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Journal de Théorie des Nombres

de Bordeaux 19 (2007), 763-797

Local gg-characters in torsion rings

par SEIDAT YASUDA

RESUME. Soit p un nombre premier et K un corps, complet pour
une valuation discrete, a corps résiduel de caractéritique positive
p. Dans le cas ou k est fini, généralisant la théorie de Deligne [1],
on construit dans [10] et [11] une théorie des gp-constantes locales
pour les représentations, sur un anneau local complet a corps ré-
siduel algébriquement clos de caractéristique # p, du groupe de
Weil Wi de K. Dans cet article, on généralise les résultats de [10]
et [11] au cas o k est un corps arbitraire parfait.

ABSTRACT. Let p be a rational prime and K a complete dis-
crete valuation field with residue field k of positive characteristic
p. When k is finite, generalizing the theory of Deligne [1], we
construct in [10] and [11] a theory of local eg-constants for repre-
sentations, over a complete local ring with an algebraically closed
residue field of characteristic # p, of the Weil group Wik of K. In
this paper, we generalize the results in [10] and [11] to the case
where k is an arbitrary perfect field.

1. Introduction

Let K be a complete discrete valuation field whose residue field k is
of characteristic p. When k is a finite field, the author defines in [10] lo-
cal eg-constants o r(V,9) for a triple (R, (p,V),%) where R is a strict
p/-coefficient ring (see Section 2 for the definition), (p, V') is an object in
Rep(Wk, R), and ¢ : K — R* is a non-trivial continuous additive char-
acter. In [10] the author proved several properties including the formula
for induced representations. In the present paper, we generalize the results
of two papers [10] and [11] to the case where k is an arbitrary perfect
field of characteristic p. More precisely, we define an object £y r(V, 1;) in

Rep(Wk,@Z) of rank one (where Wy is a dense subgroup of the absolute
Galois group of k defined in 3.1), called the local £g-character, for any
triple (R, (p,V),¥) where R is a strict p/-coefficient ring, (p, V) an object
in Rep(Wk, R) and 1; is a non-trivial invertible additive character sheaf on

K. When k is finite of order ¢, this €y r(V, 1;) and the local gp-constants
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eo,r(V, ) are related by
Tr(Fry ; Z0,r(V,9))

where {bv is the invertible character sheaf associated to .

We generalize the properties of local £¢-constants stated in [10] to those of
local £p-characters by using the specialization argument. We also prove the
product formula which describes the determinant of the etale cohomology
of a Rg-sheaf on a curve over a perfect field k as a tensor product of local
€o-characters.

(_1)rank V+SW(V)EO’R<‘/’ w)j

2. Notation

Let Z, Q, R, and C denote the ring of rational integers, the field of ra-
tional numbers, the field of real numbers, and the field of complex numbers
respectively.

Let Zsq (resp. Z>() be the ordered set of positive (resp. non-negative)
integers. We also define Q>¢, Q0, R>g and R in a similar way. For a € R,
let |a] (resp. [a]) denote the maximum integer not larger than « (resp.
the minimum integer not smaller than «).

For a prime number ¢, let IF;, denote the finite field of ¢ elements, Fy» the
unique extension of Fy of degree n for n € Zwq, F, the algebraic closure
of Fy, Z¢ = W (Fy) (vesp. W(TF;)) the ring of Witt vectors of Fy (resp. Fy),
Q¢ = Frac(Zy)) the field of fractions of Z,. Let ¢ : W (F;) — W (F;) be the
Frobenius automorphism of W (IFy).

For aring R, let R* denote the group of units in R. For a positive integer
n € Zsg, let p, (R) denote the group of n-th roots of unity in R, p,-(R)
denotes the union U; i (R).

For a finite extension L/K of fields, let [L : K] denote the degree of L
over K. For a subgroup H of a group G of finite index, its index is denoted
by [G : H].

For a finite field k of characteristic # 2, let (3) : k* — {£1} denote the
unique surjective homomorphism.

Throughout this paper, we fix once and for all a prime number p. We
consider a complete discrete valuation field K whose residue field is perfect
of characteristic p. We say such a field K is a p-CDVF. We sometimes
consider a p-CDVF whose residue field is finite. We say such a field is a
p-local field.

For a p-CDVF K, let Ok denote its ring of integers, my the maximal
ideal of Ok, kx = Ok /mg the residue field of Ok, and v : K* — Z
the normalized valuation. If K is a p-local field, we also denote by (, )k :
K* x K* — {£1} the Hilbert symbol, by Wx the Weil group of K, by

rec = recg : K* — ngb the reciprocity map of local class field theory,
which sends a prime element of K to a lift of geometric Frobenius of k. If
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L/K is a finite separable extension of p-CDVFs, let er/k €%, fr/x € Z,
Dyk € Op/OF, dp i € Ok /OF? denotes the ramification index of L/K,
the residual degree of L/K, the different of L/K, the discriminant of L/K
respectively.

For a topological group (or more generally for a topological monoid) G
and a commutative topological ring R, let Rep(G, R) denote the category
whose objects are pairs (p, V') of a finitely generated free R-module V' and
a continuous group homomorphism p : G — GLgr(V) (we endow GLgr(V)
with the topology induced from the direct product topology of Endg(V)),
and whose morphisms are R-linear maps compatible with actions of G.

A sequence

0=\ V)= (p,V) = (b, V") =0
of morphisms in Rep(G, R) is called a short exact sequence in Rep(G, R) if
0—V' —V —V"”—0is the short exact sequence of R-modules.

In this paper, a noetherian local ring with residue field of characteristic #
p is called a p’-coefficient ring. Any p’-coefficient ring (R, mp) is considered
as a topological ring with the mg-preadic topology. A strict p'-coefficient
ring is a p’-coefficient ring R with an algebraically closed residue field such
that (R*)P = R*.

3. Review of basic facts

3.1. Ramification subgroups. Let K be a p-CDVF with a residue field
k, and K (resp. k) a separable closure of K (resp. k). Let kg be the algebraic
closure of I, in k. If ko is finite, define the Weil group W), C Gal(k/k) of k

as the inverse image of Z under the canonical map
Gal(k/k) — Gal(ko/ko) = Z.

If ko is infinite, we put Wy = Gal(k/k). Define the Weil group Wik C
Gal(K/K) of K as the inverse image of W) under the canonical map
Gal(K/K) — Gal(k/k). Let G = Wy denote the Weil group of K. Put
G’ = GNGal(K/K)" and G’ = GNGal(K/K)"", where Gal(K/K)? and
Gal(K/K)"*" are the upper numbering ramification subgroups (see [9, IV,
§3] for definition) of Gal(K/K). The groups G¥, G'" are called the upper
numbering ramification subgroups of G. They have the following properties:

e GV and GV are closed normal subgroups of G.

e G' D Gt D GY for every v,w € Q¢ with w > v.

e G'T is equal to the closure of -, G".

e GV = Ik, the inertia subgroup of Wy. G = Pk, the wild inertia
subgroup of Wy. In particular, G¥ for w > 0 and G¥* for w > 0
are pro p-groups.

e For w € Q, w > 0, GY/GY is an abelian group which is killed by
.



766 Seidai YASUDA

3.2. Herbrand’s function v ,k. Let L/K be a finite separable exten-
sion of a p-CDVF. Let ¢,k : R>p — R>( be the Herbrand fuction (see
[9, IV, §3] for definition) of L/K. The function 91,k has the following
properties:

® 1K is continuous, strictly increasing, piecewise linear, and convex
function on R>q.
For sufficiently large w, ¢k (w) is linear with slope er, /-
We have 11, (0) = 0.
We have 1k (Z>0) C Z>o and /5 (Q>0) = Q0.
Let G = Wk, H = Wr. Then for w € Q>p, we have GY N H =
HYL/xkW) and Qv+ N H = HYL/xW)+,

3.3. Slope decomposition and refined slope decomposition. Let K
be a p-CDVF, G = W the Weil group of K. Let (R, mp) be a p'-coefficient
ring.

Let V' be an R[G]-module. We say that V' is tamely ramified or pure of
slope 0 if GOt acts trivially on V. V is called totally wild if the G°*-fixed
part VG s 0. For v € Q-0, we say that V is pure of slope v if V" is 0
and if GVT acts trivially on V.

Let K'™™ be the maximal tamely ramified extension of K in a fixed sep-
arable closure K of K. Let (p,V) be an object in Rep(G, R). Since G is
a pro-p group, there exists a finite Galois extension L of K" in K such
that p factors through the quotient W (L/K) = Wy /Gal(K/L) of Wg.
Let G(L/K)" (resp. G(L/K)"") denotes the image of GV (resp. G'1) in

Lemma 3.1. There exists a finite number of rational numbers vy, -+ ,v, €
Q>0 with 0 = vy < -+ < vy, such that G(L/K)"" = G(L/K)"+! for
1<i<n-—1 and that G(L/K)" = {1}.

Proof. There exists a finite Galois extension L’ of K contained in L such
that the composite map G(L/K)°t ¢ W(L/K) —» Gal(L'/K) is injective.
Then the image of G(L/K)", G(L/K)"" in Gal(L'/K) is equal to the upper
numbering ramification subgroups Gal(L'/K)", Gal(L'/K)"*t of Gal(L'/K)
respectively. Hence the lemma follows. O

Corollary 3.2. Let (p,V) be an object in Rep(G, R). Then for any v €
Q>0, there exists a unique mazimal sub R[G]-module V¥ of V' which is pure
of slope v. V¥ = {0} except for a finite number of v and we have

V= v

v€Q>o
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For v € Q>0, the object in Rep(G, R) defined by V" is called the slope
v-part of (p, V).

V +— V"V define a functor from Rep(G, R) to itself which preserves short
exact sequences. These functors commute with base changes by R — R'.

Definition 3.3. Let (p,V) be an object in Rep(G, R), V = @,eq., V" its
slope decomposition. We define the Swan conductor sw(V') of V by
sw(V) = Z v-rank V.

v€Q>o
Lemma 3.4. sw(V) € Z.

Proof. Since sw(V) = sw(V ®r R/mp), we may assume that R is a field.
Then the lemma is classical. O

Assume further that R contains a primitive p-th root of unity. Let (p, V)
be an object in Rep(G, R). Let v € Q¢ and let V¥ denote the slope v part
of (p, V). We have a decomposition

VY = b Vy

x€Hom(GvV/Gv+ ,RX)
of V¥ by the sub R[G"/G""]-modules V,, on which GY/G"T acts by x. The
group G acts on the set Hom(GY/G"", R*) by conjugation : (g.x)(h) =

x(97thg). The action of g € G on V induces an R-linear isomorphism Vi =
Vyx- Let XV denote the set of G-orbits in the G-set Hom(GV/GV*t, R¥).
Then for any ¥ € X",

V=P Vy

XED
is a sub R[G]-module of V' and we have
V= v
Texv
The object in Rep(G, R) defined by V* is called the refined slope X-part of
(p, V). (p, V) is called pure of refined slope ¥ if V.= V*>. V - V> defines

a functor from Rep(G, R) to itself which preserves short exact sequences.
These functors commute with base changes by R — R'.

Lemma 3.5. Let (p, V) be a non-zero object in Rep(G, R) which is pure of
refined slope ¥ € XV, x € X, and Vy, C ResgﬂV be the x-part of ResgvV.
Let H, C G be the stabilizing subgroup of x.

(1) Hy is a subgroup of G of finite index.

(2) Vi is stable under the action of Hy on V.

(3) V is, as an object in Rep(G, R), isomorphic to Indgx V-
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Proof. Obvious. O

Remark 3.6. The claim [G : H,] < oo also follows from the explicit
description of the group Hom(G?/G"", R*) by Saito [5, p. 3, Thm. 1].

3.4. Character sheaves. Let S be a scheme of characteristic p, (R, mp) a
complete p’-coefficient ring, and G' a commutative group scheme over S. An
invertible character R-sheafon G is a smooth invertible étale R-sheaf (that
is, a pro-system of smooth invertible R/m}-sheaves in the étale topology)
L on G such that LX £ = u*L, where i : G xg G — G is the group law.
We have i*L = L, where i : G — G is the inverse morphism. If £, Lo are
two invertible character R-sheaf on G, then so is £1 Qg Ls.

Lemma 3.7 (Orthogonality relation). Suppose that S is quasi-compact and
quasi-separated, and that the structure morphism w : G — S is compactifi-
able. Let L be an invertible character R-sheaf on G such that L ®r R/mp
is non-trivial. Then we have RmL = 0.

Proof. We may assume that R is a field. Since Rpry (LK L) = (7" RmL)® L
and Rpr (p*L) = m* Rm L, we have (7* R'm L)®L = 7* R'm L for all i. Hence
R'mL =0 for all i. O

Lemma 3.8. Suppose further that S and G are noetherian and connected,
and that R is a finite ring. Let L be a smooth invertible R-sheaf on G. Then
L is an invertible character R-sheaf if and only if there is a finite etale
homomorphism G' — G of commutative S-group schemes with a constant
kernel Hg and a homomorphism x : H — R* of groups such that L is the
sheaf defined by G’ and x.

Proof. This is [11, Lem. 3.2]. O

4. gg-characters

Throughout this section, let K be a p-CDVF with residue field k and
(R,mp) a complete strict p’-coefficient ring with a positive residue char-
acteristic. In this section, we generalize the theory of local eg-constants to
that for objects in Rep(Wk, R).

We use the following notation: for any k-algebra A, let R4 denote A (resp.
W(A)) when K is of equal characteristic (resp. mixed characteristic). Then
Ok has a natural structure of Ry-algebra.

4.1. Additive character sheaves. For two integers m,n € Z with m <
n, let K™ denote mp/ m?;rl regarded as an affine commutative k-group.
More precisely, take a prime element wx of K. If char K = p, then K [m.n]

is canonically isomorphic to the affine k-group which associates every k-
algebra A the group @),, A. If char K = 0, let e = [K : FracW(k)] be
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the absolute ramification index of K. Then K™ is canonically isomor-
phic to the affine k-group which associates every k-algebra A the group

o Wy, nomei (A).

Let Ry be a pro-finite local ring on which p is invertible. Let ACh(K [mn]
Rg) (resp. ACh?(K™" Ry)) denote the set of all isomorphism classes of
invertible character Rg-sheaves (resp. non-trivial invertible character Ry-
sheaves) on K™ For a p'-coefficient ring (R, mp), let ACh(KI™" R)
denote the set lim R ACh(K!™" Ry), where Ry runs over all isomorphism

classes of injective local ring homomorphisms Ry < R from pro-finite local
rings Ry to R.

For four integers mi,mo,n1, and no € Z with m; < mo < no and
m1 < ny < ng, the canonical morphism K [m2ma] _ Imin] jpduces a map
ACh(K!mml R) — ACh(KIm2m2] R).

Definition 4.1. A non-trivial additive character sheaf of K with coeffi-
ctents in R is an element v in

[I lm ACKY(KM™ U R)

neZm<-n—1
When 1; €lim _ AChY(K!m=n=1] R) the integer n is called the con-
ductor of {/; and is denoted by ord 12
Let a € K with v (a) = v. The multiplication-by-a map
I :K[m—v,n—v] N K[m,n]
induces a canonical isomorphism
Ay - ACRO (K1) = ACKO (K Tm—vm =)
and hence an isomorphism

lim ACKO(KM™~U R) = lim  ACKO(K[™ -1 R).
P P

m<—n—1 m<—n—v—1

We denote by @Za the image of J by this isomorphism.
Let L be a finite separable extension of K. The trace map Try /i : L — K
induces the map
Tr} i : ACh(KI™ =1 R) —
ACh(L[_eL/Km_”L(DL/K)7_8L/Kn_”L(DL/K)_1]7 R).

We denote by J o Try/x the image of QZ by this map. We have ord (QZ o
Trr k) = er/gord ¢ +vr(Dp k).
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Lemma 4.2. Let k be a perfect field of characteristic p, and G = Gg
be the additive group scheme over k, ¢ : F, — R} a non-trivial additive
character, and Ly, the Artin-Schreier sheaf on G, associated to ¢o. Then
for any additive character sheaf L on G, there exists a unique element a € k
such that L is isomorphic to the pull-back of Ly,|q by the multiplication-
by-a map G — G.

Proof. This follows from Lemma 3.8 and [6, 8.3, Prop. 3]. O

Corollary 4.3. Let K be a p-local field and R a complete strict p’-coefficient
ring with a positive residue characteristic. Then for any non-trivial contin-
wous additive character ¢ : K — R* of conductor n. Then there exists a
unique non-trivial additive character R-sheaf zz of conductor n such that
for any a € K with vig(a) < —n — 1, we have

1/1((1) = Tr(FrE; 1;|K[’UK(L1),77171]),

where @ is the k-rational point of Klvx(@),=n=1]" corresponding to a. Fur-

thermore, ¥ +— 1 gives a one-to-one correspondence between the non-trivial
continuous R-valued additive characters of K of conductor n and the non-
trivial additive character R-sheaves of conductor n.

Proof. The only non-trivial part is the existence of the sheaf 1?[? When
char K = p, take a non-trivial additive character ¢y : F, — R with values
in a pro-finite local subring Ry. Then there exists a unique continuous 1-
differential w on K over k such that ¢(z) = ¢o(Try/r,Res(zw)) for all
x € K (Here Res denotes the residue at the closed point of Spec Ok).
Then for all m < —n — 1, the map = — Res(zw) defines a morphism
f o Klm—n=1] Gq,r of k-groups. The sheaf 1;|K[m,7n71] is realized as the
pull-back of the Artin-Schreier sheaf on G, associated to ¢o.

When char K = 0, fix a non-trivial continuous additive character 1y :
Qp — R* with ord )y = 0. For each integer n > 1, let Q][[,_n’_l] is canonically
isomorphic to the group of Witt covectors CW,, r, of length n. Then the
morphism 1 — F : CW, r, — CWy,r, and the character ¢y defines a non-
trivial additive character R-sheaf {/;0 of conductor 0. There exists a unique
element a € K™ such that ¢ (x) = ¢o(Trg g, (az)) for all z. Then the sheaf

¢ is realized as (g o Tr/g,)a- O
Corollary 4.4. Let K be a p-CDVF with a residue field k.

(1) Suppose that char K = 0. Let Ky = FracW (k) the mazimal abso-
lutely unramified subfield of K and let Koo = FracW(F,). Fiz a
non-trivial additive character sheaf 1;0 on Kog. Then for any non-
trivial additive character sheaf b on K, there exists a unique ele-
ment a € K* with

v (a) = ord ¢ — vr(Dg/K,) — ex/K, - ord Po
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such that for all m € Z with m < ord @Zo — 1, the sheaf

w‘K[meK/KO +eK/K0 -ord Jo—ord 17)',—0rd 1’;—1]
is the pull-back of 120 by the morphism

K[meK/KO +er /K, ord {bvo—ord {Z;v,—ord {/;—1]
4, KglveDrykg)+mer /g —vi(Pi/ry)—er /K, -ord po—1]

Tr) K, [m,—ord o—1] [m,—ord ¢ —1]
— K, — Ky :

(2) If char K = p > 0, take a prime element g in K and set Koy =
F,((7k)). Fiz a non-trivial additive character sheaf 1o on Koo.

Then for any non-trivial additive character sheaf @Z on K, there
exists a unique element a € K* wz;th vi(a) = ord ¢ — ord ¢y such
that for all m € Z with m < —ord vy — 1, the sheaf

w‘K[erord ;Z‘;Oford 1), —ord 1,;71]
is the pull-back of 120 by the morphism
K[m—&-ordlzo—ordw,—ordlz—l} a, K[m,—ordag—l] - K([)’Vé%—ordlzo—l}'
g

4.2. A map from the Brauer group. There is a canonical map 0 :
Br(K) — H'(k,Q/7Z). Let us recall its definition: we have

Br(K) =|JBr(L/K),
L
where L runs over all unramified finite Galois extension of K in a fixed

separable closure of K and Br(L/K) := Ker (Br(K) — Br(L)). We define
0 to be the composition

Br(K) = lim H*(Gal(L/K),L*) — lim,  H*(Gal(L/K),Z)

—L,Inf

Ztim, | HY(Gal(L/K),Q/Z) = H'(k,Q/Z).
By local class field theory, the following lemma holds.

Lemma 4.5. Suppose that k is finite. Then the invariant map inv : Br(K) =
Q/Z of local class field theory is equal to the composition

Br(K) % HY(k,Q/Z) % Q/Z

where ev : H'(k,Q/Z) = Q/Z denotes the evaluation map at Fry. O
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Let x : Wi — R* be a character of Wy of finite order n, and let « € K*.
Take a generator ¢ € R* of Im x. Let L be the finite cyclic extension of K
corresponding to Ker yx, Let o € Gal(L/K) be the generator of Gal(L/K)
such that x (o) = ¢. Then the cyclic algebra (a, L/K, o) defines an element
[(a, L/K,0)] in ,Br(K). We identify H'(k,Z/nZ) with Hom(G}y, u,,(Qp))
by the isomorphism Z/nZ — p,(R), 1 — (, and regard 0, ([(a, L/ K, 0)])
as a character of Gy of finite order. This character does not depend on
the choice of ¢, and is denoted by x|, : G — R*. It is well-known that
(x,a) — X]a] is biadditive with respect to x and a. If R’ is another complete
strict p’-coefficient ring and if h : R — R’ is a local homomorphism, then
we have X[a] DR R = (ho X)[a]'

Corollary 4.6. Suppose that k is finite. Let x be a character of Gg of
finite order, and let a € K*. Then we have

Xa) (Fr) = x(rec(a)).

The following lemma is easily proved:

Lemma 4.7. Let x : Wi — R* be an unramified character of Wy of finite
order. Then, for a € K*, we have X[a] = X®”K(“). O

Let x : Wi — R be an arbitrary character of Wy . Then there exists
an unramified character x; and a character x2 such that xo mod mf is of
finite order for all n € Z~g and that y = x1 ®g x2. For a € K* define
X[a) : Wk — R™ by

X[q] = X9 o (lim(x2 mod mi)).

n
This does not depend on the choice of x; and yo. By definition, we have
Xjaa') = X[o] @R X[o'] a0d (X @R X')[a] = X[a) ®R X[y)-

Lemma 4.8. Ifa € 1 + mg, then the character x|, is finite of a p-power
order.

Proof. We may assume that x mod mf is of finite order for all n € Z~. Let
L, be the finite cyclic extension of K corresponding to Ker (x mod m%).

There exists a p-power N such that ¥ € 1 + mi?(X). Since 1 + m?(X) is

contained in N, /i (Ly ), the character x[,n) is trivial. This completes the
proof. O

4.3. Serre-Hazewinkel’s geometric class field theory. For any finite
separable extension L of K, let Uz, Uy, ,,, and U }Jn) denote the affine commu-

tative k-group schemes which represent the functors which associate to each
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k-algebra A the multiplicative group (Ra®g, OL)*, (Ra®pg, Or/m?), and
Ker[(Ra®r, 0L)* — (Ra ®g, Or/m?)*], respectively.

Let L be a totally ramified finite abelian extension of K. Then the homo-
morphism Uy — Uy of affine k-groups induced by the norm is surjective,
and if we denote by B the neutral component of is its kernel, then by [3,
p. 659, 4.2] the kernel of the induced homomorphism

UL/B — Uk

is canonically isomorphic to the constant k-group Gal(L/K).

The isomorphism is realized as follows: take a prime element 7 of L, then
for o € Gal(L/K), o(w)/m defines an element of U (k) of norm 1. Since the
image of o — 1 : U, — Uy is connected, the class of o(m)/m in U /B does
not depend on the choice of 7, which we denote by class(o). For 01,09 €
Gal(L/K), it is easily checked that class(oq)-class(o2) = class(o102). Hence
o class(o) defines a group homomorphism Gal(L/K) — U /B.

Suppose further that L/K is cyclic. Let o be a generator of Gal(L/K).
Then, by Hilbert 90, B is equal to the image of

1—0:Up —Ujg.

4.4. Local gg-character for rank one objects. Let 1Z be an additive
character sheaf of K. Let (Rp, mp,) be a pro-finite local subring of R such
that Ry — R is a local homomorphism and that {bv is defined over Ry.

In this subsection we attach, for every rank one object (x, V') in Rep(Wx,
Ry), a rank one object €y r(V, ) in Rep(Wy, R), which we call the local £o-
character of V.

For each integer m € Z, let K™ denote the affine k-scheme @nK [mn],
This represents the functor associating for any k-algebra A the set
RA@)ka% Take a prime element 7 of K and let m, ;"™ : Klm.oo] _, [l0,09]
be the morphism defined by the multiplication by 7™. The inverse image
of Ux C K0 by T is an open subscheme of K [m.20] which we denote
by KY=™. This does not depend on the choice of 7.

For m,n € Z, the multiplication map defines a morphism K=" x K"=™ —
Kv?=m+n of k-schemes. This defines a structure of commutative k-group
scheme on the disjoint union [],,, KY="". There is a canonical exact sequence

1—>UK—>HK”:m—>Z—>O,

where Z is a constant k-group scheme.

Now we shall define, for every rank one object x in Rep(Wk, Ryp), a
character sheaf £, on [],, K"=™.
(1) First assume that x is unramified, let £ be the invertible Ro-sheaf on
Spec (k) corresponding to x. Define an invertible Ry-sheaf £, on [],, K*=™
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by

£x|K”:m — 7_‘_m,>k(£/x)®m7
where 7" : KV=™ — Spec (k) is the structure morphism. It is easily checked
that £, is a character sheaf.
(2) Next assume that y is a character of the Galois group of a finite sep-
arable totally ramified abelian extension L of K. Consider the norm map
1L, L=™ — 11,, Kv"=™. It is surjective and the group of the connected
components of its kernel is canonically isomorphic to Gal(L/K). Hence we
have a canonical group extension of [],, K*=™ by Gal(L/K). Define L, to
be the character sheaf on [],, KV~ defined by this extension and .
(3) Assume that x is of finite order. Then x is a tensor product xy =
X1 ®R, X2, Where x1 is unramified and x» is of the form in (2). Define £,
to be Ly, @Ry Ly, -

Let L/K be a finite abelian extension such that x factors through
Gal(L/K). Let Ly be the maximal unramified subextension of L/K. From
the norm map L'=! — ngl and the canonical morphism ngl ~ K=l gy,
kr — K=! we obtain a canonical etale Gal(L/K)-torsor T on K"=!. The
following lemma is easily proved.

Lemma 4.9. L, |gv=1 is isomorphic to the smooth Ry-sheaf defined by T
and x. O

Corollary 4.10. The sheaf L, does not depend on the choice of x1 and
X2- Ol

(4) General case. For each n € Zso, xn := x mod m} is a character of
finite order. Define £, to be (Ly,, )n-

Corollary 4.11. Let x1, x2 be two rank one objects in Rep(Wg, Ry). Then
we have an isomorphism Ly, vo = Lyy @Ry Lys- O

Lemma 4.12. Let s = sw(x) be the Swan conductor of x. Then the re-
striction of L, to Uk is the pull-back of a character sheaf L, on Uk s11.
Furthermore, if s > 1, the restriction of Ly ® Ryo/mp, to U[(?)/UI((SH) is
non-trivial.

Proof. We may assume that x is of the form of (2). Let L be the finite
extension of K corresponding to Kery, 7y a prime element in L. For the
first (resp. the second) assertion, it suffices to prove that there does not
exist (resp. there exists) o € Gal(L/K) with o # 1 such that o(7z)/7p, lies

N
in the neutral component of the kernel of the map Up, LK, Uk — Uk s+1,
which is easy to prove. (|

Lemma 4.13. For a € K*, let a : Spec (k) — Uk be the k-rational point
of Uk defined by a. Then a*Ly is isomorphic to X[q)-
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Proof. We may assume that y is of the form of case (1) or (2). In case
(1), The assertion follows from Lemma 4.7. In case (2), let L be the finite
extension of K corresponding to Ker x. Take a generator o € Gal(L/K)
and let us consider the cyclic algebra (a, L/K, o). This is isomorphic to a
matrix algebra over a central division algebra D = D(, 1/ ) over K. The
valuation of K is canonically extended to a valuation of D. Let Op denote
the valuation ring of D, kp the residue field of D. There is a maximal
commutative subfield of D which is isomorphic (as a k-algebra) to a subex-
tension of L/K. Since L/K is totally ramified, kp is a commutative field.
Let mp be a prime element of D. The conjugation by 7p; x — 7751337@
defines an automorphism 7 of kp over k. It is checked that the fixed field
of 7 is equal to k. Hence kp/k is a cyclic extension whose Galois group is
generated by 7. Let Kp is the unramified extension of K corresponding to
kp/k. Then D ® x Kp is split. Hence there exists an element b € (Opx,)*
such that a = N, /i, (D)
Consider the following commutative diagram:

1 —— (Kp)* —— GL,(Kp) —— PGL,(Kp) —— 1

7JKDl %vKDodetl l

0O— Z — Q —_ Q/zZ — 0.

By [9, X, § 5], (a,L/K, o) gives a canonical element in H'(Gal(Kp/K),
PGL,(Kp)) whose image by the canonical map

HY(Gal(Kp/K), PGL,(Kp)) — H'(Gal(Kp/K),Q/Z) 25 H'(k,Q/Z)
is equal to 9([(a, L/ K, 0)]).
By definition, (a,L/K,0) = @7 L - o’ with o™ = a, ax = o(z)a for
z € K.Let . : LKp — Endg,, (LKp) be the canonical homomorphism. Let
¢ : (a,L/K,0) ®k Kp = Endg, (LKp) be the Kp-algebra isomorphism
defined by ¢(z) = v(x) for x € LKp and by ¢(a) = ¢(b) - 0. It is easily
checked that the composition

-1
Topor lo¢ ! Endk,(LKp) *— (a,L/K,0)®K Kp
™ (a,L/K,0) 9K Kp

% Endg,, (LKp) = Endg (L) @K Kp

L EndK(L) KK KD = EndKD (LKD)

is a K p-algebra automorphism which is identity on «(LKp) and which sends

o to @G. By Skolem-Noether theorem, there exists an element ¢ € LK

such that %b) = @ and that 7o @ o771 0 ¢! is the conjugation by ¢(c).
Then x|, is the inflation of the character of Gal(kp/k) which sends 7 to

(VI Ep (©), Hence the assertion follows. O
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Let s = sw(x) be the Swan conductor of x and set m = —s — ord¢) — 1.

Then the character QZ defines an invertible character Ry-sheaf J[m’*oid 1]
on Klm—ordv—1] The sheaf L, is a pull-back of a character sheaf £, on

[Ly Ko=™ U™ Let
i Kv:m/U(8+1) AN K[m,fordizfl}

be the canonical inclusion and let f : K"=" /U (+1) Spec (k) be the

structure morphism. Define the p-character £y r(X, QZ) to be the rank one
object in Rep(Wy, R) corresponding to the invertible Ry-sheaf

gO,R(X? QZ) =
det gy (RA((Lxl e yie+0) " @R 949" s 4 1) (0rd ).
K
Here [ ] denotes a shift in the derived category and () is a Tate twist.

Proposition 4.14. Let
F 1= Exlivmm ge0)® ™ @ 7).

(1) Suppose that s = 0. Then R'AF = 0 for i # 1 and R'AF is an
invertible R-sheaf on Spec (k).

(2) Suppose that s = 2b— 1 is odd and > 1. Let f': K”:m/Ul(ngl) —
K”:m/UI(?) be the canonical morphism. Then R'f|F = 0 for i #
2b and there exists a k-rational point P in K“:m/UI(f) such that
R® fiF is supported on P whose fiber is free of rank one.

(3) Suppose that s = 2b is even and > 2. Let [ : K”:m/Ul(gﬂ)
K= m/ D) be the canonical morphism. Then R'f{F =0 for i #
2b—-2 and there exists a k-rational point P in KV=™ /Uy, such that
R®=2fF is supported on the fiber A = Al at P by the canonical
morphism

Kv m/U(b"Fl Kv:m/UI(?)
and that R*®“2fF|4 is a smooth invertible R-sheaf on A, whose
swan conductor at infinity is equal to 2.

Proof. The assertions (1) and (2) are easy and their proofs are left to the
reader. We will prove (3). We may assume that k is algebraically closed.

For any closed point @ in K“:m/UI({SH), the pull-back of F by the
multiplication-by-@) map

b+1 /U(s+1 szm/UI((SJrl)

is an invertible character Rg-sheaf, which we denote by Lgq.
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There exists a unique k-rational point P in KV="/U I(?) such that Lg
is trivial if and only if @ lies in the fiber A = A}f at P by the canonical
morphism K”:m/U[(?H) — K”:m/UI(?). By the orthogonality relation of
character sheaves, R'f/F = 0 for i # 2b — 2, R?*~2fiF is supported on A
and G = R?®2f{F|, is a smooth invertible R-sheaf on A. Take a closed
point Py in A € K=/UL™ and identify A with UL /U™ =~ G, by
Py. The sheaf G is has the following property: there exists a non-trivial
invertible character sheaf £; on G, j such that GG = o*G ® p* L1, where
a, it Gar X Ggp — Ggp denote the addition map and the multiplication
map respectively.

If p # 2, then let f : G, — G, denote the map defined by = %2
Then G ® f*L; is an invertible character sheaf on G, ;. Hence the swan
conductor of G at infinity is equal to 2.

It remains to consider the case p = 2. Let Wy, be the k-group of Witt
vectors of length two. Let G’ be the invertible sheaf on Wy, defined by
G = a{G @ aiL, where a; : Wy — G, are k-morphisms defined by
(330, :L“l) = I;.

Then the sheaf G’ is an invertible character sheaf on Wy . There ex-
ists an element a € Wa(k)* such that the pull-back a*G’ of G’ by the
multiplication-by-a map is trivial on the finite etale covering 1 —F : Wy}, —
Wo i, of Wa .. Since G is isomorphic to the pull-back of G’ by the Teichmiiller
map G, — Wa, the assertion of the lemma follows from direct compu-
tation. O

Lemma 4.15. For a € K*, we have

E0.r(X: Ya) = X(a] @R E0,8 (X Ya) @R R(vk(a)).
Proof. 1t follows from Lemma 4.13. U

4.5. Ag-characters. Let L be a finite separable extension, and 1; an ad-
ditive character sheaf on K.

Let V = Ind)*1 € Rep(Wk, R), and Vg = IndjjX1 € Rep(Wk,C).
Since V¥ +det Ve — ([L : K]+ 1)1c is an real virtual representation of Wy
of virtual rank 0, we can define a canonical element

SWQ(V([?) S QBT’(K)
as in [2, 1.4.1]. Let swo g(V{) be the rank one object in Rep(W, R) induced
by da(swo(VY)) € H(k,Z/2Z) and the map Z/2Z — R*, n + (—1)".

Next we define g (det V,1). When det V' is unramified, we denote by the
same symbol detV the rank one object in Rep(Wy, R) corresponding to
det V and set £g(det V, ) := (det V)% @ R(—ord4)). When det V is

not unramified, we set £z(det V, ) := €o,r(det V, ).
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Definition 4.16. Define the rank one object A\p(L/K, 1) in Rep(Wj, R)
by

AR(L/K,§) = swar(VE) @r Er(det V,9)® " @p det(Indy” 1)
@rR (3(vr/x(dryx) — aldet Vi) — ord 9)
where a(det Vi) is the Artin conductor of det V.
The following lemma is easily checked:

Lemma 4.17. Suppose that k is finite. Let ¢ : K — R™ be the additive
character corresponding to 1. Then we have

AR(L/K ) (Fry) = (—1) i Lt g (LK ).
O

4.6. Local gg-characters of representations of G whose images
are finite. Let R be an algebraically closed field of positive characteristic
# p. In this subsection we shall define, for an object (p, V) in Rep(Wg, R)
such that Im p is finite, a rank one object £y r(V, ) in Rep(Wp, R), which
is called the local £g-character of V.

Let L be the finite Galois extension of K corresponding to the kernel of
p and let G = Gal(L/K).

By Brauer’s theorem for modular representations (cf. [8]), there exist sub-
groups Hy,- -+, Hy, of G, characters x1,- -+, xm of Hi,- -+, H,, and integers
ni, - ,Nm € Z such that p =3, niIndgixi as a virtual representation of
G over R. Let K; be the subextension of L/K corresponding to H;.

Define & r(V, ) by

o,r(V, ) = QR)(Eo,r(xi» ¥ 0 T, /i) @ Ap(Ki /K, )™

7

Lemma 4.18. The sheaf €9 r(V, 1;) does not depend on the choice of H;,
Xi and n;.

A proof of this lemma is given in the next two subsections.
The following two lemmas are easily proved.

Lemma 4.19. Let x be an unramified rank one object in Rep(Wk, R) of
finite order. Then

gO,R(V R X, 1;) ~ gO’R(V" 1;) QR X®sw(V)+rank V-(ord{/;Jrl)'

Lemma 4.20. Let
0=V -V -V"-0
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be a short exact sequence of objects in Rep(Wi, R) with finite images. Then
we have N N B
go.r(V,¥) Z & r(V', ) @ & r(V", ).
O

4.7. A-structures. For any ring A of characteristic p, let R4 denote
W(A) (resp. A) if K is of mixed characteristic (resp. of equal character-
istic). When A is a subring of k, we regard R4 as a subalgebra of Ok in
canonical way.

If char K = 0, a prime element 7 of K is called A-admissible if the
minimal polynomial of mx over Frac W (k) has coefficients in R4 and has
the constant term in pR;.

If char K = p, any prime element 7wx of K is called A-admissible.

Lemma 4.21. For any prime element wy of K and for any positive integer
N € Z~g, there exists a finitely generated Fy-subalgebra A C k and an A-
admissible prime element g of K congruent to wp modulo m]I\(].

Before proving this lemma, we prove the following lemma;:

Lemma 4.22. Let K be a p-CDVF, and f(T) € Ok[T] a polynomial.

Suppose that xg € O satisfies f'(xo) # 0 and f(xg) € mQUK(fI(IO))H. Then
K (f'(2)+1

there exists a unique element x in Ok such that r = o mod m}}

and that f(x) = 0. Moreover we have vi (f'(x)) = v (f'(x0)).

Proof. We prove the lemma using induction. Put v = vg (f’(x0)). It suffices

to prove the following statement:

If n > 2v and if an element yg € Ok satisfies yyg = ¢ mod m”“.

and f(yo) € ml, then there exists an element y € Ok Satlsfylng
y=yo mod my ”and f(y) € m’}gH Furthermore, the class of such
y modulo m?{““ is unique.

1

Since yg = ¢ mod m”Jr , we have

f'(yo) = (950) #0 mod my .
Hence ]]f ((?Z )) is an element in m%". Then the polynomial f(yo + JJ: ((yo))T) is

congruent to f(x) + f(z)T modulo m;"!. Hence the assertion follows. [

Proof of Lemma 4.21. We may assume that charK = (. Take an arbitrary
prime element 7% of K. Let f(T) =T+ Y72, L a;T* be the minimal poly-
nomial of 7 over Ko = Frac W (k). Set M = max{N, vk (Dg/k,)+1}. For
each i, write a; € W (k) as the form of a Witt vector a; = (0,a;1,ai2,...).
Define a; € W (k) by a; = (0,ai1, ... @i Mo Dy e, ) O - - ) and let g(T') =
T¢ + Ef o a/T". By Lemma 4.22, there exists a root 7x of g(T') such that
T =7 mod m¥.
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Let A be the Fp-subalgebra of k generated by
{aij;0<i<e—1,1<j<M+vg(Dgk,)} U{agy}-
Then 7g is A-admissible. O

For an A-admissible prime element 7x of K, let R A denote the sub-
algebra Ra[[rk]] of Ok.

There exists a canonical morphism R A — A. The following lemma is
easily checked:

Lemma 4.23. (1) Let any n € Zsg, x € RA,,,K Nmi, and y € k
the class of . Then there exists a positive integer m satisfying
K
yP" € A.

(2) An element in RA,wK is invertible if and only if its canonical image
in A is invertible. _
(3) If A is perfect, then Rgr, N W =7 - RA 7.
O

In a manner similar to that in the proof of Lemma 4.22, we have:

Lemma 4.24. Let f(T) € Ra i [T] be a polynomial. Let v be a posi-
tive integer. Suppose that xo € Ra i satisfies f'(xg) € TFK(RA ) and
f(zo) € 7r2”+1RA 7 - Then there exists a unique element x in RA e Such
that © = zo mod 7% Ra . and that f(z) = 0. Furthermore we have

F(x) € m%(Ram )" O

Let m,n € Z be two integers with m < n. When char K = p, let R[m "]
denote the affine A-group scheme which associates to any A-algebra A’ the
group

n .
{Z CLﬂT}(; a; € A/}.
i=m
There exists a canonical isomorphism of k-groups RETWZJ Qa k =2 Klmnl,

When char K = 0, let Ky = FracW (k) and e = [K : Kj). Let EE&TZJ denote
the affine A-group scheme which associates to any A-algebra A’ the group
e—1
@ W1+Ln—:1—iJ (A/)
i=0

Then the multiplication by 7™ induces a canonical isomorphism of k-

groups R[ ]® k =~ Klmnl,
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Definition 4.25. Let L be a finite separable totally ramified extension
of K of degree d. Let A be a subring of k, mg an A-admissible prime
element. A prime element 77, of L is called (A, 7 )-admissible over K if the
minimal monic polynomial f(7) € Og[T] of 7y, satisfies the following two
conditions:

o f(T) e T+ mRar T) and f(0) € mx(Rar,) .

o Set f(mp+T) =T+ Z?;ll a;T*. For each i, let b; = Np/k(a;) and
v; = vk (b;). Then for any ¢ such that (i,vx(a;)) is a vertex of the
Newton polygon of f(np +T), b; € W%(RA’WK)X.

Definition 4.26. Let L/K be a finite Galois extension. Let Ly be the max-
imal unramified subextension of L/K. A pre A-structure of L/K consists
of the following data (7x, B, 7L):

e 7 is an A-admissible prime element in K.

e B is a finite etale A-subalgebra of kr, such that B®4 k = kp,.

e 7 is a prime element of L which is (B, g )-admissible over L such
that all Gal(L/K)-conjugates of 7, belong to WL(EBJL)X.

Definition 4.27. An [Fp-algebra A is good perfect if A is isomorphic to the
perfection of a smooth IF,-algebra.

Lemma 4.28. For any finite Galois extension L/K as above, there exists
a good perfect Fy-subalgebra A of k and a pre A-structure (ni,B,7r) of
L/K.

Proof. By Lemma 4.21, there exists a subring A; of k which is finitely
generated over F, and an Aj-admissible prime element mg of K. Since
ki is a finite separable extension of k, there exists a monic polynomial
g(T) € k[T] such that kr, = k[T]/(g(T)) as a k-algebra. Let Ay be the
subring of k obtained by adjoining all coefficients of g(7") and by inverting
the discriminant of g(7). Then there exists a finite etale As-subalgebra Ba
of kr, such that By ®4, k = kr.

By Lemma 4.22, there exist a finitely generated Bs-subalgebra Bjs of kf,
and a prime element 77, of L such that the minimal polynomial f(7T) € L[T]
of my, over Lg has coefficients in EB:SJTK' There exists a finitely generated
Bs-subalgebra By of k, such that 7y, is (By, 7 )-admissible. By Lemma 4.23
(2) and Lemma 4.24, there exists a finitely generated By-subalgebra Bs of
k such that (77, B* ) satisfies the third condition of Definition 4.26.

Take a finite set of generators y1,...,y, € Bs of the Bs-algebra Bs. Let
As be the As-subalgebra of k obtained by adjoining all coefficients of the
minimal polynomials of all y; over k. There exists a non-empty affine open
subscheme Spec (Ag) of Spec (A5) which is smooth over F,,. Let Bg be the
subring of kr, generated by A and Bs. Since Bg is etale over I, B is regular.
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In particular Bg is normal. Hence Bg contains all y; and 7, is (Bgerf, TK)-
admissible. We put A = Agerf and B = Bgerf. Then (7x, B,7L) is a pre
A-structure of L/K. O

Lemma 4.29. Let (nx,B,nr) be a pre A-structure of L/K. Then for
any ring homomorphism from A to a perfect field k' of characteristic p,
Ky = (RA’WK&’ZRARIC’)[%] is a p-CDVF with residue field k'. Decompose
B ®a k' into a direct product []; k. of a finite number of finite separable
extensions of k'. Then Ly = (Rpy [ﬂ'L]@RARk/)[%] is a direct product
II; Ly, where Ly is a finite separable extension of Ky with residue field
k. The scheme Si/i)ec (L) is an etale Gal(L/K)-torsor on Spec (K ). Fur-
thermore, for each i and for each n > 0, the lower numbering ramification
subgroup Gal(Ly, /Ky )n is canonically identified with Gal(L/K)y.

Proof. All assertions are clear except the last one.

Let Lo be the maximal unramified subextension of L/K and f(T) €
Lo[T] the minimal polynomial of 7z over Lg. Then last assertion holds
because the Herbrand function of L/Lg is completely determined by the
Newton polygon of f(T + nz) € L[T]. O

Let L/K be a finite totally ramified abelian extension of p-CDVFs. Let
n € Zxo be a non-negative integer such that the Herbrand function ¢,/ (v)
is linear for v > n. Let N /g : UL,¢L/K(TL)+1 — Uk n+1 be the morphism
of affine k-group schemes induced by norms, B,, the neutral component of
the kernel of Ny /-, and Vi, /i ,, the quotient group UL,wL/K(n)H/Bn- Then
the kernel of the canonical morphism 81k : Vi kn — Ukn+1 is canoni-
cally isomorphic to the constant group scheme Gal(L/K). In particular the
morphism 3y ,, is finite etale.

Let (mg,A,mr) be a pre A-structure of L/K. Let Uk 4 (resp. Up a)
be the A-group scheme (R4 . )" (resp. (Rax,)*). We define Uk ni1,4
and Uy, Jr(n)+1,4 for n € Z>o in a similar way. There exists norm maps
Upa — Ugk,a and UL,wL/K(n)H,A — Uk n+1,4 which are homomorphisms
of affine A-group schemes.

Definition 4.30. Let notation be as above. A pre A-structure (wx, A, 7r)
of is called good if there exists an affine A-group scheme Vy f ;,, 4 and ho-
momorphisms

Yo knA ULy cm)+1,4 = Vigkn,as Br/kna s Vijkna = Ukni1,4

of A-group schemes which satisfy the following four conditions:

e The composition 81, /k n 4 © V1K 4 15 equal to the norm map.
e The morphism Sy ,, 4 is finite etale.
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e The homomorphisms

YL/Kn,A BL/K n,A
Ur 41,44k ————— Vi gna®ak ——— Ukni1,A®@ak
WL/ K ) M,

are canonically identified with the homomorphisms

BL/K,n
ULv"/’L/K(n)Jrl - VL/K,n ’ UK,n+1~

e For any ring homomorphism A — B, the homomorphism
PViyrina Oviycna) @4 B = ULy, o) a) Ovp g ya) @4 B
induced by V7, /i n,4 is injective.

Lemma 4.31. There exists a good perfect subring A of k and a good pre
A-structure (ng, A,7r) of L/K.

Proof. By Lemma 4.28, there exists a good perfect subring A; of k and a
pre Aj-structure (7, A1, 7r) of L/K. Let us denote the coordinate rings
of Uk n+1,A: UL#,L/K(H)H’AI and Vi, by Ck a,, Cp 4, and Cy, respec-
tively. There exist canonical injective ring homomorphisms

Cr.a, @Ak — Cy — Cpa, ®@a, k.

We regard Cy as a subring of Cf, 4, ®4, k by the latter homomorphism.
The rings Ck 4, and Cp, 4, are each isomorphic to polynomial rings over
Ay with finitely many variables. So we write Cx 4, = A1[z1, 22, -, T,
and Cr, 4, = A1[y1,y2, -, Ym]. The ring Cy is finite free as a Cx 4, @4, k-
module. Take a Cx 4, ®4, k-basis by, ..., b, of Cy. There exist n’ mono-
mials s1,...,8, of y1,...,yn such that the matrix (c;;) of coefficients of
si in bj € Ai[y1,Y2, -, Yny| is invertible. Let I be the kernel of the homo-
morphism ¢ : Ck 4, ®a, k[z1,- -, zy] — Cy which sends z; to b;. Take a
generator fi,..., fur of I. Then the image of the determinant of the matrix
(%) by ¢ belongs to B*.

There exists a finitely generated Ai-algebra A which satisfies the follow-
ing seven properties:
For all i, b; € CL,Al XA, A.
The determinant of the matrix (c;;) belongs to A*.
For all i1, io, bilbig S Ej CK,A1 XAy A- bj.
For all i, f; € Ck A, ®a, Alz1,--+ , 2n/].
The image of the determinant of the matrix (%) by ¢ belongs to
(D, Ck,a, ®a, A-b;)*.
o Let

A : CV - CV ®k: CV = @(CK,Al ®A1 CK,Al) ®A1 k : b’il ® biz

11,02
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be the morphism induced by the group law of Vy /. ,,. Then A(b;) €
(CK,Al X4, CK,AI) ®Aa,; A- bi1 &® bz‘Q.
e Let S : Cy — Cy be the morphism induced by the inverse mor-
phism of Vi k. Then S(b;) € @; Ck .4, ®a, A-b;.
Put

Cya= @C'K,Al ®a, A-b;.

This is a finite etale Cx 4, ® 4, A-algebra. There exists a canonical structure
of A-group scheme on Vi, 4 = Spec (Cy,a). It is easily checked that this
A and VI, , a satisfy the desired properties. O

Definition 4.32. Let L/K be a finite separable extension, An A-structure
of L/K is a pair (B, (mp)am) which satisfies the following conditions:

e B is a finite etale A-subalgebra of k7, such that B ®4 k = ky.

e (mpr)nr is a system of a prime element 7y, of M, where 7y, runs
over all subextensions of L/K.

e For any two subextensions M, My of L/K with My D M, let
By, (i = 1,2) be the finite etale A-subalgebra of B corresponding
to the residue field kpz, of M;. Then (may,, Bk’M2 , M, ) is a pre Ble—
structure of My /M.

e For any two subextensions M, My of L/K with Ms D M such
that Ma/M; is a totally ramified abelian extension, the pre By My
structure (mas,, By, » mas,) of Ma /My is a good pre By, -structure
of MQ/Ml.

By Lemma 4.28 and Lemma 4.31, we have:

Lemma 4.33. For any finite separable extension L/ K as above, there exists
a good perfect Fp,-subalgebra A of k and an A-structure (B, (mpr)ar) of L/ K.
O

Definition 4.34. Let L/K be a finite separable extension of p-CDVFs, Ry
a pro-finite p’-coefficient ring, and {/; a non-trivial additive character Rg-
sheaf on K. Let N > ordt be an integer. A pre A-structure (i, B,mr) of
L/K is called (N, v)-admissible if the following two conditions are satisfied:

e The sheaf 1) ] is the pull back of an invertible character

[-N,—ord ;;71]

sheaf on the A-group scheme REq N,—ord - 1

e There exists a unit b € A such that when K[~ ordg—1,~ord 1] i
identified with G, by using 7mx, the sheaf 1/1|K[ ord Tt —ord 1) 18
the pull-back of a non-trivial Artin-Schreier sheaf on GG,FP by the
multiplication-by-b map Gg 1 — G — Gaig‘p.
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Definition 4.35. Let L/K, Ry and @Z be as above. Let N be a sufficiently
large integer. An A-structure (B, (mar) ) of L/ K is called (N, 4))-admissible
if for any two intermediate extensions My, My of L/K with My D My, the
pre By, -structure (mar,, Basy, mas,) of Ma/M; is (N, 4 o Tr)-admissible.

Proposition 4.36. Let L be a finite separable extension of K, Ry a finite
p’-coefficient ring, 1; a non-trivial additive character Rgy-sheaf on K, and
N € 7Z an integer larger than ord 15 Then there exists a good perfect IF)-
subalgebra A C k and a (N,)-admissible pre A-structure of L/K.

Proof. By Lemma 4.28, there exists a good perfect Fp-subalgebra A; of
k and a pre Aj-structure (wg, By, 7)) of L/K. It is easily checked that
there exists a good perfect IF,-subalgebra As of k£ which satisfies the two
conditions in the definition of (NV, &)—admissibility. We may take as A an
arbitrary F-subalgebra of k which is the perfection of a smooth [F,-algebra
and which contains both A; and As. O

Corollary 4.37. Let L, Ry, and 12 be as the above proposition. Let N € Z
be a sufficiently large integer. Then there exists a good perfect F),-subalgebra

A C k and a (N,1)-admissible A-structure of L/K. O

Proposition 4.38. Let L be a finite Galois extension of K, Ry a finite
subring of R, {/; a non-trivial additive character Rg-sheaf on K, and x a
rank one object in Rep(Wg, Ry) which comes from an object in
Rep(Gal(L/K), Ry). Let N be an integer larger than ord ) + sw(x) + 1.
Let A be a smooth Fp-algebra, and let (B, (mp)ar) be a (N, V) -admissible

A-structure of L/ K. Let 14 be an invertible character sheaf on the A-group

[=N,—ordy—1] [-N,—ordy—

scheme RAJI’K whose pull-back on K ' 4s isomorphic to

¢|K[7N,ford v-1]" N
Then there ezists a smooth invertible Ro-sheaf €y r, a(X,1) on Spec (A)
which satisfies the following property:

For any ring homomorphism from A to a perfect field k' of char-
acteristic p, let Ky be as in Lemma 4.29. Let xir be the rank one
object in Rep(Wk,,, Ro) induced from the canonical homomorphism
Wk, — Gal(L/K) and x. Let U be the pull-back of ¥4 by the
canonical morphism

—N,—ord¢—1] ~, 5[-N,—ordyp—1 ~[-N,—ord —1
K,[c, mordy ]:R[Am(o ¥ ]®Ak'—>RE4JrKO v—1l

Then the pull-back of & g, a(x,%) on Spec (k') is the smooth in-
vertible Ry-sheaf on Spec (k') corresponding to €y r(Xk, V).
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Proof. Decompose y into the tensor product y = x1 ® x2 of two rank
one objects x1, x2 in Rep(Wg, Ry), both of which come from objects in
Rep(Gal(L/K), Rp), such that x; is an unramified and that the extension
K'/K corresponding to Ker y2 is a totally ramified cyclic abelian extension.
The etale A-algebra B and i induces a smooth invertible sheaf x; 4 on
Spec (A).

Let s = sw(xz2). For m € Z, let K™ (resp. (K 4)"~™) denote the
A-scheme Uk s11,4 (resp. UK’,wK//K(S)Jrl,A)' The scheme ][,,ez K{3™ =
Uk s+1,4 X Z (vesp. [ ez (K 4)
cal structure of an A-group scheme. The multiplication by 73 (resp. 7}%,) in-
duces a canonical isomorphism K¢ 7" ®ak = K”:m/UI((SH) (resp. (K 4)"""®a
L~ (K,)U m/U TZJK’/K(S)‘H))

The norm map Ny /g : : K’ — K induces a homomorphism N g JKA
ez (K 4)'™™ = 1mez K4™ of A-group schemes. By the definition of
good pre A-structure, there exists an affine A-group scheme [],, ;é/:/}‘( s A
and homomorphisms

YK'/K,s,A * H(KQ,A)U:m H //KSA

v=m

= UK,,¢K//K(S)+17A X Z) has a canoni-

meZ
and
BK! K5, H witesa— 11
meZ
of A-group schemes such that Br//k 4 © Vk1/ks,a = Ngrjk,a, that

Bk’ K,s,4 is finite etale and the kernel of B/ i s 4 is isomorphic to the
constant group scheme Gal(K’/K), and that for any A-algebra B, the ho-
momorphism

F(Vllé’:/mK,s,Av Oyo=m ) ®4 B — F(( g,A)U:ma O(K;yA)”:m) ®a B

K'/K,s,A

is injective. Let Ly, o be the invertible character sheaf on [[,,cz KJ3™
defined by B /K 5 4 and x2.
Let mg = —s—ord 1;—1 and let £, 4 be the invertible sheaf £X27A|K“jm0 ®

W*X(%Zfo on K™, where m : K™ — Spec(A) is the structure mor-
Let €0, ry,A(X, {5) be the invertible sheaf
_ ~ —®-1 s Tm,—ord —1 ~
0,10, (X, ) = det gy (RA((Ly, " @y 95" [s + 1] (0rd ).

It is easy to prove that this €y ry (X, 1;) has desired properties. O

Corollary 4.39. Let L, Ry, and zz be as the above proposition. Let N
be a sufficiently large integer. Let A be a good perfect Fp-algebra, and let
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(B, (mam) ) be a (N, )-admissible A-structure of L/K. Let 14 be an in-

—ord ¢—1]

vertible character sheaf on the A-group scheme R[ N, whose pull-

N,—ord )—1
back on KI=N:—ord¥=1 s isomorphic to w\K[iN:mdwil]. R
Then there exists a smooth invertible Ro-sheaf Ary a(L/K, 1) on Spec (A)
which satisfies the following property:

For any ring homomorphism from A to a perfect field k' of charac-
teristic p, let Ky be as in Lemma 4.29. Let vy be the pull-back of
Pa by the canonical morphism

K][CIN —ord¢— 1] NR[ N,—ord ¢—1] &4 [N R[ N, ordipY 1}

AT AT
Then the pull-back of XRO’A(L/K, ¥) on Spec (K') is the smooth in-
vertible Ry-sheaf on Spec (k') corresponding to A\r(Lys | Kgr,Yw).
Il
4.8. Proof of Lemma 4.18. Suppose that

p= Z niInd% Xi = Z n;-IndGJ/_ X;-
i J

Take a sufficiently large integer N € Z. Take a good perfect IF,-subalge-
bra A of k and a (¢, N')-admissible A-structure (B, (mar) ) of L/ K. Take an

=Sl— N —ord ¢—1]

invertible character sheaf ¢ A on the A-group scheme Ry whose

pull-back on K[-N.—ord¥=1l g jsomorphic to ¢|K We define,
in a canonical way, smooth invertible R-sheaves o g a(xi,? o Trg, k),
Eo.rA(X ¥ 0 Trgr /i) Ara(K[/K,¥), and Apa(K}/K,¥) on Spec(A)
whose pull-backs on Spec (k) correspond to &g, r(Xi, Yo Trg, /K ), ENO,R(X;', o
TrKJ/_/K), AR(K(/K,v), and Ag(K7/K, ) respectively.

Let €o,r,4(V,%) and & p 4(V,9) be two invertible sheaves on Spec (A)
defined by

o,ra(Vi0) = R (Eo,r,a(Xi ¥ 0 Trge, i) @ (K /K, b)) e

i

[-N,—ord 1,/)71] .

and

Z0.nA(Vo¥) = Q(Eo,ra (¥ 0 Trpgr i) @ Ar(KG /K, )"
J
Let x € Spec(A) be a closed point. We denote by k(z) (resp. iz) the
residue field at z (resp. the canonical inclusion) iy : © — Spec (A). Let
K, denote the field K () introduced in Lemma 4.29 for the ring homo-
morphism A — k(z). The canonical homomorphism Wx, — Gal(L/K)
and V defines an object in Rep(Wkg,, R) which we denote by V,. Then we
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have an isomorphism %o g 4(V, 1;) o z;?o ra(Vi @Z), since the main result
of [10] implies that both sides, as characters of W, ,), send the geomet-
ric Frobenius at 2 to (—1)™2kV+s%(V)g) p(V, 4,), where v, denotes the
additive character of K, corresponding to the specialization of zl; 4 at x.
Let Ap C A be a smooth Fj-subalgebra of A whose perfection equals A.
By the standard argument using Chebotarev’s theorem which states that
the geometric Frobenii at the closed points are dense in 71 (Spec (4o)) ([7,
Theorem 7]), we conclude that €y g 4(V, 1;) = 5‘67 ra(V, QZ) This completes
the proof. O

4.9. Local gp-characters of representations of Gk (field coeffi-
cients). Let R be an algebraically closed field of positive characteristic
# p. In this subsection we shall define, for an object (p, V') in Rep(Wg, R),
a rank one object o g(V, 1;) in Rep(Wy, R), which is called the local &p-
character of V.

First assume that V is irreducible. Then V is of the form V = V' ®p ¥,
where V"’ is an object in Rep(Wg, R) such that the image of Wg in GLg(V’)
is finite, and x is an unramified rank one object in Rep(Wg, R). Define
go.r(V, ¥) to be gO,R(V,JZ) @p x®W(V)trankV-(ord¥+1) By [emma 4.19,
co.r(V, QZ) is independent of the choice of V' and y.

For a general V, let V1,...,V, denote the Jordan-Holder constituents of
V' counted with multiplicity. Define £y r(V, %) to be @, o r(Vi, ).

4.10. Local gg-characters for torsion coefficients (totally wild ca-
se). Let (R,mp) be a complete strict p’-coefficient ring with a positive
residue characteristic and ) a non-trivial additive character R-sheaf on K.

Assume that p # 2. For x € K* with vg(z) +ordy = 2b+ 1 is odd,
define a quadratic Gauss sum sheaf 7. {/;(x) by

T3 (@) = €o.r(X—2,¢) ®r R(ord ),

where X-z Wg — R* is the composition of the quadratic character
Wix — {£1} corresponding to the quadratic extension K(,/—%) of K and
the canonical map {£1} — R*. The sheaf 7, {/;(:1;) does not depend on the

choice of  and depends only on the class of # € {z € K* |vg(2)+ord¢ = 1
mod 2} in (K*/1+mg) ® Z/2Z. Thus we can define 7, {E(m) for z € {x €

(K*/1+mg) ®z Z[L] | vk () + ord ¢ € 1+ 2Z[2]}.

Remark 4.40. Suppose that k is finite. Let ¢ : K — R* be the additive
character of K corresponding to . Then we have

;K,J(x)(Frk) = —Tr (),
where Tx () is the quadratic Gauss sum defined in [10, § 7.3].
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Definition 4.41. Let v € Qs¢, G = Wk, and let x € Hom(G"/G"*", R*).
Let K, be the extension of K corresponding to the stabilizing subgroup
of x, and k, the residue field of K,. Let r € Z be an integer such that

rv € Z. Define the Gauss sum part sheaf gr(x,®¥)®" of €. r-constant to be
the object in Rep(Wy, R) defined by

GrOG )™ = (Ar(K /K, $)*" @ R(=[ky : Klord (¢ o Trg, k)
R(—[ky : k]r - 152)
if p=2orp+#2andorde(v) <0,
R\ R(-lky Kl ) ©n Ty g (0500)°"
if p# 2 and ord9(v) > 0,

where w = €K, /K-

Let (p,V) be an object in Rep(Wp, R) which is pure of slope v and of
refined slope . As in [10, § 7], for w € Q, let N}¢ denote the set

NE ={z € K|vg(z) > w}/{x € K|vg(z) > w},

endowed with the canonical Wi-action. By [5, p. 3, Thm. 1] there is a
canonical isomorphism from Hom(G"/G"*, R) to the set of all isomorphism
classes of character sheaves on Nj- considered as a k-group scheme. This
isomorphism and the additive character sheaf ¢ induce a canonical isomor-
phism o : Hom(GV/GV*, Z/pZ) — N" ¥~ in a similar way as in [10,
§ 7].

Take a x € X, and let V' be the x-part of V. Then V' is an object in
Rep(Wk,, R).

Let K, be the extension of K corresponding to the stabilizing subgroup

of x, and k, the residue field of K,. We consider the element UJ(X) €

NI;y—ordw—l as an element in (K;:/l + me) K7z Z[%]

Definition 4.42. Let R be a p'-coefficient ring, and V an object in
Rep(G, R) which is pure of refined slope . We define the refined v-Swan
conductor rSWJ(V) € K*/1+4+mg by
_ rankV
swi(V) = Ny relop () a7

For an arbitrary object W in Rep(G, R), define rswqf/;(W) € K*/14+mg

by
I‘SWJ(W) = 1;‘/[1rsvv$(VVE )s

where
w=w'ePw*>
E/
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is the refined slope decomposition of W.

Lemma 4.43. The p-power map Homcont (W, R*) — Homeont (Wg, R*) is
surjective.

Proof. Tt suffices to prove that the p-power map H'(k, R*) — H'(k, R*)
is surjective. Since H?(k,Z/pZ) = {0} by Artin-Schreier theory, the map
H(k,(R/mg)*) — H(k,(R/mg)*) induced by the p-power map (R/mpg)*
— (R/mp)* is surjective. Since the p-power map 1 + mrp — 1+ mp is a
homeomorphism, it suffices to prove that the natural map H'(k, R*) —
Hl(k,(R/mpg)>) is surjective. Let £ be the residue characteristic of R. Then
the composition

H' (k. (R/mp)*) = H' (k,F ) — H'(k, W(F)*) — H'(k, B¥)
gives the right inverse of the last map. This complete the proof. O

Let Hom(W}, R*) be the quotient of Homeont (Wy, R*) by the subgroup
of the characters of p-power orders. For an object V' in Rep(G, R) which is

pure of refined slope ¥, define the gy-character of V to be an element in
Hom (W}, R*) defined by

Eo.r(V,¥) := ((det V/)[o;;(x)] o Ver%’;x)‘@—l ® gr(x, )2V’
Here Vermw/t is the transfer map.
X

Lemma 4.44. Suppose that R is a field. Then g g(V, V) is equal to the
class of €g,r(V, %) in Hom(Wy, R*).

Proof. We may assume that (p, V') is irreducible. Twisting V' by an un-
ramified character, we may assume that the image of p is finite. Take
a representative g9 gr(V,v) € Homeont (Wi, R*) of £0.r(V,9). Take a fi-
nite Galois extension L of K such that p factors through the finite quo-
tient G = Gal(L/K) of Wg. By Brauer’s theorem of modular represen-
tations, we may assume that V is of the form V = Ind%x for a sub-
group H C G and a character x of H. Let K’ be the subextension of
L/K corresponding to H. There exist a sufficiently large integer N €
Z and a good perfect Fp-subalgebra A of k£ and a (N, J)—admissible A-
structure (B, (mar)ar) of L/K such that we can define smooth invertible
R-sheaves &y a(V, ¥) and 50737 A(V,4) on Spec (A) whose pull-backs on
Spec (k) correspond to &g g a(V, ) and ?QR’A(V, 1), respectively. Then
for any closed point = € Spec(A), there exists an integer n, such that
ireo.rA(V, )P ixE0.rA(V; )®P" | where i : & — Spec(A) is the

canonical inclusion. By the construction of €y g a(V, 1;) and 507 rA(V, {/;),
there exists a positive integer n € Z~( such that n, < n for every closed
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point z € Spec(A). Since (g9 r(V, V) ®r go,R(V, )P~ 1)EP" s trivial by
Chebotarev’s theorem, this completes the proof. O

Definition 4.45. Define the local €y-character g r(V, 1;) to be the unique
continuous character Wy — R* satisfying

go.r(V,b) = Z0.r(V, %) in Hom(Wy, RX)

and
go,r(V,¥) mod mp =&o(V @r R/mpg, ).

Proposition 4.46 (cf. [10, Prop. 8.3] ). Let R be a strict p'-coefficient
ring, Ry a pro-finite subring of R, and V # {0} a totally wild object in
Rep(G, Ry). Then for every tamely ramified object W in Rep(G, Ry), we
have

Eo,r(V @r W, ) = (det W)[rsw;pv(V)] ® &o,r(V, i)k W,

Proof. We may assume that Ry is finite and that V is pure of refined
slope . Take x € ¥ and let K, be the finite separable extension of K
corresponding to the stabilizing subgroup of x.

Take a sufficiently large Galois extension L of K containing K, such that
V and W come from objects in Rep(Gal(L/K), Rp).

Take a sufficiently large integer N € Z. Take a good perfect IF,-subalge-
bra A of k and a (N, ¢)-admissible A-structure (B, (mar)ar) of L/K. Then
we can define, in a canonical way, smooth invertible R-sheaves £y g 4(V, {/;)
and g pA(VOW, ) on Spec (A) whose pull-backs on Spec (k) are identified
with €o.gr(V, J) and gy r(V @ W, 1;) respectively.

Let v € Qs¢ be the slope of V. Let K’ and L’ be the subextensions of
L/K,, corresponding to Gal(L/K,)*x/%" and Gal(L/K,)*x/%"" respec-
tively. Let vir = ¢ /i (v) and vy = ¥/ (v). Consider the homomor-
phism

a: L' /K vk : m;%'/qu%/ﬂ — ms mUKIf'H
defined by Ny g/ (1 +2) =1+ a: L'/K' vk Tt is easily checked that the
homomorphism « : L' /K’ vk is induced from a morphism
& N[guvvﬁf} ~[§K/71;K/]
k}{7 L’ k’K7 K/
of Bk/K-group schemes. By localizing A if necessary, we may assume that
is finite etale and Ker o is constant. Put A, = AkKX. Using the character

K/

sheaf on é[gi(,/ ’;TK/} and the sheaf 15 A,» we can define the A,-valued point of
K

the group scheme Hmez[l] Gm,a, which induces O'J(X). Using this, we can
p

define the refined swan conductor ISW A(V) of V' as a A-valued point of

the group scheme HmeZ[l] Gm, A, -
p
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On the other hand, we have an invertible character sheaf (det W)4 on
IL.cz Gm,a corresponding to det W. Thus we obtain an invertible sheaf
(det W)A,[rsw~A(V)] on Spec (A4) which induces (det W)pgw~(v)- Then we

W, "

have
i;gO,R,A(V ®R VV, {/;) = Zz <(det W)A,[rsw$A(V)} ® gO,R,A(V7 {/?)@rank W)
for all closed point i, : z < Spec (A). Hence the assertion follows. O

4.11. Local gyp-characters for torsion coefficients (tame case). Let
R be a complete strict p’-coefficient ring with a positive residue character-
istic.

Define the k-algebra Gr*K, Gr=°K and Gr K in a similar way to that
in [10, § 10.1]. Let ¢ be the residue characteristic of R, and set Ry :=
W (F¢(p,)). Let ¢po be a non-trivial additive character Ro-sheaf on K61
Let Ly, be the invertible Ro-sheaf on Spec (Gr=°K) corresponding to ¢
by the canonical isomorphism K[~ 2 Spec (Gr2°K).

Define schemes Xy, X, and X,,, groups G, I, and I,, and a smooth
Ro-sheaf [,Nﬁbo on Xy in a similar way to that in [10, § 10.1]. Put W,, :=
HN (X, [,Nﬁbo) Wy, is a free Ry[l,,])-module of rank one with a semi-linear
action of Gal(X,,/Xo).

Definition 4.47. Let (p,V) is a tamely ramified object in Rep(Wxk, R).
Let {p}) be a non-trivial additive character R-sheaf on K09,

For each n € Z, take a sufficiently divisible m such that W acts on
V ®@r R/m} via the quotient Ip,.

Define the R/mf,[W]-module & g/mn (V ®r R/mf, Yo, o) by

Eo.r/my (V ®r R/mp, 1o, do) := R/mp(rank V)
Bp/my, (V @r R/mp @ry Win)1,,
®R/mj&2 gO,R/m%((pa V)é\r @R E¢>0’ J/)(@_l

where {E’ is an additive character Rop-sheaf on Gr K of conductor —1 which
is the pull-back of ¢ by the canonical morphism

@-.K[fnvo] ~ K[Ovo] Xp + e K[Ll} Xk K[nvn] & K[Ovo] __1> K[Ovo]‘
Define g r(V, Yo, ¢o) by the projective limit
Zo.r(V, Yo, ¢o) := lim g p/mn (V ®p R/mp, Do, ¢o)-

Lemma 4.48. The character £y r(V, 12;0, ¢0) does not depend on the choice
of ¢o.
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Proof. We may assume that V, @Zo and ¢g are defined over a finite p/'-
coefficient ring Ry.

Let ¢f, : k — R{ be another additive character. Define the representation
W/, by

W, = HY(X, (TmeRo) @R, Z’%) € Rep(Gal(X,n/Xo), Ro).
Then we have a canonical isomorphism
HY(X,V @py L) = (V Oro Wi 1

There exists a unique element a € k* such that ¢'(z) = ¢(ax) for all

x € k. Take an element « € k satisfying o™ = a. Then the map X,, — X,

induced by the multiplication-by-a map mg /m% — mg/m% induces an iso-

morphism ¢ : W,,, & W/ of Ro[I,]-modules. Let o € Wy. Let [‘77;@)] €l
o (a) T

be the element corresponding to == € p,, (k) by the canonical isomor-

phism I, = w,,(k). It is easily checked that the action of o on W, is

identified with the action of o - [#] Hence the proposition follows from
Proposition 4.46. 0

4.12. Local gp-characters for torsion coefficients (general case).
Let R be a complete strict p/-coefficient ring with positive residue char-

acteristic and v a non-trivial additive character R-sheaf on K. For every
object V in Rep(Wxk, R), let V = V9@ @y, V* be the refined slope decom-
position of V' and set

Eo.r(V,Y) =20 r(V2,9) @ R E0,r(VE, ).
>

Then &y r(V, 1;) has the following properties:

(1) The isomorphism class of &y r(V, @Z) depends only on the isomor-
phism class of (p, V).

(2) Let R’ be another strict p’-coefficient ring, and h : R — R’ a local
ring homomorphism. Then we have

Eor(ViY) ®r R 2 ey p(Ver R,V or R).
(3) Suppose that there exists an exact sequence
0=V -V -V"=0

in Rep(Wk, R). Then we have

Eo.r(ViY) 2 & r(V' ¥) ®r &0,r(V",1).
(4) Suppose that the residue field k of K is finite. Let ¢ : K — R* be

the additive character canonically corresponding to . Then

Eo,r (Vi) (Fry) = (= 1)k VEswlV) o gg p(V,90).
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(5) Let a € K*. Then we have
g0,r(V,a) = det(V)(q) ®r R(—v(a) - rank V) @ g 2o r(V, ).

(6) Let W be an object in Rep(Wp, R) on which W acts via Wg /W =
W;.. Then we have

Eo.r(V @ W, 1) = (det W)W (V)HrankVe(ord 1) @ b 2 (17, ) @rank W

(7) Suppose that the coinvariant (V)W% is zero. Let V* be the R-linear
dual of V. Then we have

go.r(V, 15) ®@eor(V", J) = (det V)|_yj®@r R(—sw(V) —rank V - (20ord D+ 1)).

Theorem 4.49. Let L/K be a finite separable extension of p-CDVFs, R
a complete strict p’-coefficient ring with a positive residue characteristic,

Y a non-trivial additive character R-sheaf. Then for every object (p,V') in
Rep(Wr, R), we have

Zo.r(Indy XV, ) = Ap(L/K, )Y @5 & p(V, 0 Tr k).

Proof. Take a sufficiently large finite Galois extension L’ of K containing
L such that p factors through Wy /Wy, Take a sufficiently large integer
N € 7Z. Take a good perfect [F,-subalgebra A of k and a (NN, J)—admissible
A-structure (B, (mar)ar) of L'/K. Then we can define, in a canonical way,

smooth invertible R-sheaves §O,R7A(IndMW/;V, 15), go,RﬁA(V,J oTrr/k), and
Ar.a(L/K, 1) on Spec (A) whose pull-backs on Spec (k) are identified with
§O7R(Ind%f{v, V), go,r(V, Yo Trr, k), and Ar(L/K, 1) respectively.

Then for any closed point x € Spec (A), we have

i;§07R7A(Ind%§V, 1;) &= i;go,R’A(V; QZ o TrL/K) ® i;XR(L/K, J)@rankvj

~Y

where i, : < Spec (A) be the canonical inclusion. Hence we have &g g, A(Ind%f{ V, )
go,r,A(V, J oTrp k) ® XR(L/K, J)®rankv. This completes the proof. O

Let k be a perfect field of characteristic p, Xy a proper smooth connected
curve over k, Uy C Xo a non-empty open subscheme of Xy, jo : Uy — Xo
the inclusion, X = Xo®r k, U = Uy Qi k, j = joxid : U — X, R a
strict p’-coefficient ring, Ry C R a finite subring, and F a smooth Ry-flat
Ry-sheaf on Uy. Define the global é-character £g,(Uy, F) by

ery(Uo, F) := det(RL(U, F))® ™! = det(RTo(X, jo, F))® .
Let w € F(UO,Q%JO /k) be a non-zero differential on U. Fix a non-trivial

additive character Rg-sheaf ”(Z on Gg . For a closed point € X, let k(z)
be the residue field at x, K, the completion of the function field of X
at x, and F, the isomorphism class in Rep(Wk,, R) corresponding to the
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pull-back of F by the canonical morphism Spec (K;) — U. Define the
additive character R-sheaf v, , on K, to be the pull-back of ¥|g by

the morphism K;Lm’fordz(w)fl] — Gy () defined by a — Res(aw).

a,k(x)

Theorem 4.50. With the above notations, we have

_ 1 B _
€R0(U07‘F) = R(_§X(X)ra‘nk (f)) ®R ® €O,R(fx7ww,l’)7
rxeXo—Ug

where x(X) is the Euler number of X.

Proof. We may assume that Xy = IP’}C.

Let Ky denote the function field of P;. For a closed point x on IP’}C, let
K. be the completion of K at x. Take a sufficiently large integer V. Take a
finite etale Galois covering Vj of Uy such that the sheaf F and the sheaves

Jw,m’Kg—N,—ordx(w)—l] is constant on V.

Let V be the smooth completion of V. The morphism f is canonically
extension to the morphism f : Vo — IP’}C. Let Lo denote the function field
of Vj. For a closed point y on Vg, let L, denote the completion of Lo at y.

There exists a datum

(A7 (iA,m)Iv UA7 WA, VA7 (By7 (T‘-My)My)y)
which satisfies the following conditions:

e Ais a good perfect [F)-subalgebra of k,

e In (i4 )z, « runs over all points in IE”}C — Up. For each such z, 14,
is a closed A-immersion Spec(A,) — PY from a finite etale A-
subalgebra of k(z) to P4 which is equal to i, : © < P}, after tensored
with k over A.

o Uy =P, —J,i.(Spec(A,)).

o wy € '(Uy, Q%JA/A) is a 1-differential on Ux such that wal|y, = w.

e V4 — Uy is a finite etale morphism such that V4 ® 4 & = V| as
Up-schemes.

o In (By, (mar,)m, )y, y runs over all pairs of closed point y € Y with
v = f(y) € Up. For each such y, (By, (7)) is an (N, ¥y, 2)-
admissible Ag-structure of L,/K,.

Let F4 be the smooth etale Ry-sheaf on U, corresponding to F. Let
Fa,z be the object in

Rep(mi(Spec (Az((7x.))), Ro)

corresponding to Fj. _
By using F4 ,, we define a smooth invertible Ry-sheaf &y g, A, (Fazs Yw.z)
on Spec (A;) whose pull-back on Spec (k) is the sheaf corresponding to

€0,r(Fz, Yw.z). We also define the smooth invertible Ry-sheaf eg, 4(U, F)
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on Spec (A) to be detr, Rfi(Ua,Fa), where f : Us — Spec(A) is the
structure morphism.

Let z € Spec (A) be a closed point, and i, : Spec (k(z)) — Spec (A) the
canonical inclusion. Set U, := Ug ®4 k(z). Then U, is an open subscheme
of IP’}C.

Let iy, : U, < Uja be the canonical inclusion and set F, = i”fLZ}" and
W, = z'*UJwA. Then we have

Tr(—Fr,; i*8p, A(U, F)) = ery (Us, F).

For z € P}, — Up, put z; = 2 Xgpec (4) Spec (A). For all point y € z, let
Qzy Y — Zz — Spec (A,) be the canonical inclusion. Then we have

Tr(Fry; i;,ng,R,Az (]:m&w,x)) = (_1)rankfﬂwy(fz)gO,R(]:z,y’"‘pwmy)‘

By [11, Thm. 4.1], we have

Uz, Fo) = (46(2))™™ ) T co.r(Feps Y a)-
zeP! U,

w(z)

From this we have
%~ ~ 1 - ~ o
U:€R0,A(U, F) = Ro(—5 x(X)rank (F)) ®r, Q) imewE0.R, A0 (Fur Vo))

where 7, : Spec (A;) — Spec (A) is the structure morphism.
Hence the theorem follows from the standard argument using Cheb-
otarev’s theorem (cf. proof of Lemma 4.18). O
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