

or Proposition 5.10 of [11]) which we state without proof.

Lemma 2.1. Let ¢ and g = 2mn—+1 be rational primes such that (g) =1
n
and let

A:{al,ag,...,am}
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be a half-system of nt" power residues. Then

loj = (—l)a(j)ozw(j) (mod q)

for some permutation m of {1,2,...,m} and
<£> = (=1)* where p= Za(i).
4/ 2n i=1

It should be noted that Lemma 2.1 can be applied to the evaluation of
(5)2 for all 1 < ¢ < ¢ by using Dirichlet’s theorem on arithmetic progres-
n

sions and the observation that the rational residue symbol is well-defined
on congruence classes modulo g. The statement of Scholz’s Reciprocity Law
utilizes the fundamental unit of Ks. Our general rational reciprocity law
will similarly require the units described in the following theorem.

Theorem 2.2. Let p = 1 (mod 2) be a rational prime with t > 2 such
that (2) =1 and set
p ot—2

A2t:{1§a§p_l (a) :1}
2 P/ ot—1
Bgt_{1gbgp_1 ‘ (b) —1 and <b> _—1}.
2 D/ ot—2 D/ ot—1

Then the element

and

bEIth <C§p - CZ_pb)
[I (g2ap - <2_pa)

a€Aqyt

Mot =

is a unit in Ok, .

Proof. Let p = 1 (mod 2') be a prime such that (%)2t_2 =1 (ie, 2 €
AstUBgt) and suppose that 7yt is defined as in the statement of the theorem.
We begin by noting that (2, € Q((p). This is easily checked by observing
that Q(¢p) € Q({2p) and that both fields have degree p — 1 over Q. One
can check that nyt € Z[(p]* by computing the norm of 7y in Q((,) and
noting that Ay and By have the same cardinality. Next, we show that
na2t € Ok,, . To do this, we define the element

Y
T (g-a)

acAyt
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If <2>2t71 =1, then 2a = +a’ (mod p), 2b = +b’ (mod p), and

p
I (¢-¢Y) O (@&-6* 10 (&-6)

bE By bE By b'EB,;

TN G NG e G "

ac€Aqt acAyt a’'€Aqt

Applying a similar argument to the case (%)Qt_l = —1, we have that

~ T2t if 2 S Agt
EE gt if 2€ By

Next, we show that 1yt € Kgy-1 by showing that it is fixed under all au-
tomorphisms o, € Gal(Q(¢,)/Q) with r € (Z/pZ)*2""". For such residues,
we have ra = £d’ (mod p) and rb = +b’ (mod p), which gives

or(Mat) = beg?t (szb § Cz;rb) — —1)#th Ay, b'g? (gp, B Cp_b/,) )
A (G -ar) AL (G -6)

where p14,, (respectively, jup,,) counts the number of negatives resulting
from ra = —a’ (mod p) (respectively, rb = —b’ (mod p)). By Lemma 2.1,
it follows that

~ r ~
Or\Mot) = () MNat .
r( 2 ) p) ot 2
Thus, we see that 7y € Kot-1 NZ[(,] = OK%*' Similarly, it can be shown
that ﬁ;tl € Koti-1 NZ[G) = OK§*1 and we conclude that
Moty € Kot NZ[G) = Opera,
resulting in the claim of the theorem. U

The description of 74 and the fact that

Ko =@ o7 )

when p = 1 (mod 4) was shown in Proposition 5.9 and the discussion in
Section 3.4 of Lemmermeyer’s book [11], where it was subsequently used to
prove Scholz’s Reciprocity Law. The following theorem includes a proof of
this claim along with its extension to describe the subfield Ky when ¢t > 3.

Theorem 2.3. If p = 1 (mod 2') is prime with t > 2 and (%)2t_2 =1,
then Kot = Q(agt), where

1/2 1/4 1/2t-1 _1)/2t+1 (2t—1_1)/9t
age = il T (— 1y /2 @t 2
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and Kot is the unique subfield of Q(¢,) satisfying [Ko: : Q] = 2%

Proof. We begin with the cases t = 2,3 then proceed by induction on t.
Define

No= 1 (@-G) and Re= T (&-G)
bEB,t a€Aqt
so that ny: = g—zz for all ¢ > 2. First consider the case when p =1 (mod 4)

and
2

N;R; = ( 11 <c£p—c;p”>> ( 11 <<§p—<;;>>

bEB4 a€Ay

2

p—1
= H(czp G = H ¢k (1—¢h

=

= (- 2N@<<p>/@(1 ~G) =
Then the sign of NyRy4 is (—1 )(p_l)/4 resulting in
NyRy = (—1 )(P 1)/4 1/2
Substituting N4774_1 = R4, we have
N} = (-1 D42 — Ny =P (1) DB,

Since Ny ¢ Ko, but Ny € Q((,), and using the fact that Q((,) is a cyclic
extension of Q, we see that Ky = K3(Ny) = Q(N4). Now for the ¢ = 3 case

we assume p = 1 (mod 8), in which case we have (%) = 1. Then
NiRj = NiNGR§ = p,

-1
NERE = (m(~1) =D/ 4pH2) " p = ! (—1) P02,

and
~1/2 _
N3Rg =1, / (— 1)(p 1)/8p1/4.

Using ng = NS , we have

and
1/2_—1/4 _
Ng = g / " / (—1 )(p 1)/16p1/8‘
We handle the remaining cases by induction on ¢ > 3. Suppose that for
k>3, p=1 (mod 2%), ( )Qk , =1, and
_ _ k—2 _ k k—1
Nok—1 77314217721@1/24"'774 12 (_1)(p /2 p1/2
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. ol . Nyp— N.

is a primitive element for Kyr—1. Using nor—1 = R2Z i, Mok = R—QZ, and
2F— 2

Ryi-1 = Nye Rox = N2m3,!, we have

2 -1
Ny = ngrRor-1 = 1ok Nok—175 1

—1/2 —1/2k—2 _ k k-1
N2 = e /B o P () e/ L2

and

1/2 —1/4 —1/2k-1 _ k+1 k
Now = byt 2 () /2R L2,

Again applying the fact that Gal (Q((p)/Q) is cyclic we have that
K2k: == K2k:—1(N2k) == Q(NQI@)

is the unique subfield of Q(¢,) with [Ky : Q] = 2*. For our purposes, we
will need the following description of Ky:. Note that the element

t
Qiot = H N2j
j=2

is also a primitive element for Kot over K5:—1 and a simple inductive argu-
ment shows that

1/2 1/4 1/2t—1 _ t+1 (ot—1_ ¢
Qogt = n2t/ 772{71 .. 774/ (_1)(P 1)/2 p(2 1)/2

for all ¢t > 2. O

3. Generalized Scholz-type reciprocity law

Before describing the main result, we need to explain the meaning of the
symbol (4),, whenever p = ¢ =1 (mod 2'), (g)y_l =1,ne€ le(zt_l, and
AE OKQt_1 is any prime above q. In this case, g splits completely in OKQt—l

and we have
OKzt—l /AOKQt—1 = Z/QZ'
Recall that if 7,6 € Ok, ,, we write

vy=4d (mod \)

if and only if A divides v — 0 (see Chapter 9, Section 2 of [5]). While this
definition makes sense for v and J in the ring of integers of integers of any
extension field of Kyi—1, every element of Ok, , can be identified with a
unique element from the set

{0,1,...,q—1}

since its elements are incongruent modulo A and may therefore be used as

coset representatives in Ok, , /AOk,, ;.
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Let ay € {0,1,...,q — 1} be the unique element (which depends upon
the choice of \) such that
n=ay (mod\).
Whenever we have
_ t—1
oV =1 (mod g),

then one can define

() D/
()\)2t. (q)2t_a)\ (mod q).

Of course, the symbol (1), is only defined when (¥),,_, = 1. This symbol
is well-defined, but we must not forget its dependence on A.

Next, we state our rational reciprocity law using the rational symbols
defined above. The proof of the reciprocity law depends upon the splitting
of the cyclotomic polynomial ®,(x) over the subfields Ky:-1 and Ky and
is modelled after the proof of quadratic reciprocity given after Proposition
3.4 in Lemmermeyer’s book [11].

Theorem 3.1. If p =g = 1 (mod 2%) are distinct odd primes with t > 2

B S S
), (0),- (%),

where Bot = H 772k ‘e OIX%t

then

_, and XA € Ok, , is any prime above q.

Proof. Let p and ¢ be primes satisfying the hypotheses of Theorem 3.1. The
minimal polynomial of ¢, over Ky:-1 is given by

pla)= JI (@-¢) €0k, [l

T€R2t71
where
o= f2r501] ),
P/ at-
Factoring o(z) over Ok,,, we obtain p(z) = 11 (7)(x) where
di(@) I (@—¢) and ¢a(x) = ] (z—¢),
r€R,t neNyt

Ryt is defined analogously to Ryi—1, and Not = Rot-1 — Rot. Also define
the polynomial

V(z) = ¢1(x) — a(z) € Ok, [].
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Let o denote the nontrivial automorphism in Gal(Kyt/Ko-1), and note
that o = ok, where

om € Gal(Q(¢p)/ K1) C Gal(Q(¢p)/Q)
is the automorphism o, ((p) = " with m € Ny. It follows that
o(d(x)) = —d(x)
and since Kot = Kyt—1 (gt ), we have
o(agd(x)) = aged(z) € Ok, [x].
Thus, it is possible to write J(x) = agi¢(z) for some ¢(z) € Ok, , [7].

Following the discussion before Theorem 3.1, let A denote any prime above
g in Ok, ,. Consider the congruence

q
B @) = () - @)= (1) 9 mod X,
2
which is actually defined on the ring Of,,. On the other hand, we have

(I(2))? = a5 (¢(x))?  (mod A).
By an analogue of Fermat’s little theorem, whenever x € Ok, ,,

k1= kNN e =k (mod \),

where the norm map N is the norm of the field extension Ky:—1 over Q.
Since ¢(z) € Ok,, , [], we have

(3.2) (9(2))? = o Tagip(z9)  (mod A)
= (agi)(‘?‘l)/%(ﬂ) (mod \).
Comparing (3.1) and (3.2) gives

(3:3) (4), 9t = @) 0(a?) - (mod )

Next, we show that

I(X) = ¢1(X) —¢2(X) £0  (mod A).
By Kummer’s Theorem ([6], Theorem 7.4), the ideal generated by ¢ in Z[(,)]
decomposes in exactly the same way as ®,(X) decomposes in (Z/qZ)[X].
Since p and ¢ are distinct primes, the ideal generated by ¢ in Z[(,] is
unramified. If
p(X) = (¥1(X))*  (mod N),

then we can pick {0, 1,...¢g—1} as coset representatives of O, , /\Ok,, ,
= 7./qZ to obtain a square factor of ®,(X) in (Z/qZ)[X], contradicting the
observation that ¢ does not ramify in Z[(,]. Thus, (3.3) simplifies to

(3.4) <g>2t = (agi)(q_l)ﬂt (mod M),
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and we note that ay € Ok, ,, which can therefore be identified with an
element in {0,1,...,q — 1}. The proof is completed by induction on ¢t > 2.
If t = 2, we have

DY oty o (TPY
(%) =t _<A)4 (mod ).

Both residue symbols only take on the values £1 so that we have

()= (%), = (3).(5),- (3).C)

DP/y A 4 AJ2\A/y AJ2\a/4

since (g) 4 is independent of the choice of A\. Now suppose that the theorem
holds fort =k —1>2, p=¢g=1 (mod 2¥), and

(8= ()= G

In particular, we have

(Z)le <Z>2k1 = (ﬁzi_l)%_z = 1.

Then (3.4) gives

(0, == (3), = (5),. (), v

Again, the value of (§),, is independent of the choice of A and all of the
residue symbols only take on the values +1, resulting in

(0. G)a= (R

Finally, it should be noted that the symbol

()= (55, = (0 (5.

is defined by the inductive hypothesis, completing the proof of the theorem.
O

Theorem 3.1 holds regardless of the choice of prime A above ¢. Noting
that the left-hand side of the law is independent of A\, we see that the
residuacity of Gyt only depends upon the prime q. Hence, we may write

()= (3

allowing us to interpret our law as a true rational reciprocity law.
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When p =1 (mod 4), it is known that 14 = 5;,} for an odd integer h, and
a proof can be found in Proposition 3.24 of [11]. In particular, if

(0)-(0)-+
(3)-()-()

so that Theorem 3.1 results in Scholz’s reciprocity law. The octic case of
Theorem 3.1 states that if p =1 (mod 8) and

(0,0,
2),(2),-(3),- () (3,

The separation of the last residue symbol is justified since 74 is a quadratic
residue by Scholz’s reciprocity law. Our law takes on a simpler form than

that of Buell and Williams and comparing the two octic laws results in the
following corollary.

then

Corollary 3.2. If p=q =1 (mod 8) are distinct primes satisfying

0,0

(3)-(3), e

where A € Ok, is any prime above q.

then

In conclusion, we note that Lemmermeyer commented at the end of [10]
that he had “generalized Scholz’s reciprocity law to all number fields with
odd class number in the strict sense.” Lemmermeyer’s generalization has
not been published, but has appeared in his online notes on class field
towers. His generalization is quite different from ours and does not lend itself
to an easy comparison. Despite the differences in the two generalizations,
all of the work contained here was motivated by the techniques used by
Lemmermeyer [11] leading up to his proof of Scholz’s Reciprocity Law.
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