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and Hecke eigenvalues

par EMMANUEL ROYER et JIE WU

RESUME. On calcule les moments des fonctions L de puissances
symétriques de formes modulaires au bord de la bande critique
en les tordant par les valeurs centrales des fonctions L de formes
modulaires. Dans le cas des puissances paires, on montre qu’il est
équivalent de tordre par la valeur au bord des fonctions L de car-
rés symétriques. On en déduit des informations sur la taille des
valeurs au bord de la bande critique de fonctions L de puissances
symétriques dans certaines sous-familles. Dans une deuxieme par-
tie, on étudie la répartition des petites et grandes valeurs propres
de Hecke. On en déduit des informations sur des conditions d’ex-
trémalité simultanées des valeurs de fonctions L de puissances
symétriques au bord de la bande critique.

ABSTRACT. We compute the moments of L-functions of symmet-
ric powers of modular forms at the edge of the critical strip, twisted
by the central value of the L-functions of modular forms. We show
that, in the case of even powers, it is equivalent to twist by the
value at the edge of the critical strip of the symmetric square L-
functions. We deduce information on the size of symmetric power
L-functions at the edge of the critical strip in subfamilies. In a
second part, we study the distribution of small and large Hecke
eigenvalues. We deduce information on the simultaneous extremal-
ity conditions on the values of L-functions of symmetric powers of
modular forms at the edge of the critical strip.
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1. Introduction

The values of L-functions at the edge of the critical strip have been
extensively studied. The work on their distributions originates with Lit-
tlewood [Lit28]. In the case of Dirichlet L-functions, his work has been
extended by Elliott [Ell73] and more recently by Montgomery & Vaughan
[MV99] and Granville & Soundararajan [GS03]. In the case of symmet-
ric square L-functions of modular forms, the first results are due to Luo
[Luo99], [Luo01]. They have been developed by the first author [Roy01]
and the authors [RWO05] in the analytic aspect and by the first author
[Roy03] and Habsieger & the first author [HR04] in the combinatorial as-
pect. These developments have been recently widely extended by Cogdell
& Michel [CMO04] who studied the distribution for all the symmetric power
L-functions.

The values of L-functions of modular forms at the centre of the critical
strip are much more difficult to catch. The difficulty of the computation of
their moments increases dramatically with the order of the moments (see,
e.g., [KMV00]) and these moments are subject to important conjectures
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[CFKRS03], [CFKRS05]. Good bounds for the size of these values have
important consequences. A beautiful one is the following, due to Iwaniec
& Sarnak [IS00]. Denote by H3(N) the set of primitive forms of weight 2
over I'y(IN) (this is the Hecke eigenbasis of the space of parabolic newforms
of weight 2 over I'y(IN), normalised so that the first Fourier coefficient is
one) and let e7(N) be the sign of the functional equation satisfied by the
L-function, L(s, f), of f € H5(N). Our L-functions are normalised so that
0 < Res <1 is the critical strip. Then it is shown that

o H{T e (N) =1 L(5.0) 2 (s M)}
imin c=—.
N—o0 #{f e H5(N): ep(N) =1} - 2
If we could replace ¢ = 1/2 by ¢ > 1/2, then there would exist no Landau-
Siegel zero for Dirichlet L-functions. It is expected that one may even take
¢ = 1. The meaning of this expectation is that, if L(1/2, f) # 0 (which is
not the case when €7(N) # 1), then L(1/2, f) is not too small.

In this paper, we compute (see Theorem A and Proposition B) the mo-
ments of symmetric power L-functions at 1 twisted by the value at 1/2 of
modular forms L-functions, that is

(1) > (P (5.0) L Smm ) (zeC)

feH3(N)

where w* is the usual harmonic weight (see (12)). Comparing (see The-
orem C and Proposition D) with the moments of symmetric power L-
functions at 1 twisted by the value of the symmetric square L-function
at 1, that is

(2) Y. W(FL(L,Sym® f)L(1,Sym™ f)* (2 € C),
FeH5(N)

we show in Corollary E that (1) and (2) have asymptotically (up to a
multiplicative factor 1/{(2)) the same value when the power m is even.
This equality is astonishing since half of the values L(1/2, f) are expected
to be 0 whereas L(1,Sym? f) is always positive. Since it is even expected
that L(1,Sym? f) > [loglog(3N)]~!, it could suggest that L(1/2, f) is large
when not vanishing.

Our computations also yield results on the size of L(1,Sym™ f) when
subject to condition on the nonvanishing of L(1/2, f) (see Corollary G)
or to extremality conditions for another symmetric power L-function (see
Propositions J and K).

Before giving precisely the results, we introduce a few basic facts needed
for the exposition. More details shall be given in Section 2. Let f be an
element of the set H5(N) of primitive forms of weight 2 and squarefree
level N (i.e., over Ih)(N) and without nebentypus). It admits a Fourier
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expansion

+0oo
(3) f(2) =D Ap(n)y/ne?™
n=1

in the upper half-plane H. Denote by St the standard representation of
SU(2),
St SU(2) — GL(C?)
c? — C?
Mo r — Mz

(for the basics on representations, see, e.g., [Vil68]). If p is a representation
of SU(2) and I is the identity matrix, define, for each g € SU(2)

(4) D(X, p,g) = det[I — Xp(g)]".

Denote by x, the character of p. By Eichler [Eic54] and Igusa [Igu59], we
know that for every prime number p not dividing the level, |A¢(p)| < 2 so
that there exists 6, € [0, 7] such that

Ar(p) = xselg(Oyp)]

where
) o(0) = (‘}’f 9¢9>

(in other words, A¢(p) = 2cos 0y ,: this is the special case for weight 2 forms
of the Ramanujan conjecture proved by Deligne for every weights). Denote
by P the set of prime numbers. Consider the symmetric power L-functions
of f defined for every integer m > 0 by

(6) L(s,Sym™ f) == [ Lp(s,Sym™ f)

peEP

where
Ly(s,Sym™ f) == D[p~*,Sym™, g(0r,)]

if p is coprime to the level N and
Ly(s,Sym™ f) = [1 = Ap(p")p~*] 7"

otherwise. Here Sym™ denotes the composition of the mth symmetric power
representation of GL(2) and the standard representation of SU(2). In par-
ticular Sym®(g) = 1 for all g € GL(2) so that Sym” is the trivial irreducible
representation and L(s, Sym® f) is the Riemann ¢ function.

We shall give all our results in a restrictive range for m. If we assume
two standard hypothesis — see Section 2.1 — the restriction is no longer
necessary, i.e., all results are valid for every integer m > 1.
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1.1. Twisted moments. For each squarefree positive integer N, each pos-
itive integer m and each complex number z, define

+oo
. ) 7.(n) DN (n™q)
(7) Xp(N) = Z nm/2+1

where 7, and Oy are defined by

+o0
OIS SRRy
n=1
X On(n) o C(28) 1N
p|N
and
(10) LY? <;,1;St,8ymm;N>
= XZ(N p~/2,8t,9)D(p~", Sym™, g)* dg
(pl% /SU
p,N)=1

where dg stands for the Haar measure on SU(2). In the special case N =1
write

(11) LY (; l;St,Symm)

=1] / D(p™/2,St,g)D(p™", Sym™, g)* dg.
SU(2

We also use the usual harmonic weight on the space of cuspidal forms
1 N
An(f, f) @(N)

where (f, f) is the Petersson norm of f and ¢ is Euler’s totient function.
We slightly change the usual definition to obtain

fFEHZ(N)

(12) W (f) =

as N runs over squarefree integers (see Lemma 10 with m = n = 1) in
order to obtain an asymptotic average operator. We note log,, for the loga-
rithm iterated n times: log; = log and log,, | = log olog,,. Our first result
computes the twisted moments as in (1).



708 Emmanuel ROYER, Jie WU

Theorem A. Let m € {1,2,4}. There exist two real numbers ¢ > 0 and
0 > 0 such that, for any squarefree integer N > 1, for any complex number
z verifying

2] < c log(2N)
~ logy(3N)logs(20N)

the following estimate holds:

* 1 m z
> WL (5:F) LSy )
feH5(N)

=L (;, 1; St,Symm;N> + On, (exp {—5 log(21V) })

log,(3N)
with an implicit constant depending only on m.

Moreover, we obtain an asymptotic expression as N tends to infinity in
the next proposition. Define, for each function g: Z~o — R™, the set

(13) N (g) = {N € Zso: p(N)> =1, P~ (N) > g(N)}

where P~ (N) is the smallest prime divisor of N with the convention P~ (1) :
= 400, w(N) is the number of distinct prime divisors of N and p is the
Moébius function.

Proposition B. Let & be a function such that {(N) — 400 as N — +oo.
Then

1 1
L (2, 1; St, Sym™; N) =L (2, 1; St, Symm) [1+ om(1)]
uniformly for

gy (N EN (EOmaxe0), 014 DO, (a4 100)12)),
2] < clog(2N) /[log, (3N) logs(20N)]

Remark. Condition (14) is certainly satisfied for
N €N (log”?)  and  |2] < clog(2N)/[logy(3N) logs(20N)].

For a comparison of the behaviour of L(1/2, f) and L(1,Sym? f) we next
compute the moments of L(1, Sym™ f) twisted by L(1,Sym? f). Define

“+o00 m
(15) Xym(N) =Cn(2) > W

n=1
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and
(16) LY“* (1, 1;Sym?, Sym™; N)

=X,5(N) ] /SU D(p~!,Sym?, g)D(p~", Sym™, g)* dg.

For the special case N =1 we get
(17) LY (1, 1;Sym2,Symm)

= H/ D(p~',Sym® g)D(p~", Sym™, g)* dg.
sep/SU@)

Theorem C. Let m € {1,2,4}. There exist two real numbers ¢ > 0 and
0 > 0 such that, for any squarefree integer N > 1, for any complex number
z verifying
log(2N)
12 = e BN Toga (20N

the following estimate holds:

Z w*(f)L (1,Sym2 f) L(1,Sym™ f)*

feH3(N)

log(2N)
- Ll,z 1 1' i " N ( |:_ :| )
( ,1; Sym=, Sym™; ) + O | exp 6log2(3N)

with an implicit constant depending only on m.
Again, we obtain an asymptotic expansion in the following proposition.

Proposition D. Let £ be a function such that §(N) — +o0o as N — +oo0.
Then

LY (1, 1; Sym?, Sym™:; N) =L (1, 1;Sym?, Symm) [1+ 0m(1)]

uniformly for

as) NV EN (€0 max{w()! 7, (2] + ()P DY)
2] < clog(2N)/[10g(3N) logs(20N)].

Remark. Condition (18) is certainly satisfied for

Ne~N (log4/3) and |z| < clog(2N)/[logy(3N) logs(20N)].
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From Theorems A and C and

H/ D(p~',Sym®™, g)*D(p~*/2,St, g) dg
bep ISU)

1
_ D(p~ ', Sym>™, g)*D(p~ ", Sym?, g) d
0 161) /S o (p~!, Sym*”,g)*D(p~", Sym?, g) dg

(see Lemma 3), we deduce the following astonishing result.

Corollary E. Let m € {2,4}. For any N € N (log) and f € H5(N), for
any z € C, the following estimate holds:

fim > WAL (G0f) DL Sym" gy

N]'E\[N(log) FeHZ(N)

— dim = S W(f)L(L, Sym? )L(L, Sym™ f)-.

VG ¢ @) (v

This identity is not valid when considering an odd symmetric power of
f. For example,

li «no(t e rea.
1) Nje\rll\;l(l?gg)fEI%N)w o <2 f> )
1 1
I o (1)
and
. . _ 1
(20) Névl;{l?ﬁg) feHz;:(N)w (f)L (1,sym2 f) L(1, f) _p]; (1 +0 (p2>)

so that the quotient of (19) by (20) is
1 1
11 (1 +55+0 (2)>
pEP p p
whereas
1
. * 3 —
ey Jim S Wz (5f) st n =1 (1+0(-;))
NeN (log) fFEH5(N)

and



Special values of symmetric power L-functions and Hecke eigenvalues 711

(22)  Jim LS (L1, Sym? f)L(L, Sym® f)

Ne/\/(log <2 feH5(N)
Do)

pEP
so that the quotient of (21) by (22) is

1(0(3))

peP

The key point of Corollary E is the fact that the coefficients appearing
in the series expansion of D(X,Sym?™, g) have only even harmonics — see
equations (46) and (47). See Remark 4 for further details.

1.2. Extremal values. The size of the values L(1,Sym™ f) in the family
H3(N) is now well studied after works of Goldfeld, Hoffstein & Lieman
[GHL94], Royer & Wu [RWO05], Cogdell & Michel [CM04] and Lau & Wu
[LWO07] (among others). The aim of Proposition F and Corollary G is to
study the extremal values in some smaller family. More precisely, we study

the extremal values in families determined by the nonvanishing of L (%, f

and show that the extremal values are the same than in the full family.
We begin in studying the asymptotic behaviour, as the order z tends to
+o0o in R, of the values

1
LY? (2, 1; St, Symm) and L'? (1, 1; Sym?, Symm>
in the following proposition. Denote by v* the constant determined by

1
Zp:log2x+7*+0( ) (x > 2).

p<z

log x
If ~ is the Euler constant, we have
1 1
(23) ’y*zy—kZ[log(l—)—i—}.
peEP p p

Proposition F. Let m € {1,2,4}. As r — +oo in R, the following esti-
mates hold:

log LY+ ( 1; St, Sym™ ) = Sym/' rlogy 7 + Symgg’l r+ Op ( T )

9’ log r
and
log LY*" (1, 1; Sym?, Symm) = Sym' rlogy 1 + Sym;:’1 r =+ O ( r )
log r
where
(24) Sym!' = max Zxsymm™(9)

geSU(2)
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(25) Symgg’1 =~ Sym’' +
S
> {ilog (i max +D(p~',Sym™, g)) - 2
oep geSuU(2) p
m 2 4 even odd
Sym'| 3 5 m+1 m+1
Sym”" 1 5/4 m+ 1
Symf’i 3y 5y | (m+ 1)y (m+ 1)y
Sym™" | v —2log ((2) (m+1)[y —log((2)]

Remark. Some values of Sym']' and Sym;:’1 may be easily computed (see
table 1.2). The reason why Sym”™ is easy computed in the case m odd but
not in the case m even is that the minimum of the Chebyshev polynomial
(see (34)) of second kind is well known when m is odd (due to symmetry
reasons) and not when m is even. For SymT’l, see also Remark 1. Cogdell
& Michel [CM04, Theorem 1.12] found the same asymptotic behaviour for

TABLE 1. Some values of Sym']' and Sym/;

the non twisted moments.

Since L(1/2,f) > 0, we may deduce extremal values of L(1,Sym™ f)

m,1

with the extra condition of nonvanishing of L(1/2, f).

y

Corollary G. Let m € {1,2,4} and N € N(log3/2>. Then there exists
fm € HS(N) and g, € H5(N) satisfying

L(1,Sym™ fn,) > 114 (m) [logy(3N)] 5™

L(LSym™ g) < - (m) [ogy(3N)] ™" and L

where n(m) = [1 + op(1)] exp(Sym’Pt).

Remark. The hypothesis N € N (log?’/ 2) is certainly crucial since we can

prove the following result. Fix m € {1,2,4}. Denote, for all w € Z~¢, by N,
the product of the first w primes. Assume Grand Riemman hypothesis for
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the mth symmetric power L-functions of primitive forms. Then, there exist
Ay, > 0 and By, > 0 such that, for all w € Z~p and f € |J H3(N,,) we
have

UJGZ>0

A < L(1,Sym™ f) < By,

1.3. Hecke eigenvalues. The Sato-Tate conjecture predicts that the se-
quence of the Hecke eigenvalues at prime numbers of a fixed primitive form
is equidistributed for the Sato-Tate measure on [—2,2]. More precisely, for
all [a,b] C [—2,2], it is expected that

. #{peP:p<zand \¢(p) € [a,b]}
(26) mEI—iI-loo #{peP:p<uz}

1 v 12
Fgr(u) ::—/ \/1— - dt.
w™J_9 4

Note that in (26), the primitive form f is fixed and hence, the parameter x
can not depend on the level of f. The Sato-Tate conjecture (26) is sometimes
termed horizontal Sato-Tate equidistribution conjecture in opposition to
the wertical Sato-Tate equidistribution Theorem (due to Sarnak [Sar87],
see also [Ser97]) in which the equidistribution is proved for a fixed prime
number p. For all [a,b] C [—2,2], it is proved that

fim {f €eH5(N): A\s(p) € [a,b]}
Wi, F(V)

= Fgr(b) — Fsr(a)

with

= FST(b) — FST(G).

In vertical and horizontal distributions, there should be less Hecke eigen-
values in an interval near 2 than in an interval of equal length around 0. In
Propositions H and I, we show that, for many primitive forms, the first few
(in term of the level) Hecke eigenvalues concentrate near (again in term of
the level) 2. To allow comparisons, we recall the following estimate:

1 1
p<uc§zv)}f P 08208 {1 o <10g3(20N )) } '
Let N e N (log3/2). For C > 0, denote by
H3" (N C, Sym™)
the set of primitive forms f € H5(N) such that
(27) L(1,Sym™ f) = C[logy(3N)*™ .

For C' > 0 small enough, such a set is not empty (by an easy adaptation of
[CM04, Corollary 1.13]) and by the method developed in [RWO05] its size is
large (although not a positive proportion of #H%(N)).
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Proposition H. Let m € {1,2,4} and N an integer 0fN(log3/2>. For
all e > 0 and &(N) — oo (N — o0) with &(N) < logs(20N), for all
f € HyY(N;C,Sym™) such that Grand Riemann Hypothesis is true for
L(s,Sym™ f), the following estimate holds:

> }1) = log3(20N) {1 + Ocm, (5(1N)>} .

p<[log(2N)]*
Af(p™)2SymT —§(N)/ logz(20N)

Our methods allow to study the small values of the Hecke eigenvalues.
Denote by H5™(N;C,Sym™) the set of primitive forms f € H3(N) such
that

L(1,Sym™ f) < C [logy (3N)] ™ .

Proposition 1. Let N € A (log*?). For all e > 0 and §(N) — oo (N —

00) with £(N) < logs(20N), for all f € Hy (N;C,Sym?) such that Grand
Riemann Hypothesis is true for L(s,Sym? f), the following estimate holds:

1 1
>y L togs(20N) {1 + 0. () } .
p<[log(2N)]* P §(N)
Af(p)<[E(N)/ logs(20N)]1/2
Remark. (1) Propositions H and I are also true with the extra condition
L(1/2,f) > 0.
(2) The study of extremal values of symmetric power L-functions at 1

and Hecke eigenvalues in the weight aspect has been done in [LW06]
by Lau & the second author.

1.4. Simultaneous extremal values. Recall that assuming Grand Rie-
mann Hypothesis for mth symmetric power L-functions, there exists two
constants D,,, D], > 0 such that for all f € H5(N), we have

Dy [logy(3N)] ™% < L(1,Sym™ f) < D}, [logy (3N)]%™+

(see [CM04, (1.45)]). We established in Section 1.3 a link between the ex-
tremal values of L(1,Sym™ f) and the extremal values of A¢(p™). If we
want to study the simultaneous extremality of the sequence

L(1,Sym® f), ..., L(1,8ym* f)
(as f varies), we can study the simultaneous extremality of the sequence

Ar(D%), - Ap (™).

This is equivalent to the simultaneous extremality of the sequence of Cheby-
shev polynomials

Xo, .o, Xop
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(defined in (34)). But those polynomials are not minimal together. An easy
resaon is the Clebsh-Gordan relation

V4
X7 =) Xy
j=0

(see (63)): the minimal value of the right-hand side would be negative if
the Chebyshev polynomials were all minimal together. Hence, we concen-
trate on L(1,Sym? f) and L(1,Sym® f) and prove that L(1,Sym? f) and
L(1,Sym* f) can not be minimal together but are maximal together.

Proposition J. Assume Grand Riemann Hypothesis for symmetric square
and fourth symmetric power L-functions. Let C' > 0.

(1) There exists no N € N (log) for which there exists f € Hj(N)
satisfying simultaneously

L(1,Sym? f) < C [logy(3N)]~5™2

and ,
L(1,Sym" f) < C [logy(3N)]*™= .
(2) Let N € N (log). If f € H5(N) satisfies

L(1,Sym? f) > C [logy(3N)|5™%

then \
L(1,Sym* f) > C [log,y(3N)]>™+ .

Proposition K. Let m > 1. Assume Grand Riemann Hypothesis for sym-
metric square and mth symmetric power L-functions. Let C, D > 0. There
exists no N € N (log) for which there exists f € H5(N) satisfying simulta-
neously

L(1,8ym™ f) > C [logy (3N)]*™*
and

L(1,Sym? f) < D [log,(3N)] ™ |

1.5. A combinatorial interpretation of the twisted moments. The
negative moments of L(1,Sym? f) twisted by L(1/2, f) have a combina-
torial interpretation which leads to Corollary E. Interpretations of the
same flavour have been given in [Roy03] and [HRO4]. An interpretation
of the traces of Hecke operators, implying the same objects, is also to
be found in [FOP04]. We shall denote the vectors with boldface letters:
a = (a1, - ,ap). Define tra = Y37 ; a; and |a| =[]} a;. Let p be the
Moebius function. Suppose n € N and define

by---b; 2
gn(b) = {dGZgalz dz‘ (dll'"d‘7bi+1> , Vi e [1,??,—1]},
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n
d]
wat) = ¥ [utwtene)] ¥ [
a,b,cez? ) Li=1 deé&, (ab)
|ab203|;r
and
+o0 v
— w_p(p¥)
W—n -— H Z T'
pEP v=0
Using the short expansions of L(1,Sym? f) (see (71)) and L(1/2, f) (see
(70)) with Iwaniec, Luo & Sarnak trace formula (see Lemma 10) we obtain

. * 1 -n -n
Jm > a;g)L(Tf)zstym?ﬂ =((2) "Wy,
NeN (log) fEHZ(N)

The method developed in [Roy03, §2.1] leads to the following lemma.
Lemma L. Let n >0 and k € [0,n] be integers. Define

p ifk=0;
1 ifk=1;
Rk(p) = Z ptr5 ’Lfk? > 2.

5e{—1,0,1}F—1
61+~-+5i§max(0,5i)

Then,

n n k
W_, = . 11 12(—1)k<k>3k(p) (pQ—I—pp+1> :

NCIerS Jur:

Assume k > 1. Writing

1
Ry(p) = Z gk,qpqv
g=—(k—1)
the integer &, 4 is the number of paths in 72 which
rely (0,0) to (k—1,q)
with steps (1,—1), (1,0) or (1,1)
never going above the abscissas axis

except eventually with a step (1, 1) that is immediately followed by
a step (1, —1) if it is not the last one.

In other words, we count partial Riordan paths (see figure 1).

For ¢ = 0, we obtain a Riordan path. Riordan paths have been studied
in [Roy03, §1.2] where the number of Riordan paths from (0,0) to (k,0)
was denoted by Rjyo (this number is called the k + 2th Riordan number).
We then have

Eko = Rpq1.
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FIGURE 1. A partial Riordan path

This remains true for kK = 0 since Ry = 0. The Riordan paths rely to our
problem since the first author proved in [Roy03, Proposition 11] that

(28 tm > W(AOLOSy )T = g [T <>
N]\éXf(ng)fEH( N) pEP p*+p+1

where

lo(z) = zn:(—l)k (Z) Rya”

k=0

4 /2 n
== / {1 + (1 — 4sin® 9)] cos® 0 d6.
™ Jo

Using the recursive relation
1
Ri(p) = (p+1+ , Ri—1(p) = p(p + 1) R

which expresses that a path to (k — 1,¢) has is last step coming from one
of the three points (k — 2, + 1), (k —2,q), (k— 2,9 — 1) (see figure 2) we
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get
ntl n+1 P k
(29) kz:%(—l)< I )Rk(p) <pg_i_p+1>
~ Pilp+1) p
p2+p+1£n<p2+p+1>'
(0, 0) o~~~ (k= 1,0)
(k-2q+1)

FIGURE 2. Relation between & ¢, §k—1,9—1, k-1, and g1 g41

Reintroducing (29) in Lemma L and comparing with (28) gives

. % 1 5 Y
NE’TOO Z w (f)L <2’f> L(17Sym f) =
NeN (log) fEHZ(N)

: L * 2 —n+1
g 3 WL Sym? )7
NeN (log) feHZ(N)

1.6. A few notation. In this text we shall use the following notation not
yet introduced. We give at the end of the text (see Section 8) an index of
notation. If @ and b are two complex numbers, then d(a,b) = 1 if a = b
and d(a,b) = 0 otherwise. If n is an integer, define O(n) = 1 if n is a
square and [J(n) = 0 otherwise. Remark that [ is not the function [O;
(since O (n) = d(n,1)). If p is a prime number, v,(n) is the p-valuation of
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n. Moreover, if N is another integer, then we decompose n as n = nynV)
with p | ny = p | N and (n™), N) = 1. The functions 1y and 1V) are
defined by

1 if the prime divisors of n divide N
0 otherwise

]lN(n) = {

and

" 10 otherwise.

The letters s and p are devoted to complex numbers and we set Res = o
and Rep = r.

2. Modular tools

In this section, we establish some results needed for the forthcoming
proofs of our results.

2.1. Two standard hypothesis. We introduce two standard hypothe-
sis that shall allow us to prove our results for each symmetric power L—
function. If f € H5(N), we have defined L(s,Sym™ f) in (6) as being an
Euler product of degree m + 1. These representations allow to express the
multiplicativity relation of n — A¢(n): this function is multiplicative and,
if pf N and v > 0, we have

(30) Ar (") = Xsym[9(05,p)]-

Recall also that n +— Af(n) is strongly multiplicative on integers having
their prime factors in the support of N and that if n | IV, then

1
(31) [Ar(n)| = Nk
The first hypothesis on the automorphy of L(s, Sym™ f) for all f € H5(N)
is denoted by Sym™(N). It is has been proved in the cases m € {1,2,3,4}
(see [GJT8], [KS02b], [KS02a] and [Kim03]). The second hypothesis is con-
cerned with the eventual Landau-Siegel zero of the mth symmetric power L-
functions, it is denoted by LSZ™(N) and has been proved for m € {1,2,4}
(see [HL94], [GHLY4], [HR95] and [RW03)).
Fix m > 1 and N a squarefree positive integer.

Hypothesis Sym™ (N). For every f € H5(N), there exists an automorphic
cuspidal selfdual representation of GLy,+1(Ag) whose local L factors agree
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with the ones of the function L(s,Sym™ f). Define

Loo(sa Sym™ f) ==

2r (S> 2¢ H(Qﬂ')_s_jf(s +7) if m = 2u with u even
2)" 4
1 “ ;
= (+0/2p (S;) 24 T[(2m) (s +j) if m=2u with u odd
j=1
u A 1
2ut T (2m) /21 (s +5+ 2) ifm=2u+1.
j=0

Then there exists e(Sym™ f) € {—1,1} such that

N2 (s,Sym™ f)L(s,Sym™ f) =
e(Sym™ fIN™I=9)/2L, (1 — s, Sym™ f)L(1 — s, Sym™ f).
We refer to [CM04] for a discussion on the analytic implications of this

conjecture. The second hypothesis we use is the non existence of Landau-
Siegel zero. Let N squarefree such that hypothesis Sym™(NN) holds.

Hypothesis LSZ™(N). There exists a constant Ay, > 0 depending only
on m such that for every f € H5(N), L(s,Sym™ f) has no zero on the real
interval [1 — A,/ log(2N), 1].

2.2. Dirichlet coefficients of the symmetric power L-functions. In
this section, we study the Dirichlet coefficients of L(s, Sym™ f)?*. We derive
our study from the one of Cogdell & Michel but try to be more explicit in
our specific case. We begin with the polynomial D introduced in (4). Since
Sym™ is selfdual, we have, D(X,Sym™, g) € R[X] and for z € [0, 1],

(32) (1+2)"™ " < D(x,Sym™,g) < (1 —a) ™",
Remark 1. Note that the upper bound is optimal since the equation
Sym™g=1

admits always I as a solution whereas the lower bound is optimal only for
odd m since Sym"™ g = —1I has a solution only for odd m.

Evaluating (32) at g = g(m), we find

. 2m—+1 _ —2m—2
gEIIslng%Q)D(X,Sym ,g)—(1+X) .
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Next,

D [X, Smem,g (;)]
m

ST (1- xeiE) (1 - xeuE)

j=1

1

=(1+Xx)711 - x¥m)-1

so that
D (X,Sym*" g) < (1+X)*(1 - X))~
,luin (X, Sym?™, g) < (1+X)7( )
For every g € SU(2), define )\gyyan (g) by the expansion
+oo
(33) D(X,Sym™, 9)F = 3 A% (9) X",
v=0

The function g — )\Sym (g) is central so that it may be expressed as a linear
combination of the characters of irreducible representations of SU(2). These
characters are defined on the conjugacy classes of SU(2) by

(34) Xsym™[g(8)] = tr Sym™[g(0)] = W

where X, is the mth Chebyshev polynomial of second kind on [—2,2]. We
then have

= X;n(2cos0)

Z,V
(35) A (g Z;O Heram Symm' Xsymm' (9)
with
(36) Mg g = / o ASymm (9) X gy (9) dg
(37) = / Mgy [9(0)] sin[(m” + 1)0] sin 6 6.
We call u;’;mm Sym™ the harmonic of )\Symm of order m/. In particular,
2,0 o !
(38) g mm Symm’ = 5(m',0)

and, since )\gym (9) = 2Xsym™(g), we have
(39) ot , = z20(m,m’).

From the expansion

+o0 v —
(40) 1-z)"=Y <Z w 1) ¥
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we deduce

+o0 m . 1 .
D[z, Sym™, g(0))* = § : }: { (Z + Vit Gitmwo | v
II U
3=0 J+1

v=0 | yezmt!

>0
trv=v
with
(41) (m,v) = mw =23 kvgy
k=1
and gets
m ) 1 ‘
(42) Asypmm [9(0)] = SO ('Z Vit > ilmv)e.
vezmft [i=0 Vi+1
trv=v

This function is entire in z, then assuming that z in real, using that the left
hand side is real in that case, taking the real part in the right hand side
and using analytic continuation we have for all z complex

(43)  Amlg@)= Y {H (“”j“”)]cosw(m,u)e].

. Vj;
VEZ;”Jl Jj=0 J+l

trv=v

It follows that (37) may be rewritten as

2 (2 4vi—1
zZ,v _“ 7+1

vezrtt =0 \ Pt
trv=v
™
X / cos [((m, v)0] sin[(m + 1)0] sin 6 dd
0
that is
2w 1 2+ Vigr — 1 ,
v vezHt [7=0 Vitl
trv=v
with
2 ifl(m,v)=0and m' =0
(45) A( ) if {(m,v)+m' =0and m' #0
m’ m Y =

-1 ifl(m,v)tm' = F2
0 otherwise.
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In particular, ,u s =0 if m’ > mv thus
ym"
271/ j—
(46) )‘Symm(g) - Z MSymm Sym™ XSym (g)
v

Equation (45) also immediately gives
Z,V o
(47) Hsym2mysym2m’+1 - 0

and
ug;’mm 1 gymm! = 0if m’ and v have different parity
for all m and m/.
For m =1, we have
1 +oo
(48)  DI[X,St,g(0)] =

= X, (2cos0) X"
1—2cos(f)X + X2 VZ:% (2005 6)
hence )\é’t”(g) = xsymv (g) for all g € SU(2). It follows that

1,v _ /
(49) Hsh symv’ = d(v, ).

Now, equation (43) implies

Nnlo@)]] <3 [H

VEZ;”JI Jj=0 Vitt
trv=v
and
Z NS [9(0)] X = detf] — X Sym™ ((0))] ! = (1 — X)~(m DI
SO that

14

(m+1)z|+v—1
From (45), remarking that the first case is incompatible with the second
and third ones, that the two cases in the second case are incompatible and
that the two cases of the third case are incompatible, we deduce that

mv

> JA(m,m/ v)| <2

m’=0
and (44) gives

mv
+ 1)z +v—1

51 Z,V < (’I?’L )
1) 5 g < (1
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This is a slight amelioration of Proposition 2.1 of [CM04] in the case of

SU(2). It immediately gives
< ((m+ 1)|z| + v — 1>.

8%

(52)

MSymm ,Sym™ v

To conclude this study, define the multiplicative function n — Ag; m (n)
by the expansion

(53) L(s,Sym™ Z ASym™ f

For easy reference, we collect the results of the previous lines in the

Proposition 2. Let N be a squarefree integer, f € H5(N) ; let v > 0 and
m > 0 be integers and z be a complex number. Then

= (p") A (P™) ifp| N
)\éymm f(pl/) =
Z usymm g AP DIN.
Moreover,
gymmf(py)’ < T(m+1)‘z|(py)
1,v o ’
'U/St,Sym”/ = 5(1/7 14 )
2,0 _ ,
Symm,Symm’ = 5(m ,0)
z,1 o ,
Hgymm symm' = z6(m,m’)
Z,V —0
H Sym2™ Sym?2m™’+1
Mg;/m%"“,symm’ =0 if m' and v have different parity,
and
S g = (77 )
Symm7Symml — v .
m/=0

Proof. We just need to prove the first equation. Assume that p | N, then

Z Aymm p(P7)p™" = [L = As(P")p™°]7"

and the result follows from (40) since n +— Af(n) is strongly multiplicative
on integers having their prime factors in the support of N. In the case
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where p t N, we have

Z Nymm f(P")p™"° = D[p~*,Sym™, g(0y,)] >

so that the results are consequences of
Adymm £(P7) = AGpmm [9(01.,)]
and especially of (46) and (30). O

We shall need the Dirichlet series
—+o00 o Z,p ( )
m,N
(54) Wih(s) =Y ———

s
n=1 n

where wfﬁ, v is the multiplicative function defined by

0 ifp| N
(55) D (") = § B Ay sy
' Z % otherwise
m/=0 PP

for all prime number p and v > 1. Similarly, define a multiplicative function
~Z7p b
Yy

0 ifp| N
56 P () = 4 ]
(56) m,N(p) Z M otherwise.
m'= P

Using equations (39) and (52), we have

(p”)

)X = 7]
Dl (4 1)|z]  (m+1)|2| 1\ " (mADlzl=1
(1_;0"> Ty e <1_p")
so that the series converges for Res > 1/2 and Re s+ Re p > 1. We actually
have an integral representation.

Lemma 3. Let s and p in C such that Res > 1/2 and Res+ Rep > 1. Let
N be squarefree, then

= H/ D(p~*,Sym™, g)*D(p~",St, g) dg.
N /SU@)
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Moreover,
Wan n(s) = H /S o p~*,Sym*™, g)*D(p~*, Sym?, g) dg.

Remark 4. The key point of Corollary E is the fact that the coefficients
appearing in the series expansion of D(X,Sym?™, g) have only even har-
monics — see equations (46) and (47). This allows to get the second equation
in Lemma 3. It does not seem to have an equivalent for D(X, Sym?™, g).
Actually, we have

Witaw) =TT [ 1 =7 740705 P sto)l

D(p~*, Sym*™ !, g)*D(p~?, Sym?, g) dg

and the extra term p~?(1 —p~27)xst(g) is the origin of the fail in obtaining
Corollary E for odd powers.

Before proving Lemma 3, we prove the following one

Lemma 5. Let g € SU(2), £ > 2 an integer and | X| < 1. Then

Y Xgymt (9)X"* = D(X, St, g)
k=0
and
D Xymet (9)XF = [1+4 Xgyme-2(9) X]D(X, St, g°).

In addition,
D Xgym2r (9) X" = (1 = X*)D(X, Sym?, g).

Proof. Let g € SU(2). Denote by ¢ and e~ its eigenvalues. The first point
is equation (48). If £ > 2, with ¢ = exp(27i/{), A = € and z = 2cos 6 we
have
l—1
1 1
Xp ()t = = : .
Z 2 szo (1= A&Tt)(1 = A&t)

On the other hand,

-1 1 £—1 +o0 /

DN S VAR BP DL e U

j=0n=0
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so that
A1 Xe_l
00 1+ —1

+Z X, _ A—A

5= 1— (AU—XZ)H—t?
Since

-1yt
oy Nel)

we obtain the announced result. In the case £ = 2, it leads to

XSym? g)th = —— = (1 —t*)D(t,Sym?, g).
,5?0 symi (9) (1 - A2)(1 - X°t) (=)D )

Proof of Lemma 3. It follows from

myv ,u +oo ,u
Z Symm Sym o Z Symm Sym
me/ B me/
m/=0 m/=0

and the expression (36) that

+°° h vt 2 Xy (9)
H/ Sym™ (g) Z Sym/ ( dg.
Su(2 Vs pm P

m'=0

The first result is then a consequence of Lemma 5. Next, we deduce from
(47) that

+ool +oou

=112 >0 Sy‘“Q;';Zym

piNv=0P

and the second result is again a consequence of Lemma 5. O

We also prove the

Lemma 6. Let m > 1. There exists ¢ > 0 such that, for all N squarefree,
z€C,o€]l/2,1] and r € [1/2,1] we have

Z mN )

n>1

(1-0)/oc _ 1
< exp lc(zm +3) (logQ(zm +3)+ (2 + 3) )

(1 —0)log(zm + 3)

where

(58) Zm = (m+ 1)min{n € Z>¢: n > |z|}.
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Proof. Equation (57) gives

zZ,V

1 Sym™ ,Sym”/

I > X

vo rv’
P <om 3020 P o< <mu p

: >_Zm_1 ( i )
11— — 1+ .
I1 172
°§zm+3< pe po

Using

> L logy y +
oo = 0929 T T Nloew

= (1 —0)logy

valid uniformely for 1/2 < o < 1 and y > €2 (see [TW03, Lemme 3.2]) we

obtain

X @ N (PY)

H wm,N <

vo
p? <zm+3v=0 p

(1-0)/oc _1q
exp lc(zm +3) (logQ(zm +3)+ (2 + 3) )

(1 —0)log(zm + 3)

For p? > z,, 4+ 3, again by (57), we have

z,v
1 Hg m g ”” c(z 3?2  ¢(z 3
vo Z ymrl/’ym =1+ ( mQ—L_ ) (:-Ll-j;Q)’
v>0 p 0<v'<mv p p p
so that
Foo ZT
H = wm,N(py) < ec(szr3)1/"/log(szrS)

p?>zm+3 v=0 pl/U
(2m + 3) (=)o — 1
(1—0)log(zm + 3)

< exp [c(zm +3)

For the primes dividing the level, we have the

Lemma 7. Let {,m > 1. For o €]1/2,1] and r € [1/2,1] we have
11 / D(p~*,Sym™, g)*D(p~",Sym", g) dg = 1 + Oy, ¢(Err)
v /SU@

with

wV) | _|zlw(N) |2|*w(N)
P—(N)2r P—(N)r-i-a P—(N)Qa

Err =
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uniformely for

N & N (max{u (), [z ()14, [|aPw()]/E})
z e C.

Proof. Write
U e(p) = / D(p~*,Sym™, g)*D(p~*,Sym", g) dg.
SU(2)

Using (35) and the orthogonality of characters, we have

400 400 min(mu1,4v2)
_ —V1S—U2p Z,U1 1,9
p) o Z Z p Z /‘Sym ,Sym” MSym ,Sym"
vy =0 v =0 v=0

Proposition 2 gives

“+oo
va+ 0\ 1 ]z\ vo+ 0\ 1
v -1 <
’ m,é(p) ‘ — VQZ—2 < Vs >pry2 Z V9 prv2

vo=1
+Z Dz +v1—1\ 1 Jio v+ 0\ 1
v1=2 "1 P vo=0 V2 P
o, Ly L P
m,l p2'r pr+o p2cr
which leads to the result. O

Using (49) we similarly can prove the

Lemma 8. Let m > 1. Then we have

— m z — &
/ D(p~",Sym™, g)*D(p~"/?,St, g) dg = 1+Om< 1‘|+m‘| /2)
SU(2) p
uniformely for z € C and p > (m + 1)|z| + 3.

2.3. Dirichlet coefficients of a product of L-functions. The aim of
this section is to study the Dirichlet coefficients of the product

L(s,Sym?® f)L(s, Sym™ f)*.
Define A\y*% .. (g) for every g € SU(2) by the expansion

Sym?,Sym™

“+00
(39 Dl Sym?, ) D(a Sym™ 9) = 3N g (02"
=
We have
1,2, 1, )
(60) Mm@ = Y AL (0N ()

(V1,V2)EZQZO
v1+ro=vr
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from that we deduce, using (50), that

‘)\l,z,u (g)’ - ((m+1)|z!+2+1/>'

Sym?,Sym™ v

. 1,z,v : : 1,z,v
Since )\Symz,Symm is central, there exists (u

that, for all g € SU(2) we have

/ such
Sym?,Sym™, Sym™’ )€z

400
1,z,v _ 1,z,v
(61) )\Sme,Symm (g) - ZO 'uSymz,Symm,Symm/ XSymm/ (g)
m/=
where

1,z,v _ 1,z,v
'uSymZ,Symm,Symml N /SU(2) /\Sme,Symm (g)XSymm' (9)dg
2 4 1,z,v . .
(62) = — /0 /\S;frl?,symm (g) sin[(m’ 4+ 1)6] sin 6 d.

T
The Clebsh-Gordan relation [Vil68, §I11.8] is
min(m/},m})

Symmé - E . XSymmll +'m’2 —27r -
r=

In addition with (60) and (46), this relation leads to

(63) X X

/
Sym™1

1,z,v
64 g
( ) 'uSme,Symm,Symm/
2v1 mus
_ § : 2 : § : ML”I qu,llz
- ! /.
Sym?,Sym™1" Sym™,Sym""2
(u1,l/2)€ZQZO mj=0m,L=0 Y Y Y v

vitve=v |mh—m}|<m’/<m]+m}
mj+mb=m’ (mod 2)

It follows immediately from (64) that

1,z,v . /
" =0 ifm' > max(2,m)v.
'uSym2,Symm,Symm/ > ( ’ )

Using also (38), we obtain

1,2,0 I
i =9d(m’,0
MSme,Symm,Symm/ ( ’ )

and (39) gives
1,z,1 . , ,
MSym27Symm,Symm/ - 26(m 7m) + 5(m ,2)
Finally, equations (64) and (47) give

1,Z7V JR—
2m/+1 0

'uSme ,Sym?>" Sym
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By equations (60) and (42) we get

A o mlg(0)] =

Sym<,Sym

Z Z {H <Z+V » 1)] cos[l(2,m; v, v")0]

(' WELL (v W) eZE (< 2T LI=0 g
v+ =v trl/ 1/’
trv’' =v"
with

2 m
(65) 02,m V) =2 +m” =2 kup g -2 k.
k=1 k=1

We deduce then from (62) that

1,z,v _
MSym2,Symm,Symm/
1 N ERRZ !
Ly oy 0 A st/ )
(V/’UH)EZQZO( ’ ”)GZS XZZLJ—I 7=0 ]+1
Vv =v trV —1/ B
trv’’ =v"

with
(66) A(2,m,m’ ;v V")

3

/ cos[l(2,m; v, v")0)] sin[(m’ + 1)0] sin 6 db.
0

From

max(2,m)v

A2, m,m/; v V") <2
m’=0

we then have

max(2,m)v

>

m/=0

1,z,1
Sme,Symm,Symm/

-z ()

(V’,V”)EZ;O

Vit =v

7

(m+1)|z|+2+ "
< iy :

To conclude this study, define the multiplicative function

ne )\Sym fSymmf( )
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by the expansion
“+oo
2 m ez _. 1,z —s
(67) L(S7 Sym f)L(S7 Sym f) - — >\Sym2 f,Sym™ f(n)n :

The preceding results imply the
Proposition 9. Let N be a squarefree integer, f € H5(N) ; let v > 0 and

m > 0 be integers and z be a complex number. Then

v

S ) (™ )P ifp| N
v'=0
1,z vy
A sy 1 (P) =
max(2,m)v
17 ) / .
Z MS}’Zlflflll2 Sym™ Symm/)\f (pm ) pr Jf N.
m/: ? )
Moreover,

1,z
M gy )] S Tnsn s (@)

1,2,0 !
s =d6(m',0
'uSymZ,Symm,Symm/ ( ’ )
1,2,1 1 /
s =zé(m',m) +o(m’,2
/"LsymZ’Symm,Symm/ ( ’ )+ ( ? )
1,z,v -0
'uSme,SmeW,Sym2m/+1 ’
and
max(2,m)v
(Z: : 1,2,v < (m+1)’2‘+2+1/
'uSme,Symm,Symm/ - v ’
m/=0

2.4. Trace formulas. In this section, we establish a few mean value
results for Dirichlet coefficients of the different L—functions we shall en-
counter.

Let f € H5(N). Denote by e¢(N) := £(Sym? f) the sign of the functional
equation satisfied by L(s, f). We have

(68) ef(N) = —p(N)VNAf(N) € {~1,1}.

The following trace formula is due to Iwaniec, Luo & Sarnak [ILSO00,
Corollary 2.10].

Lemma 10. Let N > 1 be a squarefree integer and m > 1, n > 1 two
integers satisfying (m, N) =1 and (n,N?) | N. Then

Z W (f)Ap(m)Af(n) = d(m,n) + O(Err)
fEH5(N)
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with
7(N)?logy(3N) (mn)'/* 13[(m, n)]

Err .=
B N N

log(2mnN).

We shall need a slightly different version of this trace formula (we actually
only remove the condition (n, N) = 1 from [ILS00, Proposition 2.9]).

Lemma 11. Let N > 1 be a squarefree integer and m > 1, n > 1 two
integers satisfying (m, N) =1 and (n,N?) | N. Then

Y W)L +ep(N]Ap(m)s(n) = 6(m, n) + O(Exr)

feH5(N)
with
d(n,mN)
Err := N
7(N)%logy(3N) (mn)t/4 m,n T(m,n
0P o0 (2, [l i)

Proof. By Lemma 10, it suffices to prove that
Yo (N (NAs(m)As(n) <
JeH3(N)
d(n,mN) n 7(N)?logy(3N) (mn)/*
VN N3/ (n,N)
Since £ (N) = —u(N)VNA;(N), we shall estimate
R=vVN Y W (f)A(m)As(n)As(N).

JEHZ(N)

7 [(m, n)]log(2mnN).

The multiplicativity relation (30) and equation (31) give

R=VE 3w (DAmA O o) s ()

FEHL(N) N

\/N mn®) N
= n Z Z f 2 )‘f v )
N4 (mn()) feHy(N N

Then, Lemma 10 leads to the result since MNWN) /d?> = N/ny implies
N =ny, m =n®) and d = m. U

We also prove a trace formula implying the Dirichlet coefficients of the
symmetric power L-functions.
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Lemma 12. Let N be a squarefree integer, (m,n,q) be nonnegative integers
and z be a complex number. Then

> (N4 ep(N] Ay ((n)Af(q) = wiy(n, ) + O(Err)
feH;(N)
with
n QN 2,V
69)  wi(nq) = 7. (ny)—oNdN) W
" ’ nNQN 1<1;[<7‘ O<V’z<:mu Sym™,Sym J
plfi---pr’ =q(V)

where
™ T80, < <p)

and
N)2log, (3N)
N3/4

The implicit constant is absolute.

Err = 7(

”m/47'(m+1)\z| (n)7(q)q**1log(2Nng).

Proof. Let
Si= Y W) +er(N)] Mg 5 () As(q)-

feHZ(N)
Writing n%MN = ¢%h with h squarefree, equation (31) and Proposition 2

give

s=2 g0 > (0.mu) (H o )
0,muv;

” . m J
T hcicrex, j=1 Sym™Sym

Ny 7
X > o GO +er(N)As(R)Af (qu Hpj]) :
FEH5(N)
d| <q(N>,HJ Y )

Then, since h | N, Lemma 11 gives S = P + E with

Z,Vj Z 1

j=1 v, —o Sym™ Sym J ) o
N
d| (q( )’szl pj])

V! /
¢WMp tepT Jd2=h

muvj
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and
EK
7(N)?logy(3N) n™/*71; (nv) ¢*/*7(q) log(2Nng) 11 <=2 ez
N3/4 nxm qzlv/2 g'/2 1o sy sym”s

Using (51), we obtain

7(N)%1ogy(3N)

EFx N3/4

n™ 447 (q) log (2N1G) (14112 (1)

We transfor{n P as the announced principal term since ¢(v) pil . -p?’/" Jd? =
h implies pllll---p?:q(N):dandhzl. O

Similarly to Lemma 12, we prove the

Lemma 13. Let k, N, m, n be positive integers, k even, N squarefree. Let
z € C. Then

> WA psyum (1) = Wan () + Op (Err)
FEHZ(N)

with

7(N)?logy(3N)

Err =
T ~

2 /AplE () log(2nN)

where w;:; and T%”fn are the multiplicative functions defined by

v v/ muv’
(p")0E™) .
Z pyfu’+mu’/2 pr | N
) v'=0
2
2,m(py) -
1,z,v .
'uSme,Symm,SymO prJ(N
and
v v/
7—|z|(p ) .
Z pyfu’+m1/’/2 pr ’ N
v'=0
T2,m(py) -

((m+1)\z|+u+2) prj( N.

v
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2.5. Mean value formula for the central value of L(s, f). Using the
functional equation of L(s, f) (see hypothesis Sym® (), which is proved in
this case) and contour integrations (see [IK04, Theorem 5.3] for a beautiful
explanation) we write

2mq

(70) L(l,f) _ [1+ef(N)]+fWexp< )
2 q=1 \/a \/N
From (70) and Lemma 11 we classically deduce the

Lemma 14. Let N be a squarefree integer, then

<T(N)2 log(2N) 1og2(3N)> .

> WP (5.0) =n@+0

3/8
fEH5(N) N

Remark 15. For N squarefree, we have

CN(Q):1+O( 7(N) )

P=(N)?
Note that the “big O” term may be not small: for all w > 1, let N, be

the product of the w first prime numbers, then Mertens Theorem implies
that

(N (2) ~ C(2)

as w tends to infinity.

Proof of Lemma 1/. Equation (70) leads to

> wL(5f) -

feH3(N)

> Len(28) S ey
—exp| ——= w £f t(q).
=V VN FEHL(N)

Writing ¢ = m#%n with (m, N) = 1, £?>n having same prime factors as N
and n squarefree, we deduce from the multiplicativity of n — Ag(n), its

strong multiplicativity on numbers with support included in that of N and
(31), that

1
A(@) = 5As(m)As(n).
Then Lemma 11 gives

Y. w(HL (; f) = P(N)+0O <E1 + 7(N)?logy(3N)(Ey + Eg))
fFeH;(N)
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where
+o0 2
]lN(E) 4
P(N) = Z exp | ———=
= b VN
and
= Z exp(—2rl>VN) < —,
N
X ann)1™ (m)p(n)? log(2mnN) 2rmi?n
z:: ml/Ap2,3/4 CP\TTUN
g=mt3n
1 X log(2¢N) 2mq
<L = Z ————€exp <—>
N = qt/4 VN
log(2N)
< N5/8
and
1 =2 1nn) 1™ (m log(2mnN 2rmb?n
B3 = N3/4 Z ) (1/)4£g )5/4 &l ) eXp <_ )
2 n N
g=mt3n
log(2N)
N3/8

We conclude by expressing P(N) via the inverse Mellin transform of exp
and doing a contour integration obtaining

P(N) = (n(2) + O (N71/2Fe)
for all € > 0. g

3. Twisting by L(1/2, f)
The goal of this section is the proof of Theorem A and Proposition B.
3.1. Proof of Theorem A. Let z € C and = > 1, define
= /\Sym (n)

(71) wéymmf(x) = Z

n=1

efn/x
n

for all f € H5(IN). We prove the
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Lemma 16. Let N be a squarefree integer, m € Z~g, * > 1 and z € C.
Then

* 1 z
Z w (f)L (27 f) wSymmf(x>
feH3(N)
“+o0o
1 e 2 q/fz m n Q) —n/
g "%+ O(Err)
q= 1f n=1 n
where

Err := N~%3[log(2N)]? logy (3N ) 2™/ *[log(3) " (2 +m + 1)!.
The implicit constant is absolute.
Proof. Using (70) and Lemma 12, we get
> W(DL(5:1) Wi @

FEHS(N)
+oo 1

2
727rq/\/7 " TL Q) 7n/x ( ) 10g2(3N)
g=1 \f nz:l n o < N3/ &

with

q)log(2N¢q o2 = i e
P Z HkgiaNe) ) -2 UVN N A 0g (20) (412 (0)e

n=1

By using

Z 7o) < [log(3t)]" (t > 1,7 > 1, integers),
n<t n

we have

log(2n n/a m ;
> nl—(m/AZT(m+1)|Z|(n)€ /7 < @™/ log(3x))m !
n<x

and an integration by parts leads to

log 2n —n/xT
2 nl(m/zT(mH)Zl(”)e /" <m K

n>x
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where

+00 [log(3t)]7m*! oy t
o= [ (g

+oo
< g™/ / [log(3uz) Fu™ e (1 + 1/u) du
1

< 2™ [log(3z)]7m ! / WMo 4] ) du
1

L 2™ [log(3x)]7™ (zm +m + 1)\,

We conclude with

“+oo
> M —2ma/VN < N3/8[log(2N)]2.
q=1

O

The main term appearing in Lemma 16 is studied in the next lemma.

Lemma 17. Let m > 1 an integer. There exists ¢ such that, for all N
squarefree, 1 < x™ < NY3, 2 € C, and o € [0,1/3] we have

—+00
. 1
) —nfo _ 1z (2, 1;St, Symm;N) + On(R),

+00 z
Z %6—2wq/\/ﬁ Z wm(nv

q=1 n=1 n
where

R = N-1/12,¢(24+1) logs ([2]+3)

logy(2m +3) +

x~7logy(3N) exp {C(Zm +3) olog(zm + 3

e 371
=11

The implicit constant depends only on m.

Proof. Let
+oo
1 —27rq/\/72 m q)e—n/x.

q=1 \/> n=1 n
By the definition of S, we have S = §~ + S< with

g T2 (ny) O(n7qy) e—nvn®

‘_ Z m/2+1 Z T Z W
ny|N>< N qN|No® 2 > /ny
(n<N),N):1

Z,Vj

’ v;
" T ﬁ MSymm,SymVj oo | - 2mgn 151 )’
, vi/2 P VN

Wi<icr€Xi_y [0,mr] L\j=1  p;
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and
9 — 7.(nN) e—nnn ™) /x
= 2 /2 > o
ny|N*° TN nM <z /ny
(nM),N)=1
T M;’Vj m S 7/3
D
v /2
(V) 1<i<r€XT_1[0,mu] \ =1 pjj
v
H(nian) 2mqn [Tj=1 py’
x D exp | ——————~——"—
gN|N®> an VN
where nV) = . 1P] We have

~2,1/2

L 7_|z\(n) D(nmq> W N (E)

(72) §7 < Ry = Z nm/2+1 q Z v
n|Ne g|Ne° {>z/n

Moreover, if n(™) < z/ny then

r /
Hpjyj S ™ S N1/3

j=1
and
O(nRgn) 2mqN H;:1 p;j
73 — 2 =L exp| ——m——— | =
(73) ZOO . p ~
qN|N
l:' m m

Z (anN)'i_O(;\([TlL/A{z))‘
an|N= qnN

Equations (72) and (73) give S = P+ O(N~Y12R; + R,) with

z,1/2 (N
_ 7.(ny) O(n7an) T N ()N s m
Pi= 3 m/2+1 > N > G I )
ny|N© TN qn|N> nM<z/ny

(n(N),N):l
and

m ~2,1/2
_ 7z (n)7(n™) W (6)
Ry = Z nm/2+1 Z / :
n|No° L<z/n
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Writing
z1/2, (N)
Z “Wn,N (n )e—n(m/(ﬂc/m\r) _ WZ’1/2(1)
TL(N) m,N
n(N)Sac/nN
(:00.3)
z 1/2 — 1/2
_ “m e N () + 3 (4) { —t/(z/ny) _1}
{>z/nN (<z/nN
(£,N)=1 (¢,N)=1

we get, by Lemma 3,
1
p=1r1" (2, 1; St, Sym™; N) + O(R2 + R3)
with

i ,1/2

_ 7 (1) O(n™q) W, (£) —t/(z/n)

R3 = Z pyGES] . Z i [1—6 }
e

Lemma 6 gives
Ry < exp [c(zm + 3)logy(zm + 3)] .
We have

~2z,1/2
7z (n O(n™q) W, (£) tn
Ry < 3 m/2+1 > /. r

X
n|N° q| N> q L<z/n

~z,1/2

—c 7_|z|(n) D(an) = Wy, N (ﬁ)
<z Z nm/2+1—a Z q f1—o
n| N q N (=1

for all 0 € [0,1/2] and Lemma 6 gives

R3 <«

x~ 7 1logy(3N) exp {c(zm + 3) |logy(zm + 3) +

(o 4+ 3)7/0-) 1
olog(zm + 3) '

Next, for all o € [0,1/2[ , Rankin’s method and Lemma 6 give

Ry <«

x~ % logy(3N) exp {c(zm + 3) |logs(zm + 3) +

(2 + 3)7/(1=9) — 1] }
) :

olog(zm +3
g
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Next, given 1 €]0,1/100][, denote by H;\ (N;n) the subset of H5(N) con-
sisting of forms f such that L(s, Sym™ f) has no zeros in the half strip

Res >1—4n |Sm 5| < 2[log(2N)]?

and H, (IV;n) the complementary subset. By [CM04, Proposition 5.3], for
all m > 1, there exists £ > 0 and A > 0 (both depending on m) such that
for all n €]0,1/100[ and squarefree N we have

#H,,(N;n) < EN4[log(2N))°.

By [CMO04, Lemmas 4.1 and 4.2] there exists, for all m > 1, a constant B
(depending on m) such that, for all z € C and f € H,(N;n), we have

(74) L(1,Sym™ f)* <, [log(2N)] PRl

Using the convexity bound (see [Mic02, Lecture 4] for better bounds that
we do not need here)

L (;f> < N4
and

2 < log(2N) logy(3N)
p(N)L(1,Sym? f) N

w(f) =
and by (74) we get
1
S WAL (Gof) DL Sy 1) < NI Lo 2N,
fEHL(N;n)
A, B and C' being constants depending only on m so that

> WL (5:F) B Sy gy

feHZ(N)
B 1
= ¥ L5 f) s gy
FEHR(N:m)
+ 0, (NAn—3/4[log(2N)]B\§)‘Eez|+C> ]
Next, there exists a constant D > 0, depending only on m, such that
L(la Symm f)z = wéymmf(w) + O(Rl)v
with

Ry = x~ 1/ 1082(3N) g Dl2[logs (20N) [log(2N)]3 + eDlzl10g2(3N)—[log(2N)]?
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(see [CMO04, Proposition 5.6]) and, since by positivity (see [Guo96] and
[FH95]) and Lemma 14 we have

> W)L (;f> <1,

FEHS(N;m)
we obtain
* 1 m z
> W (DL (50) LSy )
feH;(N)
ES 1 zZ
= X WL (Ge) W 0) + On(R2)
fFEML (Nsm)
with

Ry = Ry + NA1=3/4[1og(2N)| BIRe21+C

Now, since ‘wgymmf(x)‘ < 1(e)®e22% where () > 1 depends on € and m,

we reintroduce the forms of H, (N;7) obtaining

> WL (5:F) B Sy gy

FER3(N)

= Y W(NHL (2,f) Wiymm () + Om(R3)

feHZ(N)
with
Ry = g~/ 1082(8N) , Dlz| log5(20N) log(2N)]?
+ stAn—3/4[L(€) log(QN)]BmezHC + eD|z\log2(3N)7[log(2N)]2.
Lemmas 16 and 17 with n = ¢ = 1/(100m), 2™ = N*/10 and
o=c(m)/log(|z| +3)
with ¢/(m) large enough and depending on m leads to Theorem A.

3.2. Proof of Proposition B. For the proof of Proposition B, we write

1 1
LY <2, 1;St,Symm;N) =L <2, 1;St,Symm)

—1
x Xo(N) ] D(p~Y2,8t,9)D(p~t, Sym™, g)*dg | .
Sy \Jsue)

We use

X (N) =1 +o( (2] + Dw(N) )

P (N)min{m/2+1,2}
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which is uniform for all z and N such that
(J2] + Dw(N) < P~ (N)min{m/2+1.2}

and Lemma 7 to get
1 1
L (2’ 1; St, Symm;N> =L (2, 15 St, S}’mm> [1+ O (Err)]

where
w(N) ([ +Dw(V) | (2] +1)w(N)

Brr= ooy T vy P—(N)2

uniformely for

N e N(max{w(.>1/27 [(|2] + Dw()]?3, Hsz(-)]l/z}) 7
ze€C.

4. Twisting by L(1,Sym? f)

In this section, we sketch the proofs of Theorem C and Proposition D.
The proof of Theorem C is very similar to the one of Theorem A.
Let z € C and = > 1, define

too AL? (n)
Lz . Sym? f,Sym™ f -
(75) W m? f,Symmf(x) = z:l - o /T
n=

for all f € H5(IV). We obtain the

Lemma 18. Let N be a squarefree integer, m € Z~g, * > 1 and z € C.
Then

\ . N) 2wyl (n)
Y WPl gy (@) = D) Y Y2

fEHZ(N) n=1

e 4 O(Err)

7(N)?1og(2N) log,(3N)
N

Err .= 2™/ (log 32)* 3 (2 + m + 4)!.

The implicit constant is absolute and w;;(n) has been defined in Lemma 13.
Next, we have the

Lemma 19. Let m > 1 an integer. There exists ¢ such that, for all N

squarefree, 1 < ™ < NY3, 2 € C, and o € [0,1/3m] we have

00 412

Z 277;(”)6—”/1 =LY (1, 1; Sym?, Sym™; N) + On(R),

n=1
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where

10g2 (3N)

1:0

R =

(2 + 3)7/(0=9) 1) }

m +3)  1ogy(zm
exp {C(Z + 3) ( OgQ(Z + 3) + O'lOg(Zm + 3)

The implicit constant depends only on m.

The conclusion of the proof of Theorem C is the same as the one of
Theorem A after having introduced the exceptional set

Hy,,, (N3 ) = H5(N) \ (Hy (N3m) N (Vi) )

The proof of Proposition D follows from Lemma 7 in the same way as
Proposition B.

5. Asymptotic of the moments

5.1. Proof of Proposition F. We give the proof for L1*" (%, 1; St, Symm>

since the method is similar in the two cases.
Write

)= [ DTSt D Sym™g)* dg.
SU(2)

By Lemma 8, we have

r
Z log 7:::11:1 (p) <m Toor
p>(m+1)r+3 g
By (32) we get

—2

1\’ 1
(1 n \/}3) D(p_l, Sym™, g) < @Diﬁ (p) < (1 — \/]5> D(p_l, Sym™, g)

and then

(76) > logyrh(p)= D>, logYi i (p) + Om (V7 logy(3r))
p<(m+1)r+3 p<(m+1)r+3

with

Tin) = [ Do Sym™ g+ dg.
SU(2)

The right hand side of (76) has been evaluated in [CMO04, §2.2.1] and was
founded to be

Sym r1 SymT!r + 0 (T>
ymy rlogor+Symy” r+ Op log 7

which ends the proof.
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5.2. Proof of Corollary G. Let r > 0. Define
1
o) = ¥ wlgL(g) and  0() =g
Get (V) 2 O(N)
For N e N (logl/Q), we have
O(N)~1 (N = +o0)

(see Lemma 14). Since L (%, f) > 0, by Theorem A, and Propositions B
and F we get

S QNLOS Y = o X wUNL (g ) LSy Y
FEHL(N) fEHS(N)
L($.£)>0

Symm‘l
Sym] 7logq [1+o(1)] exp Tm'tn log r
=[1+o(1)]e +

uniformly for all r < clog N/ logy(3N) log3(20N). Since

ooanH= > af
fEHE(N) FeH;(N)
L(5.£)>0

we obtain, by positivity,a function f € H3(V) such that
L(l, Symmf)r > {1 + O( )}eSymJr rlog{[l-‘,—o(l)] exp(SymJr / SymT )logr}

and L (%,f) > 0.
We obtain the announced minoration with r = clog N/(log,(3N))2. The
majoration is obtained in the same way, taking the negative moments.

6. Hecke eigenvalues

6.1. Proof of Proposition H. Following step by step the proof given
by Granville & Soundararajan in the case of Dirichlet characters [GSO1,
Lemma 8.2], we get under Grand Riemann Hypothesis

A m™
ogL(LSymm )=y Ao )
) . nlogn
2<n<log*(2N)log5(3N)
where Agymm (n) is the function defined by

L'(s,Sym™ f) 2 Agymm (n)
—W_.ZyT (Res > 1)

n=1
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that is
Xsymm [9(0f,p) ] logp if n=p” with pt N
Agymm(n) = ¢ Af(p)™ logp if n=p” withp | N
0 otherwise.
If v > 1, then
o )| 41
p” log(p”) 2
hence
Agymm
log L(1,Sym™ f) = Z Sylf(p) +0(1).
p<log?@N)loghay) L OSP
From Agymm r(p) = Ap(p™) log p we deduce
)\ m
log L(1,Sym™ f) = 3 AL o).
p<log?(2N) logy(3N)  ©
Since
Ae(p™ 1
log(2N)<p<log?(2N) logd(3N) log(2N)<p<log? (2N) logh(3N) I
<Km 1
we get
)\ m
(77) log L(1,Sym™ f) = 3_ A o).
p<log(2N)

Let N € N(log3/2> and f € Hy"(N;C,Sym™), equation (77) then leads
to

3 A Sym™ logs (20N) + Oy (1)
p<logen) P

and we deduce

3 Sym¥ A (0")

p<log(2N) p



748 Emmanuel ROYER, Jie WU

For £(N) < log5(20N), we get

p<log(2N) P p<iogien) P
Af(p™)>SymT —€(N)/logs(20N)

1

_ 3 1
p<log(2N) P
Ap(p™)<Sym'! —£(N)/logs(20N)

= log;(20N) {1 + Ocm (5(1]\7)>} .

We conclude by using

> 1<<1.

log® (3N)<p<log(2N) p

6.2. Proof of Proposition I. Let N ¢ N/ (logg/Q). Taking m = 2 in (77)
gives

4+ O(1) = log L(1, Sym? f).

> Ar(p?)

p<iog(2n) P
Since Sym? = 1, if f € H3™ (NV; C,Sym?), we deduce
> Ar(p?)
p<log(2N) P
If p| N, then A\¢(p?) = Af(p)? and

>

1
p<log(2N) p
p|N

if pt N, then A¢(p?) = A¢(p)® — 1. We thus have

< —logs(20N) + O(1).

= 0(1);

> Arp)* —1 < —1logz(20N) + O(1)

p<log(2N) P
hence
A 2

(78) DAY

p<log(2N) p
For £(N) < log5(20N), we deduce

Ar(p)?  logs (20N
3 £(p) < ogg(N )
p<log(2N) b £V)

|As(p)|2[E(IV)/ logs (20N)]1/2
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which leads to the announced result.

7. Simultaneous extremal values

7.1. Proof of Proposition J. Prove the first point. Let C' > 0, N €
N (log) and f € H3(N) such that
L(1,Sym’ f) < C [logy(3N)]~ ™=
and
4
L(1,Sym* ) < C [logy(3N)]~ %™~
Equation (77) with m = 4 gives

A 4
> A O(1) < — Sym? log3(20N)
p<tog(2n) P
pIN

since the contribution of p dividing N is bounded (using (31)). Expanding
As(p*) thanks to (30) we deduce
> Ar(p)t = 3Xs(p)% +1

p<log(2N) P
PIN

Reinserting (78) (again, we remove easily the contribution of p dividing N),
we are led to

4+ O(1) < —Sym? log;(20N).

Ar(p)*+1
Z Arlp) +1 < —Sym* logs(20N) + O(1).
p<log2n) P
PIN

The right hand side tends to —oo while the left one is positive, so we get a
contradiction.
Prove next the second point. Assume that

L(1,8ym® f) > C [logy(3N)]*™" .
By Cauchy-Schwarz inequality and (77), we have

2\2
(79) (Sym? 2flogs(3N) + O] < 3 AL
pSl;fg]S/?N) p

Further, from X; = X2 — X3 — 1, we deduce

3 At > Ar(?)? = Ar(@?) — 1

p<log2n) P p<log(2N) p
pIN pIN
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and (79) and |\,

>

p<log(2N) p
pIN

which leads to the result by (77) since

)| < Syma_ imply

(v’
Ar(ph)

> [(Sym?)? — Sym3 —1]logz(20N) + O(1)

(Sym?)? — Sym? —1 = Sym? .
7.2. Proof of Proposition K. From

Xh=> Xoj+X
j=2
we deduce
)\ m\2 m j )\ 2
Z f(p ) _ Z Z ) + Z f(P)
p<log(2N) p p<log2N) =2 P p<log2n) P
PN pIN ptN

< (m+3)(m+1)logz(20N) + O(1)
by (78) and |A(p¥)| < 2j + 1. Furthermore

)\ m
SymPlogscomE = | 3 A0
p<logen) P
ptN
by m\2
< flogy(20N) +0(1)] ST AW
p<log(2N) p

ptN
so that
(Sym)? < (m+3)(m — 1)
which contradicts Sym”" = (m + 1)2.
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8. An index of notation

% (23) | Agymm () (33) [ x p.706
1 *
5, ) § 1.6 §;m27symm( 67) || w (12)
A( ’ ) (45) )\S;Zr;i;,Symm( ) (59) w%ymmf(x) (71)
Z,V z
A( [ A ) (66) :U’§ymm Symml (36) Sym f,Sym™ f< ) (75)
Z,v N
SE I KON AN F OV BN (55)
~z
¢ 9) |[r § 16| @, n( ) (56)
Ar() 3) |o §1.6
Agymm p () [ (B3) | 7=() (8)
D(, ) (4) [ [§16
g9() (5) N() (13)
H;(N) p. 705 | P=( ) |p. 708
H (N3 ) p. 742 SymE | (24)
H.,(N;m) p. 742 || Sym}y" | (25)
H;*(N; C, Sym™) 27) | wr( . ) | (69)
L(m,v) (41) w;;( ) | Lemme 13
02, m;v, V) (65) || Wiln () | (54)
L %,I;St,Symm;N) (10) Xm (34)
L1 (3,158, Sym™ ) 11) || X2,(N) | (7)
L (1,1; Symz,Symm,N) (16) || Xo72(N) | (15)
LY? 1,1;Sym2,Symm) (17) Zm (58)
ny §1.6
O §1.6
On( )| (9)
1y § 1.6
1M 1§16
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