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Class invariants and cyclotomic unit groups
from special values of modular units

par AMANDA FOLSOM

RESUME. Dans cet article, nous obtenons des invariants de classe
et des groupes d’unités cyclotomiques en considérant des spéciali-
sations d’unités modulaires. Nous construisons ces unités modu-
laires & partir de solutions d’équations fonctionnelles de g-récur-
rence données par Selberg dans son travail généralisant les identi-
tés de Rogers-Ramanujan. Commme corollaire, nous donnons une
nouvelle preuve d’un résultat de Zagier et Gupta, originellement
considéré par Gauss, a propos des périodes de Gauss. Ces résultats
proviennent pour partie de la thése de auteur en 2006 [6] dans
laquelle la structure de ces groupes d’unités modulaires et de leur
groupe de classes de diviseurs cuspidaux associé est donnée en
termes de produits de fonctions L et comparée a la formule clas-

sique du nombre de classes relatives pour les corps cyclotomiques
[6, 7].

ABSTRACT. In this article we obtain class invariants and cyclo-
tomic unit groups by considering specializations of modular units.
We construct these modular units from functional solutions to
higher order g-recurrence equations given by Selberg in his work
generalizing the Rogers-Ramanujan identities. As a corollary, we
provide a new proof of a result of Zagier and Gupta, originally
considered by Gauss, regarding the Gauss periods. These results
comprise part of the author’s 2006 Ph.D. thesis [6] in which the
structure of these modular unit groups and their associated cus-
pidal divisor class groups are also characterized, and a cuspidal
divisor class number formula is given in terms of products of L-
functions and compared to the classical relative class number for-
mula within the cyclotomic fields [6, 7].

1. Introduction and statement of results.

Let Fy, £ € N, be the modular function field with respect to the principal
congruence subgroup I'(¢) = {y € SLa(Z) | v = 1 mod ¢} defined over

Manuscrit regu le 11 juillet 2006.
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Q(¢), where ¢, = €*™/*. The modular functions that comprise the invertible
elements in the integral closure of the ring Q[j] C Fy form a group, the
modular unit group of level £, where j = j(7) = ¢! + 744 + 196884q + - - -
is the classical modular invariant.

In this paper we define modular units r,;(7),1 < j < (£ — 3)/2 for
¢ =2k+1>5, and the groups they generate

(1.1) Ui o= ({re(r) | 1< < (0=3)/2}) C U

using functional solutions to higher order g-difference equations found in
the work of Selberg [26], where in (1.1) and what follows, (x) denotes the
group generated by x. We will explicitly define the groups UEC and their
generators 7¢;, 1 < j < (¢ —3)/2 in §3. To obtain class invariants we
consider special values of the modular units r¢;, 1 < j < (¢ — 3)/2, at
points of complex multiplication, and show that only a single value of one
such modular unit is needed to generate class fields of prime moduli, to
which we compare the classical theory of complex multiplication. We then
generalize these results to class fields of more arbitrary moduli, motivated
by the work of Ramachandra, combining the theory of Kubert and Lang
with that of Shimura.

With respect to the cyclotomic theory, we portray these modular units as
modular function field analogues to cyclotomic units, and show that when
specialized to 0 these modular units yield cyclotomic units that may be used
to generate cyclotomic unit groups. Dually, within the modular function
fields we show how these modular units may be used as generators. As a
corollary, we provide a new proof of a result of Zagier and Gupta, originally
considered by Gauss. Let

(1.2) SE = {re;(r) | 1< < (£—3)/2}.
Our main results are the following.

Theorem 1.1.
i. For an odd integer { =2k +12>5, the functions r;(7),
1 <7< (£—3)/2 defined in (3.15), (3.16) and (3.20) are
modular units of level £.

it. Further, for £ > 5, the modular units v¢1 and ryo generate the
field of modular functions Fy. That s,

Fo=Q(Ce,re,1,7e,2)-
In the case £ =5,
F5 =Q(¢5,75,1)-
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Theorem 1.2. For { = 2k + 1 > 5, the set of modular units SZC of level
£ are such that their limiting values in the cusp 0 are cyclotomic units in

Q(¢)™. That is,
(13)  lim S := {;13% re (1) [ 1<) <k— 1} C Egg+-

Further, if € is prime, then we have equality in (1.3), that is

C _ : C
EQ(C@)+ - < 71-13(1) S >

Theorem 1.3. Let K be an imaginary quadratic field with ring of
integers O = Z[T],7 € H an algebraic integer. Then for any prime £ > 5
and any integer m such that 1 < m < (¢ — 3)/2, the ray class field K; of
modulus £ over the Hilbert class field K is given by

Ko = K (rem()).
In particular, if j(7) € K(r¢m(T)), then
K, = K(Tf,m(T))'

We generalize the results of Theorem 1.3 to class fields of more arbitrary
moduli f, with generalized invariants ©; that reduce in a special case to
powers of the (specializations of the) modular units 7¢ (7). In what follows,
N(7) and T(7) respectively refer to the norm and trace of 7 € H, and the
normalized Klein form ¢ is given by

o(2] ) = 2w o (el Lyn(n w2z
w2

where z = zjwy +29wo is given by the real coordinates z; and 29, 2* =
z1m + zem2, and 7, 12 are the quasi-periods of the elliptic Weierstrass (-
function of the lattice L belonging to w1, wo. For the statement of Theorems
1.4 and 1.5, we let K be an imaginary quadratic field of discriminant d with
ring of integers Ok = [7, 1], and impose the following hypotheses HO — H5
(as in [3]):

HO: 7 € H is chosen to satisfy T(7) =0 mod 3,

_ [ 0 mod 4 if 2|d,
T(r) = { 1 mod4 if21d.
(Note for a given K, such a choice of 7 is always possible.)

H1: § C Ok is an ideal of the form s[T +m,, s1] where s1, s, m, are
integers such that ged(si,s2) = 1, s1|N(7), si|m; + T(7), s152 1 6,
and s1, so prime integers whose product s1s9 = ¢ € N.

H2: ¢ € K" is of the form { = {17+ 2 € K*, where ged(ry, 1) =
ged(rg, s2) = 1.
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H3: j decomposes as f = fif2 where f; € N and f3 is a primitive ideal
of norm fy, and f5 and f3* denote the split part and non-split part,
respectively, of fo.

H4: For1 <i <m+1,m € Z*,n; € Z, the ideals b; C O are defined
by b; = [1,b;], 1 <i < m, and for i # m + 1, b;by,1 = [T, bibmi],
where for all i,1 <i<m+1, b; € Z, ged(b;,60) = 1.

H5: Let 7 € Ok , with Im(7) > 0. Then ged(T(7), f3*) = 1 so there
is some a satisfying

HaT(fi7) — N(1€) 3" nibiN(\;) = 0 mod 20,
i=1
where p = 1 if f3* is even, and p = 2 if f3* is odd. With this
notation we set ¢ := exp(2mipa/2f).

Theorem 1.4. Let K be an imaginary quadratic field with ring of
integers O = [1,1], T € H satisfying HO, and let §, £ b; satisfy H1, H2,
and H4. If T[] b; | N(7), then the product

(14) oy = [[ plelror) 2

i=1

generates the ray class field of modulus f over the Hilbert class field Ky.
That is,

(1.5) Ki(0)) = K;.
In particular, if j(7) € K(©5), then
K(©5) = K;.
Further, if we do not require []b; | N(7), we have the product ©5 € Kj.

A result in [24] asserts that under various conditions on the decom-
position of a modulus f = Z7 + Z into prime ideals, and under cer-
tain hypotheses' placed on an ideal class b in the ray class group, where
f6~! = Zrb~' + Z, b € Z, the simple quotient of the normalized Klein forms
((gz>(1|fb_1)/c,0(1h‘))12Z and the specialization ¢(1|f) 26 may be used
to generate K; over K. The authors conjecture that this result holds for
arbitrary conductor f and every ideal b prime to f whose ideal class in the
ray class group is non trivial.

In [3], the authors form a more general product of normalized Klein
forms and provide hypotheses under which a product of lower powers of

IWe refer the reader to [24] for the complete theorem and hypotheses.
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such forms multiplied by an explicitly given root of unity ( lies in the ray
class field:

(1.6) gﬁw(@i T”f)m € K.
=1

Note that © is essentially a 12*® root of ©;. The result (1.6) (with corrected

hypotheses as pointed out in [3]) is a generalization of the aforementioned

result in [24] regarding ((go(l|fb_1)/cp(1‘f))122 and g0(1|f)12£.

The authors conjecture ([3], p. 341) that with an additional set of hy-
potheses, the product (1.6) in fact generates K; over K. We prove in part
these conjectures of [3] and [24]. In Theorem 1.5 that follows, we assume
the hypotheses of Theorem 1.4, as well as those of ([3], Theorem 1), which
restate for completeness.

Theorem 1.5. Let K be an imaginary quadratic field of discriminant d
with ring of integers Ox = [1,1] satisfying HO, and elements f, &, b;, ¢
satisfying H1-H5 above. Further, let A\, Ao, ..., Am € Ok \ | be elements
satisfying

(1) ged((2), (N\;)) are equal for all i with 21 n;

(2) n1biN(A1) + ... b N(Ay,) = 0 mod 20/ f5* ged(2, f37).

In addition, we require n;, b; as in H4 to satisfy
(3) ged(Poir bing, ) =1
(4) 16 | N(7)
(5) n1+ -+ Ny =0 mod 2
(6) n1by + -+ + npmby, =0 mod 4 if 2|d and 2 1 f
(7) n1by + ... by, = 0 mod 3 if 3|d and 31 §.

Under these conditions, the product

© = ¢ [] e¢]fo; )™

i=1
generates the ray class field K; modulus § over the Hilbert class field Ky,
that 1is,

K = K1(0).
In particular, if j(1) € K(©) then
K; = K(©).

Finally, to further develop the analogy between the modular units defin-
ing the groups U, f and the cyclotomic units, as a corollary of the following
Theorem 1.6, we provide a new proof of a problem considered by Zagier
and Gupta, and previously by Gauss, regarding the Gauss periods.
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Theorem 1.6. For an odd integer { = 2k + 1 > 3, the modular unit
(=1)'Fry1(7) as defined in (3.15) satisfies the functional equation

Mk(X) = X* + Ck_lefl + Ck_ng72 4+ +C1 X +Cy

where

ot ; %0)j-1 Cr(d’)
17 o (D s () kD er1-0/2¢ (455 D)j-1 Cri(g
. e = (FDEE kg (D (1—q)~t Crrlq)’

0<j<k,
3 n = —kn n 24;q)n
(18) Ck’k(z) = Z(_l)nzknq(QkJrl) 2+ k (1 . qu(Q +1)k>m.
n=0 yqd)n

Further, the limiting value of this functional equation in the cusp 0 gives
an integral polynomial

k—2

mg(x) = lg]% Mp(X) = 2F 412" b0 T4+ o

with coefficients given by

i L(k+j)/2J>
ks = () (L(k—j)/zJ’

0 < j < k. The roots of my(x) are the Galois conjugates of the cyclotomic
units (—1)F~1lim, o rq1(7), where d ranges over the divisors of £, d > 1.

Corollary 1.1. The minimal polynomial for the Gauss periods of degree 2
for odd £ > 3 has coefficients of 27, 0 < j < k, given by

d (—I)L%Jck_j J odd
i (—1)L§Jck_]~ J even

The structure of these modular unit groups and their associated cuspidal
divisor class groups are further characterized in [6], where in particular we
provide a cuspidal divisor class number formula given in terms of products
of L-functions.

2. Rogers-Ramanujan

The Rogers-Ramanujan continued fraction, defined by

(2.1) r(r) =

where ¢ = ¢(7) := €?™7 _is convergent for 7 in the upper half complex plane
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‘H, and has been an object of extensive study due to a wealth of associated
analytic properties, g-series identities, and combinatorial interpretations
(see [2], for example). Here instead, we present r(7) as an example of a
modular unit, and define the modular units ry;,1 <j < (£—3)/2in § 3 as
higher level analogues to the Rogers-Ramanujan function (7).

Many of the fundamental properties associated to r(7) rely upon the fact
that one may regard r(7) as arising from the g-recurrence

(2.2) R(z) = R(zq) + 2qR(2¢").
That is, we may write

(2.3) r(1) = ¢"/°R(q)/R(1).

The g-recurrence (2.2) has a known analytic solution [23] given by

(2.4) R(z) =Y 2" (g )y -

n>0
Here we use the g—Pochhammer symbol defined by

1 k=0
(1—a)(1—aq)--- (1 —ag") kE=1,2,...
(CL; q)k = 1 _92 _ky—1 .
[(1—ag )1 —ag™@)---(L—ag )] = k=-1,-2,...
(1—a)(1—aq)(1 —ag®)(1 —ag?)--- k = oc.
A celebrated result associated to r(7) are the Rogers-Ramanujan identi-
ties,

(2.5) R =J]1 -1 =g
n>1

(2.6) Ri'=J][(1=¢"H(1 =",
n>1

which give an infinite product representation for the series (2.4) evaluated
at z = 1 and z = ¢. Various proofs have emerged in the literature for
the identities (2.5) and (2.6), originally due to Rogers and (independently)
Ramanujan, whose proofs rely upon the use of Theta functions [23].2 The
identities may also be interpreted combinatorially (see for example [1]) in
terms of number partitions. For example (2.5) may be read as saying “the
number of ways to partition a number into parts congruent to 1 and 4 mod
5 is equal the number of partitions into parts of minimal difference 2.”

By (2.3), (2.4), (2.5) and (2.6), one obtains a g-product expansion for
r(7). With this, one may show that r(7) is in fact a modular function
on I'(5), and also a modular unit. We also observe a parallel role played

2Sce section 4.
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by a specialization of r(7) within the number fields. By definition, the
specialization of r(7) in the cusp 0 is easily observed:

. 111
(27) bmr() =iy 15 -

= (-1++5)/2.
Rewriting the special value (2.7) another way, we find

(2.8) (—1+V5)/2= (G- (G-,

which we recognize as a cyclotomic unit. This special value is real, and
in fact generates the group of cyclotomic units in Q(¢5)", where we let
K™ denote the maximal real subfield of a given field K. We also note
this specialization may be used to generate the field Q((5)", that
is, Q(¢5)" = Q(lim;—o7(7)). Rephrasing, we have a modular unit arising
from a g-recurrence that generates a modular function field, and whose
specialization in the cusp 0 generates a real cyclotomic field, as well as its
cyclotomic unit group. In what follows we consider the fields Fy, £ > 5, as
well as specializations at other 7 in H, and provide more general proofs of
these facts.

3. The modular unit groups Uf

To define higher order modular unit groups analogous to US = (r(7))
generated by the Rogers-Ramanujan continued fraction r(7), we seek other
appropriate modular functions on the curves X (N). Due to the fact that
r(7) has a continued fraction expansion and may be viewed as originating
from a certain g-recurrence, one might hope that if analogous functions ex-
ist, that they exhibit similar traits. We indeed form such families for curves
X (N) of higher genus g > 0 in what follows, yet will see that these func-
tions do not possess a continued fraction expansion but rather an expression
that may be viewed as a generalization of a continued fraction expansion.
To describe this, we begin with the observation of Sylvester that a contin-
ued fraction may be expressed as the limiting value of ratios of n'® order
determinants. That is,

ap b 0 0 1 0 0 0
-1 al b2 0 0 ai b2 0
ao + b—l _| 0 =1 a2 b3 0 -1 as b3
ba 0 0 -1 a3 0 0 -1 a3
a1 S L
az + 3

asz+

where the successive ratios of order n determinants are the partial con-
vergents of the continued fraction. One finds that the Rogers-Ramanujan
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continued fraction may be expressed as

1 0 0 0 1 ¢ 0 0
0 1 ¢ o0 -1 1 ¢ 0
3.1) r(r)=¢/5|0 -1 1 ¢ 0 -1 1 ¢
0 0 -1 1 0 0 -1 1

We generalize this definition, and let A™ be the order n determinant with
entries a;;, 1 < 4,5 < n, with B™) defined similarly. Provided the limit
exists, we define the ratio of two infinite determinants by

(3.2)
—1
ai,1 Gi2 Q1,3 Q14 - bii bi2 b1z bia
a2,1 G272 Q23 G24 --- b2 b2 b2z baa
lim A(n)/B(") -— | @31 @32 a3z aza4a - bz,1 bz b3z b3a
n—00 Q4,1 Q42 Q43 Q44 - bai bao basz baa

With hopes of constructing analogous modular functions to (3.1) of
higher level, we form the infinite determinant Sk (z) of width k + 1

(3.3) Sk(z) :=
se,0(2)  ska(z) Sk,2(2) e Sk, k—1(2) 0 0 0
-1 Sk,0(2q)  sk1(2q)  sk,2(29) Sk,k—1(2q) 0 0
0

0 -1 seo(2¢®) sea(zq”)  sk2(2¢?) sk k—1(2q%)

One may deduce from (3.3) the higher order g-recurrences satisfied by
the functions Si(z)

k
(3.4) Z Skm—1(2)Sk(2¢™) =0
m=0

where we let 53, _1(2) = —1. We must define the functions sy, j(2) appropri-
ately so that (3.4) yields an analytic solution Sk(z).
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We let
Sk,2n(2) 1:(—1 " nkqa(k’n)(Q'Q)_Q

—
@
Ot

~—
,_

-
x Z IO (g4 g, (gL =0+ ),

k
2

Skan—1(2) i=(=1)"H kL2 g7k (g ) =2 (1 — gy

(3.6) [5]-n

xS HPM @M ) (glB UL ),

for n > 0in (3.5), and n > 1 in (3.6), where

5(k,n):(2k+1)n2+n_n{k+1J

2 2
2 k+1
5’(k,n):(2k+1)"2 —i—n{ ; J,3

and
= <
la) = max{n < a}
= mi > .
[a] = min{n > a}
As given in (3.5) and (3.6), the functions sj,,(2) first appear in the
work of Selberg [26], and in the case k = 2, the g-recurrence (3.4) reduces

0 (2.2), with So(z) = R(z). With this choice of s j, an analytic solution
to the g-recurrence (3.4) exists, and is given in [26] by

> 7L2 n .
(3.7) Sk(z) = Z( )"z ’mq(%ﬂ) =+ flm(l - qu(2n+1)k)w
n=0 (¢ On
X H (1—z¢g™)~L.
m>1

Selberg uses these functions to give certain identities analogous to the
Rogers-Ramanujan identities (2.5) and (2.6), and also to give various ¢-
continued fraction identities. In contrast to their use in [26], we use the
functions s, j(2) and Sk(2) to define groups of modular units U§. To define
the modular units 7, ;, we first recall the Galois action on the modular
function fields Fy.

The natural action of the group I'(1) C M2(Z) on the fields Fy given by

(3.8) v-f(r) = f),
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where f = f(r) € Fn, may be extended to the group GL2(Z/NZ) as
follows. Given d € (Z/NZ)*, let

(3.9) va= (5 9)

act on Q(¢xn) by
Ya- (v = Ch.

If f € Fn has g-series expansion given by f(7) = Z ang™"N, an € Q(CN),

the action of 74 extends to Fy by
oo

(3.10) e ) = 3 (- an)g™,

n=m
The matrices 74, d € (Z/NZ)*, together with SLy(Z/NZ), generate
GL2(Z/NZ), and the group actions given by (3.8) and (3.10) define a Ga-
lois action on the modular function fields, described by the following exact
sequence

(3.11) 1 — Gy {*+1} — G — Gal(Fy/F1) — 1
where

(3.12) G =[] GL2(Z,) - GL,

(3.13) Gy ={(z) € G/GL | x, =1 mod N - My(Z,)}.

The product defining G is taken over primes p, and Z, denotes the ring of
integers in the completion Q, of the field Q at p. From (3.11), one finds the
isomorphism

(3.14) Gal(Fy/Fi) = GLo(Z/NZ)/{£1).
We first define using (3.7) the functions 7¢; and 7.

Definition. For / =2k + 1> 5, let

(3.15) rea () == (=1)"""q 2

and for £ =2k + 1> 5, let

oz =0 Si(1) - 4" Sk(q*)

(3.16) rea(r) = (-1) Sk(q)

For m € (Z/NZ)*, we let

(3.17) om = (V) € n(CGal(Fn/F1))
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and for £ = 2k + 1, let

@e-0)=3) (T)
3.18 Wypi=— S
( ) 0,k q 24t T](ET) k(q)7
(3.19) Uy = —e(—k2/0) V.
We define for 1 < j < (¢ —3)/2 and ged(k + 1 — 4,¢) = 1 the functions
(3.20) (7)) = 0pp1- 1V k) [1W0 g,

where the Dedekind 7-function 7(7) = AY?4(7) is the 24" root of the
Discriminant function, and is given by

(3.21) n(r) =" T (1 - ¢").
n>1

A consistent definition for j such that ged(k + 1 — j,¢) > 1 appears in the
following sections. We will show in §5 that definitions (3.15) and (3.16)
coincide with (3.20) for j = 1,2.

4. Theta constants

To prove Theorems 1.1 and 1.2 we will make use of the theory of the
theta constants. A theta characteristic is a vector y = [o] € R2. Two

characteristics are said to be equivalent if their difference is in Z2, and the
space of characteristic classes is defined as R? modulo this equivalence
relation. Given a matrix y= (¢ 1) € I'(1)/{£1}, a right group action on the
space of characteristic classes is defined by

(4.1) Xy =7x+[ 4]

The theta constant with characteristic x = [ ] € R? is defined by

1 2 /

0 =Y e(z(n+3)7+(n+5)5)
nez

This function converges for 7 € H, and satisfies the transformation rule

(4.2) 0[] (77) = Fxsr (e +d)' /20 [x] (7)
for v € T'(1), and

1 1
Ryy = e(— Z(ae + ce')bd — é(abe2 + edé? + 2bcee’))m,

where x, is an eighth root of unity depending only on the matrix . As a
special case of (4.2), one finds for r, s € Z,

(43) 0] 013 (r) = e(x 2)0[ 0)().
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The theta constants also satisfy the product identity
(4.4)

0[0)(r) = (g P [T — a1 +e(5)a" ™ 2) (1 +e(F)g"™

n>1

1—e

2 ),

which can be derived from the Jacobi triple product identity [5]

00 00
(4_5) Z qn2z2n — H(l o q2n)(1 + q2n—122)(1 + q2n—lz—2).
n=-—00 n=1

To prove statement 4. of Theorem 1.1, we begin by applying the identity

Se(b(nes) e (ree) )

nez
@6) = () TLA - a1+ e/ 5) 1+ e /20 ')
n>1

which may also be derived from (4.5). Thus by (3.7) and (4.6) one finds

B (1 _ qen—k)(l _ qﬁnf(kJrl))( _ qen)
(4.7) s =1 oo

o =" H(A =g (A - ™)

(1 _ qﬂnf(kfl))(l _ qfnf(k+2))<1 _ qﬁn)

k-1 2y
(4.9) Sk(l) q Sk(Q) nl;[l (1—(]”)

Thus, by (3.15) and (3.16), (4.7), (4.8), and (4.9),

B 1 _ qén ky(1 — qén—(k—i-l)
(4.10) Te1 = (— 1)k tg R H (1— gl 1;%1_(1@71(@1)))

n>1
— 1 — qen_(k’_l))(l _ qfn—(k+2))
(4.11)  rpg = (—1)F72g~ kFDKk=2)/20 — e
nI;II (1— g 1)1 - gn=(=D)

Using (4.10) and (4.11) we apply (4.4) and (4.2), and will see in §5 using
(3.20) the following expression for the modular units ¢, (7), where
1<m< (£-3)/2.

Proposition 4.1. For £ =2k+1>5,1<m < (¢{—3)/2,

(4.12) rem(7) = (—1)F e(t52)
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We will use the following Lemma.
Lemma 4.1. For any odd le, € and ¢, and any v € T'({), the theta constant

0 &](7) satisfies the transformation

O[&](CAm) = vys(ez + )/ 0] ] (6r)

where
Uy = e(—ed(a— 1) (bl + €)/4)e(—e*(bl(a — 1)) /8)e(—¢'d(2bc + c€'/€)/8).
Proof. (Lemma 4.1) We compute

Ol o)) =0[](5 - £7)

where 5 = (e 4 ) € SLa(Z), and find

X3 = Atx+ il ]

_ lae+ce' /. —ac/t
| ble + de’ + bde

For ease of notation, let y(e) = ae+ce'/l — ac/l and y(€') = ble + de’ + bdl.

(20 = ("6 Plr), we find

v(e) = e+ Ale + Ce — C(1 + Al)
() = € + Dle + Bl?ec + B*(1 + DY)

If A is odd, then C' must be odd, as det(y) = 1. In this case, v(¢e) = ¢
mod 2. This also holds if A is even, regardless of the parity of C. Similarly,
if D is odd, then B is odd, so that vy(¢') = ¢ mod 2. Again we find that this
also holds if D is even. By (4.2) and (4.3) we have

O] (Felr) = rix (707 + d) 201X (0r)
= ky5e(5(ble + (d — 1)€ + bdl))(cr + d)'/20[x] (¢r).

Combining the constants gives the expression for v, , and completes the
proof. O

Proof. (Theorem 1.1 i.)

To show that the functions r,; are modular units of level ¢, we see by
(4.10), (4.11) and (3.20) that the 7 ; are holomorphic on H. Thus it suffices
to show the functions transform correctly under I'(¢), and that they in fact
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lie in Uy. To show transformation, by Lemma 1 and (4.12) it suffices to
show that vy, , = vy, , Where

=
=i [7]

N
»—u\?
—

We have
S = (e e — ) L+ D050 (S — o)
= (U5 (k= m) (1 + b0) e (Mo (k — m) (k +m + 1))
= (%G (k= m)(1+b0) e 2 (k —m)(k + m + 1))
(4.13) = (G (k= m)(1+b0)).

The last equality follows from the fact that (kK —m) and (k +m + 1) have
opposite parity. Finally, if b is odd, then the expression in (4.13) simplifies
to 1. If b is even, then ad = (1 + ¢A)d is odd, so that A is even, and again
the expression (4.13) is equal to 1. By examining (4.11), (4.11) and (3.20),
one finds that the functions r,; have divisors supported on the cusps of
['(¢). This proves Theorem 1.1 4. O

Proof. (Theorem 1.2). For the involution v= ((1) _01), we have by (4.2)

oe)-1/m) = e () mr o[ )(r)

so that

T : 9{ 0 ](-1/&)
— lim (—1)’“—’”0{ lém WT)
T 9[ e ]@T)

We use the fact that
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0 L] () = ¢"Be(¢'/4) 3 e((n® + n)7/2 + ne' /2)

ne”
(4.14) = ¢"/3(e(¢' /4) + e(—€'/4) + O(lq)))
as 7 — 00, to conclude
‘ . Wi;_l + 1—42m
Lim 7 (1) = (—1)* %
Cé 4 + Cé 4
k+1—m _k+1-—m
2 o 2
- (_1)k_mge 1 Cé_;
=
_ kmkak+1 m_l
(1T
—v Cﬁ -1
4.15 = hom
(4.15) (1T

where v = k+1—m. To conclude the proof, we state two well known results
regarding the description of the cyclotomic unit groups [29].

Lemma 4.2. For N =p/, p > 5 prime, j > 1,

C _ C
Egcny = How, g+ 1-
Lemma 4.3. For N = p?, p prime, j > 1,

B e = ({ -1 7= 1< < 2 () = 1)),

12—71 — 1}, we note that v ranges over

As m ranges over integers {1,2,3, ...,
integers {2,3,..., %} With v in this range, by Lemma 4.3 we see that the

set of specializations lim,_, SZC may be used to generate the group E(S(Qﬁ

of cyclotomic units in Q(QF ). When / is not a prime power, there may
be multiplicative dependence between the elements in lim,_,g SEC, although
these primitive cyclotomic units in Q(¢;)* may be used to define a set
of multiplicatively independent units as given by Ramachandra [21]. This
proves Theorem 1.2.. Il

To prove statement ii. of Theorem 1.1, we turn to a discussion of the
Siegel functions.
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5. Siegel functions

The Siegel functions are constructed using the Klein forms, t7,(z), which
are defined by a lattice L C C, and are functions of z € C. Equivalently, we
may write t7,(z) = t,(7) if L =Z7+Z, and z = a17 + a2 € C, a1,a2 € R.
With the latter notation, the Klein forms are defined by

(5.1) to(7) = e (e 25 (7))

where o, and 7, are the classical Weierstrass functions. Using known
properties of the Weierstrass o, and 7, functions, one can verify
that the Klein forms satisfy the following properties

(5.2) tar(A2) = Mp(z)
(5.3) (e + d)ta(y7) = tay(7)
(5.4) tots(7) = €(a, b)ta(7).

In (5.2)-(5.4), A € C*, v € I'(1),b = (b1, b2) € Z?, and the constant €(a, b)
is given by

e(a, b) = (—1)b1b2+b1+b26((bga1 — blaz)/Q).
We note in particular that (5.2) implies
t_o(7) = —tu(7).

The Klein forms are used to define the Siegel functions, given by

(55) ga(T) = ta(T)ﬂ(T)2,

where 7(7) is the Dedekind 7-function with g-development given by (3.21).
We point out the following transformation law.

Lemma 5.1. Let a = (a1,a2) € Q*\ Z%. Then

g(al,ag)(_l/T) = _ig(ag,—(ll)(T)’

Proof. Using the definition (5.5) of the Siegel function g,, the lemma follows
from the transformation properties

(5.6) i (=1/7) = —iTi? (1)
(57) Tt(a1,a2)(_1/7-) = t(az,—a1)(7-)‘
O
A major result of Kubert and Lang in their development of the theory of

the modular units is the following explicit characterization of the modular
units of prime power level £.
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Theorem 5.1. (Kubert, Lang) Let ¢ = p", where p is prime, p # 2,3,
n € N. Then the modular units of level £ (modulo constants) consist of

products
H ggl(a)
a

where a = (%}, %) € %ZQ, a ¢ 72, and the exponents m(a) € 7Z satisfy the
quadratic relations

Zm(a)a% = Zm( Zm a)araz =0 mod/,

and the condition Y, m(a) = 0 mod 12.

Using the product expansions for the n and o functions, one has the
following product formula for the Siegel functions:

(58) ga(7) = —2%(P) (Z(g—l) /2)(1 77e()
T e() (-0 el )

where Ba(z) is the second Bernoulli polynomial defined by

1
By(2) = 2° —ztg

One may verify using (5.3), (5.8), and the Galois action described in §
3, that the Galois group Gal(Fy/F1) acts on the Siegel functions by multi-
plication on the indices. That is, for 8 € Gal(F;/F1),
(5.9) B ga = Gap-
We emphasize the following corollary.
Corollary 5.1. For ¢ = 2k+ 1 prime, the function Wy as defined in (3.19)
s a modular unit of level 12¢, with order at co given by
(-2(-3) 1

12¢ 12°

Further, the function W12 is a modular unit of level .

ordeo(¥1) =

Proof. Using the definition of W, given in (3.18), the product expansions
(3.21), (4.8), and (5.8), one may verify that

(5.10) Uy =[] 90650
s=0

(5.11) = 1/5) kQ/E H o né (¢—1) )(1—q"£_1).
n=1
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Using (5.10), the modularity of ¥; and ¥1? follows as an immediate con-
sequence of Theorem 5.1. The order of ¥y at oo is seen in (5.11) to be

¢By(1/¢)/2, which is equal to % — % 0

We now offer the following factorization of the functions 7 ; into a prod-
uct of Siegel functions.

Proposition 5.1. For { =2k+1>5 and 2 <m <k,

(5.12) 7o kt1—m = (—1) e Y H Gim/e,s/0)/9(1/0,5/0)
s=0

2
T (e

5.13 =(-1)m! TILEE
( ) = SE (g(l/f,S/f) >
Proof. Using Lemma 5.1, we first compute
(5.14) iV (—1/7) = —e(k*/€)iV,(—1/T)

-1
(5.15) = (=1 e(®*/0) TT 96s/6,-1/0),

s=0
and thus

/-1

Ym(iVer(=1/7)) = (=1)"e <—IZZ) H 9(s/t,—m/e)s
s=0

where 7, is as defined in (3.9). We use the fact that oy = (% )y (9 )

0

and apply Lemma 5.1 once more to conclude for ry 41—, as defined in
(3.20),

- k(m — 1)\ & (9myes/o)
() = (-1 e (HU ) T (el
2¢ Ho 9(1/¢.5/0)

_ ym—1 H ( m/£8/£)>

s=—k gaye s/t)
where the last equality can be derived by using (5.4). O

Remark. We remark that the action of o, is well defined mod ¢, i.e. for
any integers t and m relatively prime to ¢, o¢(rgs1-m) = O (Tktr1—m),
where t* = ¢ in (Z/0Z)*/{£1}. One may see this by first observing that
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the ¢'/12¢-expansion at ico of iWyr(—1/7) is given by

(5.16)
iWen(—1/7)=(e(k/l)—e(—k/l))q %]i[ (1—q7e(=1/0))(1—q*e(1/0)).

By (3.20), one has o¢(rg+1-m) = Tkt1—tm/Tkr1—¢ (for t and m relatively
prime to £). Combining this with the fact that r¢41_p, = —rg414m for any
integer m such that m # 0 mod ¢, proves the assertion that o¢(rg11—m) =

O (Tk+1—m)-

Proof. (Proposition 4.1) Proposition 4.1 now follows from Proposition 5.1,
(5.8) and (4.4). O

We now proceed with the proof of Theorem 1.1 ii. As before, let F; be
the function field of the curve X (¢) over Q({). The field F; is Galois over
F1 = Q(y) with Galois subgroup Gal(F;/F1((e)) ~ T'(1)/T'(¢) - {£1}. In
[11], the author gives a pair of generators Xo and X3 for Fy, for
prime £ > 5, (see also [9, 10] for the more general setting) with g—product
expansions

B 1 _ qén 2)(1 £72)>
5.17 = ¢ =D/
( ) =4 nl;[l 1— qén 1)(1 E—l))
B 1— qén 3)(1 _ qén—(Z—Z’,))
1 Xs = g~/ ( .
(5 8) =4 nl;[l (1 qén 1)(1 qln—(ﬁ—l))

By (4.10) and (4.11) we have X3 = o7 ' ((=1)*"1r, 1), X3 = o3 (—r,1702),
£ > 5. Hence

Fi = o(Fo)

o1 (Q(¢e, X2, X3)
Q(Cr, ok (X2), 0% (X3))
= Qo7 mgiTe2)
(5.19) = Q(Ce,me,1570,2)-

However, the functions ry; are modular units by Theorem 1.1 1., so
that Q(Ce,7r,1,70,2) C Fp. The automorphism oy, is of finite order, so that
or(Fe) C Fp implies oy (Fy) = Fy, and thus for £ > 5,

Q(Ce,re157m02) = Fo-

For ¢ = 5, the genus of the associated modular curve X (5) ~ (I'(5)\H)*
is zero, thus there exists a hauptmodul, a modular function in F5 with
exactly one simple pole. It is well known, and not difficult to see, that
r5.1(T) satisfies this property, which concludes the proof of Theorem 1.1 ii.
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6. Gauss periods

6.1. Gauss periods. Given an odd prime ¢ with factorization ¢ = fk +
1, f > 1, there is a unique subfield K of Q(¢{,) with [Q(¢,) : K] = f.
If we let {m,}, 1 < n < k be a set of representatives for the cosets of

(Z/EZ)X/((Z/EZ)X)k, the Gauss periods of degree f are defined for each n
by

(6.1) T /x (G™),

and have a common minimal polynomial Fj(x) of degree k. In the case
f = 2 we note the unique subfield of degree 2 is Q(¢;)*, and we may choose
my, = n. In this case Gauss explicitly described the coefficients dj,_; of ad,
0 < j <k, of the degree k minimal polynomial Fj(z) by

o (155

(6.2) dy—j; = (-1)L7"] ( | )

15221/
Later Sylvester indicated how one may obtain the coefficients for composite
f and f = 2 recursively, and gave a list of the polynomials for 1 < ¢ <
36. The results of Gauss and Sylvester may be found in [28]. The period
polynomials for various ¢, f and k have since been investigated. In [8], Gupta
and Zagier consider the case f = 2, and extend the definition (6.1) to odd
¢. In [8] the authors prove the reciprocal polynomial

(6.3) fu(x) = 2" F(a™)

with roots {1/Trg,)/x(¢;') | 1 < n < k} has coefficients dy_; of k=7 in
agreement with those given by Gauss in (6.2). Here, we recover this original
result of Gauss, and the more general result of Gupta and Zagier by different
means. In particular, we observe this result after considering the limiting
value of a functional equation satisfied by the modular unit 7, ;. To prove
Theorem 1.6, we will use the following lemmas. The first follows from the
fact that

. 1—=q"
im
—0 1—gq

Lemma 6.1. For integersr,j >0 and k > 1,

mi1—r—1
i s20(0) = (<17 S0 ()00
(=1 >0 ()G

n=0

lim s5,.9,—1(¢")
7—0

where my = L%J and mg = L%J
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Lemma 6.2. For integers m,n >0 and j > 1,

lim S (q") — 57 (¢™) =0

T—0

Lemma 6.3. For integers m,r > 0 such that the following expressions are
defined, we have

m 2t 7“—|—n> ( m—r—n—1 ) ( m )
6.4
(6:4) n;() < n m—2r—n—1 2r+1

m_2r r+n> (m—r—n—l) (m)
6.5 =
(6.5) nz:% ( n m—2r—n 2r

Proof. (Lemma 6.3.)
For » > 0 we have

(6.6) (1—2)" 1= Z (T + n) "

n=0 n

so that ™ has coefficient (TZ") and 2™ 27~"~1 hags coefficient (721:277_7;7_11),
where 0 < n < m—2r—1. We find that £~ 2"~! in the product (1 —z~2"~2)
has coefficient given by the left hand side of (6.4), but also
(1) = (541) by (6.6). This gives (6.4), and we argue similarly to

establish (6.5). O
Proof. (Lemma 6.2.)

For j =1 we have for any r > 0

1
hm Sk(l)( ") = lirr(l) sko(q") = lm Z 1) — V:;J

By induction, the result follows for j > 1 from Lemma 6.1 and the fact that

Z sl H‘l))(qn-&-i-i-l)'

Proof. (Theorem 1.6.)
That the modular function r,;(7) satisfies the equation M (X) defined in
Theorem 1.6 follows from (3.4), (3.7) and (3.15). If lim, o My(X) = my(x)
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=N T
(=172 Lﬂi; (% + TL) <Lk2]g +g-n- 1)
n=0 n ij B % —-n
B /2 k— Lk—%'—i—lJ)
(=1’ ( j
[k | kit
o
k+j
(6.7) = (—1)7/? G,E]D
T2
and for j odd
e e A ] n kL _ (o,
cpj = (—1)UTD/2 Z:O <j2 n+ (L"’ilj _J j; _+n1)_ X
(—1)G+D/2 Lk?lg;_ <351 + n) <Lk2]’£ tiy on- 1)
=0 n 5] = —n
(=1)U+D/2 (k B Lk.jJrlJ)
J
4 E— k7j+1J
1 (J+1)/2< 2 )
Y )
68) = (1o (WJ>
’ - k=g
=)

We use the identity (,™ ) = ("), the fact that k — | *=H | — |57 | = j,

2
and that
V{:—jJ_ {gj—% j even
2 || B -5t -1 jodd

and conclude that the limiting value lim,_,o 71 (7) satisfies the polynomial
my(z), with coefficients given by (6.7) and (6.8), and that this polynomial
is integral. (|
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Proof. (Corollary 1.1) In [8], the authors prove via polynomial recurrences
that for the polynomial fi(x) as defined by (6.3), the coefficients dj_; of
x*=J are given by (6.2). Comparing (6.7) and (6.8), we find
D — (—1)L%Jck,j j odd
i (—1)L§Jck,j J even

and conclude
k+1

(6.9) mi(x) = (=)= fi((-1)a).
By (4.15) we deduce

(="

(6.10) lim 7y 1(7-) = kt1
T—0 7 =
Trpyps (C} ; J)
where F' = Q((y). Thus the roots of my(z) are given by
(6.11) {(=D)"/Trgeyx () 11 <n <k},

which is equal to the union over the divisors d > 1 of ¢ of the Galois
conjugates of the cyclotomic units lim,_o(—1)*~174(7), proving Corollary
1.1 O

7. Class field theory

We next examine results within class field theory related to the modular
units ry ;. We note that Theorem 1.3 requires only one specialization of
one modular function to generate the field K, and compare the following
classical result.

Theorem R. For K = Q(z) an imaginary quadratic field, and any positive
integer N, the ray class field of conductor N over K is given by the field
K - Fn|s, where

Fnle ={f(z) | f € Fn, f(2) # oo}
That is KN =K- fN‘z

Proof. (Theorem R.) See [27], or [20]. O

Example. To illustrate Theorem 1.3, with 7 = 4, the ray class field of
conductor 5 over K = Q(7) is given by

Q(i)s = Q(i,7(2))

where
q1/5 q QQ q3 q

B e e E S Eoh TR

4
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is the Rogers-Ramanujan continued fraction. The special value r(7), also
determined by Ramanujan, is given by

, [54+v5 1++5
r(i) = 5 T g

As another example we may take z = p, and find

Q(p)s = Q(p,7(p)),

o) = e(~110) VR T OVE 32V

4 )

where

also given by Ramanujan.

7.1. Shimura reciprocity. To prove Theorems 1.3 and 1.4, we will use in
part the language of varieties as in [27]. Let V' and W be rational varieties
defined over a common field k. A subvariety 7' C V x W is called a rational
map if (v,w) € T = k(v,w) = k(v). A rational map is called a rational
function if W = A! one dimensional affine space. The rational functions on
V form a field, which we denote by k(V).

Let

Gy = GLa(Qy)
Goo = GLy(R)

Ga=A{(z) € H Gp -G | xp € GLa(Z,) for almost all p.}
P

Go={(z) € Ga | 100 =1}
Gl = GG,
Z={SCG}|Sopen, Q*GL C S, S/Q*GL compact.}

We note that a topology is placed on G4 by declaring the set G, as defined
in (3.12), to be open. Let S C G4 be an open subset of G4 such that
Q*Gooy C S and S/Q*Gyoy is compact, and let kg C Q* be the Abelian
extension of Q fixed by Q*det(.S). Then there is a natural variety Vg corre-
sponding to S defined over kg as follows. Given any Fuchsian group I' of the
first kind, I'\'H* is a compact Riemann surface, so there exists a nonsingular
algebraic curve V' defined over a subfield of C so that I'\H* is biregularly
isomorphic to V. We say (V,¢) is a model of T'\'H* if ¢ is a I-invariant
holomorphic map, ¢ : H* — V, that yields such an isomorphism. If we let

(7.1) Fs={heF|h® =hVseS}
(7.2) I's=5nN GQ+
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then there exists a model (Vg, ¢g) of I's\'H* such that
(7.3) Vg is defined over kg
(7.4) Fs={fods | f€ks(Vs)}
We summarize some known results in the following proposition.

Proposition 7.1. Fach set S € Z defines a corresponding subfield
ks C Q?" of finite index.

Proof. (Proposition 7.1.) The composition

G @y 122l Gae®/Q)
defines a homomorphism ¢ : G4 — Gal(Q*?/Q). We note
Q" - det(5) € Qa,
and take the field kg so that
Gal(Q™ /ks) = ¢(S).

det

g

Now for 7 € C — R imaginary quadratic, there is an embedding E; (see
[27] 4.4)
E;: K — M3(Q)
such that
E-(K*) ={y € GL2(Q)" [ (1) = 7},
and for k € K*,

(7.5) E,(k)[T] = k|7]
The embedding extends naturally to K7, the idele group of K. We will

use the following proposition, with the correspondence given in the sense
of Proposition 7.1.

Proposition S. (Shimura [27]) Let S € Z, 7 € C — R imaginary qua-
dratic, and let
W={se K} | E;(s) € S}
Then K - ks(¢s(1)) € K2 corresponds to the subgroup
K*W C K¥,.
Example. As an illustration of the proposition, for any N € N, consider
the set
SN=Q{(x) eG|zp=1 mod N -Ms(Z,)}.
Then I's,, = Q*T'(NV), so that (Vg,,¢s,) is a model of T'(N)\'H* over Q.
We will use the following known result.
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Proposition. With S = Sy as above, the corresponding set W is given by
(7.6) Q\W =Wy =[](1+ NOy)* C Kj.
p

In what follows, we let 7 be the variable on the upper half plane H. We
let ¢ be the biregular homomorphism associated to I'g, \H*, and let Vi
be the locus of

ON(T) = (G(7), fa, (), J3,(7)s Ja, (7)s Say (7), 13, (T), f3, (7))

where {a;}; = &+Z*/Z* — {0}, and for the lattice L = L(r,1), the Fricke
functions f: are defined by

fi(r,L) = gQ(foL)p(a[z];L)

=
| I

b.
N———
[\V)

farn) = 2 o o]

A(L)
3 _ 93(L) . 3
fa(TvL) - A(L)p<a{1}vL) .
where p is the Weierstrass p—function, and g¢o, g3 invariants of the lattice

(see [20]).

Two curves are birational if and only if their function fields are iso-
morphic, and there exists a birational map X : Vg, — Vy such that
X o ¢gy = ¢n. Thus the map X gives an isomorphism

X
ksy(Vsy) = kn (V)
hence
K - ksy(dsy(2)) = K - kn(on(2)).
It is known that the field of modular functions of level N is generated by
the modular invariant j and the first Fricke functions f}, where a € %ZZ,

a ¢ 72 Thus, the field K - Fy|, € K2 corresponds to K*W. Combining
the above results, we arrive at the following known result.

(7.7) Gal(K**/Kn) = [[(1+ NOp)*.

7.2. Galois action on Uﬁ.

Proposition 7.2. i. For fited m, 1 <m <k —1, one has
Gal(F/Fi(rem)) = {0 = (0,) € G | o = (&

(Z/eZ);

1
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where s € Z is such that s Z 0 mod .
1. In particular, for fited m, 2 < m <k, if
(25 =29} ¥)mod My (Zy), with d # 0 mod ¢, then one has

0 d 0 d/\o0

v

(Tf,k—i—l_m)’y = 6(*(kb(m2 — 1)/‘6))T€,k+1—m-

Proof. (Theorem 1.3.) Let
Sy ={o=(0,) €G op=(b7) mod £ My(Z)}

where s # 0 mod ¢. Assuming Proposition 7.2, as in Proposition S take
S =S, and suppose u € W. For any m, 1 <m < ({—1)/2, u, =s mod (Zj,.
By the property given in (7.5) defining the embedding FE., we find s = 1
mod ¢Zy, so that u, € 1+ £Op, hence u € J[,(1 + ¢Ok,)*. To prove the
converse, u € 1 + (O implies E;(u) =1 mod ¢, so that E (u) € S, hence
u € W. Theorem 1.3 follows from the following proposition. O

Proposition 7.3. For S and 7 as in Proposition S, and Fs as in (7.1), if
there ezists some h € Fs such that h is non-singular at 7, and Fg = Fi(h),
then

K - ks(¢s(7)) = K - ks(4(1), h(T)).

Proof. (Proposition 7.3.) We have h € Fg, so by (7.4) there exists some f €
ks(Vs) such that h = fogg, so that h(7) = fopg(7), which is non-singular
by hypothesis. f € ks(Vs) implies ks(¢ps(7), f(¢s(T)) = ks(¢s(T)) so that
h(r) € K - ks(¢s(7)). The same argument holds replacing h by j. Thus,
K -ks(j(7),h(7)) € K - ks(ps(7)). To prove the reverse inclusion, without
loss of generality, we may write ¢g(7) = (71,72, 73,...). Let P; denote the
projection onto the j-th coordinate, that is, define P; : Vg — C ~ Al by
P;j(v) = 7;, where v = (71,72,73,...), and j > 1. Then kg(P;(v),v) =
ks(tj, 11,72, 73,...) = ks(T1,72,73,...) = ks(v). Thus P; is a rational map
of V. This implies Pj o ¢5 € Fg = F1(h), where the last equality holds by
hypothesis. Thus, there exist f; € F1, 1 < i < N, for some N € N, such
that Pjo ¢g = S0, fi - h'. This implies Pj(1) = 7, = 20, fi(7) - hi(7).
But 71 = Q(j) so fi(r) € Q(j(7r)). This is true for all j > 1, so that
¢s(7) € ks(j(7), ps(7)). This shows K - ks(j(7), (7)) = K - ks(ps(7)). O

Proof. (Proposition 7.2.) By Proposition 5.1, the Galois action on the
Siegel functions (5.9), (3.20) and (4.8), we find
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m— k(m = 1)\ 17 9om/e, s/0\"
Tzu—m = <(—1) Le <— 57 > H >

s=0 9(1/¢, s/0)

-1
_ (_1)m—16 <_k(m - 1)) H 9(m/e, s/0)~
20 ) o 9a/e s/en
-1 = am-+cs m—+ds

(7.8) =(-1)""te ("5(7”)) 9((am+es) /L, (bmtd )0

2¢ =0 Y((ates)/t, (b+ds)/e)
Let us assume y € Gal(F/Fi(r, er1_, ). We first show that ¢ = 0 mod £. If

2

we suppose ¢ Z 0 mod ¢, then both of the sets {am+cs |0 < s < {—1} and
{a+¢cs]0<s<{—1} contain a complete set of representatives for Z/¢Z.
We choose t; = am+cs mod ¢, rs = a+cs mod £, where 0 < tg,rs < £—1,
and find by (5.4)

9((am+cs) /%) = Rsm(ts,*)
9((a+cs) /%) = Rs19(rg,%)
Ksps ks, € C. Thus, using (5.8), we find

ordoor 1, *ZBQ — Ba(rs) = 0.
However we have
1
ordoorg’%im = 5((m2 —1)—4(m—1))
1
:§(m71)(mf£+1)750

asl<m< %, and thus ¢ = 0 mod /.
We now argue that ¢ = +1 mod ¢. We may write (am+cs)/l = am/l+bs,
(a + cs) = a/l + bs, where by € Z. Thus,

_ k(m — 1) el Y(am/L,%)
(7.9) T’VZ =(-)™ le <_) K A llTAs MR
é,#—m 2/ 51;[0 9(a/e,*)

where & is a constant determined by (5.4) and (5.5). By (7.9), we have
ordeor’y = Z ! (Ba(am/6) — Ba(a/t)) = ~(a*(m? —1) — fa(m — 1))
0 £+1 “m 2 2 2 2 .

Then ordoore’e#_m = Ordoor@/il,m mod / < a?(m? —1) = (m? —1)

mod ¢ < a=+1 mod ¢, wherze we use the fact that ¢ is prime, m # +1
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mod £. As « is identified with —v under the Galois action, we have a = 1
mod /.
Let

W=((m+1b+(d-1){-1)/2— (a—1))/L.

We may assume m is odd, for otherwise, we replace m by £ — m which
is odd, and note that Hg;(l) Im/e, s/t) = Hﬁ;%) 9((t—m) /e, s/0)- We point out
that (m?>—1)b =0 mod / & (@ - ,u’) k(m—1) €Z, as a=1 mod /.
Next we show that

kb

(7.10) (Toks1-m) =€ <—£( - 1)> T0k+1—m>

where v = ( 3) = (52)(3 l{) € Gal (Fy/F1),d 0 mod £. By (5.8), one

has
. al — 1 ka1
serae) = (g ) a(ep 1) = (0" (=) o)

Applying this bm times with a , one has
-1 2\ (-1
kbm
(7.11) 11 96n/e.mrs)je) = € <— 7 ) 1T 96mye.s/0):
s=0 s=0
for m(m — 1) € 27Z. Similarly, one finds
{—1 kb
(7.12) 119060450 =€ (-) H 9(1/2,5/0)-
s=0
Recalling (7.8), (7.10) now follows by taking the quotient of (7.11) and
(7.12). O

Proof. (Theorem 1.4.) To prove Theorem 1.4, for fixed ¢ € Z*, and any
m € ZT, any b;,n; € Z, we define the product

(7.13) H Gas ( 70 Li))lm

where N(o) = det(o), op, = (él?i), and where z; € $Z? \ Z*. We now
show that h(L) is modular with respect to a particular subgroup of I' =
SL2(Z). Homogeneity and the existence of a g-expansion follow from known
properties of the Klein forms t, (5.2), (5.3), (5.4) and by definition (5.1).



Class invariants and cyclotomic unit groups from special values of modular units 319

In what follows, to ease notation we may write [[7%; =]]. If we take

’y—( )GF(EHb) we have
12¢n; 124n
op, YL ‘ oy, L ¢
h(~vL) = x( ! > = rodx.(,- ! )
(vL) =[] 9= N(on) prodge: \ Vg5

H 9z < ) - H(G(l‘i, ’Yi)gli <N(;b )>

Jb) i

_ Hexl z 12611Z . (L),

where v; = (vb ﬁg ) € T'(¢), and €,,(7;) is a 2(-th root of unity (see

[19], Chapter 2). We find that the product []es, (7)1 = 1, so that h
is invariant under the action of I'(¢]]b;). By examining the g-expansion
of h(L), we verify that the coefficients in fact lie in Q((,), so that h(L) is
modular with respect to I'(¢]]b;). We now describe the Galois action on
h(L), and let G = GLo(Z /(1] b;Z)/+1.

Proposition 7.4. Let 0 € G. Then the Galois action of G on h is given by

O.b L 124n;
(714) H g(EZ’\/ ags ( ))
b

where 0 = ~yos,y = (z Z) € SLo(Z/LT]; biZ), o5 = ((1) 2), J €
(Z/e1]; biZ)*, and ~; € SLo(Z/L]]; biZ), oy, are defined by oy, = v oy =
(i)

Proof. (Proposition 7.4.) As discussed in Section 1.1, GL2(Z/NZ) is gener-
ated by SLo(Z/N7Z) and the matrices v4 = (é 3), d € (Z/NZ)*. We now

show that a decomposition
(7.15) Yoy =ap, = (5 1)

exists. If v € SLo(Z /1] b;Z), then a and c are relatively prime mod £]] b;.
We let g; = g.c.d.(a, b;) mod £ ] b;, and decompose a = a;g;,b; = b,g;. Then
there exist X; and Y; = y;s1 such that

(7.16) Yia; + Xib; = 1mod £ [ ] bs

where we use the fact that (b;,¢) = 1. If we let M; = g;d — Y;be, and
N; = —X;b, then the matrix

vt = (25 ) esLaz/e] biz)

1 a;
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gives

Proposition 7.4 follows by applying (7.15), the action of G on the Siegel
functions, and noting that N(oy,) = N(oy, ). O

We note that replacing = by = + a for some a € Z? changes g, by a
root of unity, so that g12‘, = g!*. Thus, we may choose z = (z1,x2) with

0 < /lx; < {. Next, we determine Gal(]—"/}"l( ))-
Proposition 7.5. The Galois group Gal(F/Fi(h)) is given by
(7.17)

ap=1 mod s,

b;

Gal(F/F1(h)) = U—Ho—p_H(“P bg)eg by=0 moder[)b)
p cp=0 mod s3,

dp=1 mod s3
Assuming Proposition 7.5, we conclude the proof of Theorem 1.4. Let

ap=1 mod s,

ap b = @
Sh =< o= ng = H (Cg di) eG bp=0 mod ged(ap,by)
p

p cp=0 mod s2,

dp=1 mod s2

denote the set given in (7.17). Using the notation as in Proposition S, let
S = S, and suppose u € W. Then E;(u) € S implies

Er(w)|1] = [274 ]

The action given in (7.5) also implies d, = a, — ¢, T(7), b, = —c,N(7),
where N and T denote the norm and trace respectively. Then

up = cp(17 —T(7)) + ap
= cp(T +mr) — p(T(7) + m7) + ap

Now a, = d, + ¢, T(7) implies a, =1 mod sg, as ¢p,d, —1 =0 mod sa.
Since a, = 1 mod s1, we have a, = 1 mod ¢. We use this, and also the
fact that s; | T(7) +m, to conclude u, € 1+ fOp, hence u € 1+ fOk.

Conversely, let v € 1 +fOk. If u =14 sa(7 +m;)M + (N, then ¢ =0
mod sy and d = 1+ som; + /N = 1 mod sy. Since a = ¢T(7) + d, we
find a = 14 soM (7 + T(7)) + N =1 mod s; again using the fact that
s1 | T(7) + m;. Finally, with hypotheses stated on N(7) and the fact that
b= —¢cN(7), we conclude g(u) € Sp,. This shows that W =1 + fOk-.
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We now determine kg. For any s € S, one finds a determinant of the
form det(s) = 1+ sy M; + so My + £Ms. Since (s1, s2) = 1, this determinant
may be made arbitrary, so that kg = Q. We now apply Proposition 7.3, to
conclude the proof of Theorem 1.4., O

Proof. (Proposition 7.5.) We will establish necessary and sufficient
conditions for the equality of A and h° by comparing their divisors.
We set x; = (risebi/l,ras1/l), Tx; = xiyios, where syso = £,11,712 € Z,
and first examine

ordech — ordsgh?
= 120 T bs( Y _ni(Ba(wi,) /2b; — g7Bo (T, ) /2bs) )
= 36,0 [T 0;((1 = 62)/6 + 22 (1 — a®) — 2, (1 = gia) + zi,gibic
J#i
— (ajmbic)z — 2:ci1xi2ab¢c)
= an Hb (6b r182) 1 —a ) 6(r231bic)2—12acb?r1r25132)

JF#i

where the congruence is taken mod ¢. If we assume first that so # 1, then
this difference congruent to 0 implies

S9 ’ 6(7“281)2Hbj022bini

hence s3 | ¢2. Since / is square free, we must have s | c. We observe similarly
s1 | a®—1. We next compare the first Fourier coefficients in the g-expansions
of h and h?, denoted by a(h) and a(h?) respectively. We find

a(h)/a(h?) =
- H xl2 x“ /2)/6((YbB2(Txl1 /b/ + Tmlz Txll ))/2))
= e(ﬁfz (:L‘z2 ziy, — 1)=Y;bBo(Tx;,) /b, —Txiy (T, — ))nz)

Returning to the definition of x; and Tx;, we see that this holds provided

124n,;

66 (Yib((ajzs,)? + (biexi)* +1/6)/b;
+ a;6b Xz, + bed(gid — Yibe)xi )n; € Z,
which holds if and only if
> (Vb [ ] bj(6aaibi (ris2)® + 6b;bic* (ras1)® + gil*)n;
J7#

+6 H b;(a,0bX;(r152)%b7 + bicd(gid — Yibe)(ras1)*)n; =0 mod EH bj.
J J
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This implies
S1 | H bjab(T1$2)2 Z(Ea; + Xzbgé)nzbz
J

We now suppose s3 1 b. Then there is some d; # 1, dy | s1 such that

where we return to the relation given in (7.16), and use the fact that s; | Y;.
Thus, s; | b. We note also that we must have

L1051 > vib ][ bymigit®
J J#
a condition that forces []b; | b.

Finally, we determine conditions under which ordsh = ord,h? for all
cusps a of I'(¢ ] b;). For each cusp a, there exists some

fo=(24) e sLa(@/(]]bi2)

such that v, loo = a. We first assume a # 0, and as above decompose

~

a = a;gi,b; = b;g;, with g; = g.c.d.(a, b;). There exists Y;, X; such that
Yid; + X;b; = 1 mod ] b;
so that the matrix
Vi = (cal; gid)iiyizii;é)
satisfies
Ji ob e = 0, = (B i)-
Similarly, we decompose g;a + Y;b¢ = /L-g}-’ ,Cb; = C}-g“,»’ so that there exists

a matrix

7' = (& 2) € SLa(z/ ([ [bi2)

satisfying

We let

Tx; =z = (A, + by, *)
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so that
W =1 94,,(0%,(L)/N(y,))
(h7)% = [T 97, (65, (L)/N(53,)
Thus, we find
(7.18)

ordgh — ordgh?
= ordooh?® — ordh? "

=126 T b ( g% 51 B2 (Tas, )n; 2b (T, i)
= Z 6n; H b;(( rlszia +(r251bic) — 6n; H bjf2§i’2B2(fleil +C’Txil)

i A J#i
= 6n; [] bj((r1s2bia)® + (r2s1bi¢)?)

i j#i

— 6n; [ b ((Agi' €Tz;,)? + (Cgi' (Tx;,)?
J#i
+2AC¢;2Tx;, Tri, — G2 ATx;, — §i>CTxy,) + [ bjmit®gi'

i

= Z 6n; H b;(((r1520b;a a)%+ (rys10;¢)?) — ((Ag}’)z((rlsgaibi)Q + (ros1cb)?)

7 Jj#i

+(Cgi" (6 Xbris2by)? + (8(gid — Yibe)rast)?))
+ 2AC G, ((r1bis2)?ai Xibd + (ros1)?bied(gid — Yibe)))

= Z 6n; H bi((r182bia)? + (r2s16:6)?) — ((gsa + Y;b¢)? (r180ab})?

i i

+ (¢b})2(0r2519:d)?)

= Z 6n; H bi((dbi’r’lsg)Z + (ébi81T2)2) — ((dbi’r’lsg)2 + (ébi81T2d5)2)

i ji
= Z 671,‘ H bi((dbirlsg)Q(l - (d5)2))

i i

= GHbj(?”Qslé)Q(l — (d5)2) anbl

J
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where the congruence is taken mod ¢. Now for a = 0, we let

0 1 - 0 1
’70:(—1 0) ’Yz':(—l 0)
N b; 0 A —y 0
Ubi:(é 1) Ubil:< 0" —gi)'

Following the above argument in this case with ¢; = 1, 6‘, =1, bAZ =b;, 4/ =
0, and ¢ = —1, we find

(7.19) Ordoh — Ol"d()ha = 6H bj(T281)2(1 — (d(S)Q) Z nlbz
J )

Assuming this sum is congruent to O mod ¢, with hypotheses as stated on
¢,b; and n;, we must have sy | (d6)? — 1. Thus we may conclude that
Gal(F/Fi(h)) C Sp. By (7.18), we find Sy, C Gal(F/Fi(h)), which proves
Proposition 7.5. O
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