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Journal de Théorie des Nombres
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Conjugacy classes of series in positive
characteristic and Witt vectors.

par SANDRINE JEAN

RESUME. Soit k la cloture algébrique de F,, et K le corps local
des séries formelles a coefficients dans k. Le but de cet article
est de décrire ’ensemble ), des classes de conjugaison des séries
d’ordre p™ pour la loi de composition. Ce travail concerne les séries
formelles réversibles & coefficients dans un corps de caractéristique
p qui sont d’ordre p™ pour la loi de composition. Dans le but
d’explorer la conjecture de Oort, je donne une description des
classes de conjugaison des séries au moyens de vecteurs de Witt
de longueur finie. Nous developpons certains outils permettant de
constuire une bijection entre un ensemble A,, de vecteurs de Witt
et un ensemble X,, de couples constitués d’une extension L/K
cyclique totalement ramifiée de degré p" et d’un générateur du
groupe de Galois. Nous pouvons définir pour chaque élément de
A, une suite de sauts de ramification. Nous pouvons également
décrire une seconde bijection entre ), et les orbites A, sous une
certaine action de groupe. Les sauts de ramification d’une série
appartenant a ), peuvent étre retrouvés grace aux composantes
du vecteur de Witt correspondant dans A,,.

ABSTRACT. Let k be the algebraic closure of F, and K be the
local field of formal power series with coefficients in k. The aim
of this paper is the description of the set ), of conjugacy classes
of series of order p" for the composition law. This work is con-
cerned with the formal power series with coefficients in a field of
characteristic p which are invertible and of finite order p™ for the
composition law. In order to investigate Oort’s conjecture, I give a
description of conjugacy classes of series by means of Witt vectors
of finite length. We develop some tools which permit us to con-
struct a bijection between a set A,, of Witt vectors and a set X, of
pairs constituted by a cyclic totally ramified extension L/K of de-
gree p” and a generator of its Galois group. We are able to define
for any element of A,, a sequence of ramification breaks. We also
describe another bijection between ),, and the orbits of A,, under
a certain group action. Ramification breaks of a series belonging
to Y, can be recovered from the components of a corresponding
vector in A,,.
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1. Introduction

Let p be a prime number, k the algebraic closure of F,, and K = k((t))
the field of meromorphic series with coefficients in k. The main aim of
this paper is to develop some tools in order to classify, up to conjugacy,
power series which are invertible for the composition law. According to a
conjecture of Frans Oort, such a series could be lifted to a series of same
order for the composition law whose coefficients are integer in an extension
of a p-adic number field. This result is known just for n = 1 and n = 2. If
a series can be lifted by a series of the same order then each series in the
conjugacy class can be lifted. Invertible series are precisely formal power
series without constant term such that their derivative at 0 is not zero.
They form a group with regard to the composition law denoted by Gy(k):

Go(k) = {Zaﬂf‘ such that a1 € k:*}

1 >1

When the residue field is finite, the case of series of order p was studied
by B. Klopsch. His results prove that two series of order p are conjugate in
Go(k) if and only if they have the same ramification number [7], ramification

number of a series o, or depth, being the t-adic valuation of @ — 1.

For the case of series of order p”, we will lean on Artin-Schreier-Witt
theory which describes cyclic extensions of order p™ with the aid of Witt
vectors of length n. In the case of a finite residue field, K. Kanesaka and
K. Sekiguchi [6] have described the ramification of such extensions by in-
troducing a certain set B,, of Witt vectors of length n. Extending this idea
to the case where £ is the algebraic closure of FF,,, we are able to parame-
trize the set of pairs (L,o) where L is a cyclic totally ramified extension
of order p" of K and o a generator of its Galois group by a subset A,, in
B,, (Theorem 3.8). Thanks to this correspondence, we can compute ramifi-
cation breaks of the extension L/K in term of Witt vectors of A,, always
following K. Kanesaka and K. Sekiguchi’s paper.

Any pair (L, o) will correspond to a conjugacy class of series of order p".
Then we will be able to put in bijection conjugacy classes of series of order
p™ and elements of A,, under a certain action of Gy(k) (Theorem 5.6).

I am grateful to Ivan B. Fesenko for having supported me during my
stay at the University of Nottingham in 2007. I would like to thank also
my supervisors F. Laubie and A. Salinier who help me for this work.

2. The ring of Witt vectors.

Witt vectors are useful in the description of extensions of degree p™
thanks to Artin-Schreier-Witt theory.
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2.1. Properties of Witt vectors.

Let R be a commutative ring with a unit element, and p be a prime
number.

We denote by W (R) the ring of Witt vectors of infinite length.

For all Witt vectors 2 = (z);>1 in W(R), the sequence z* = (z(M);, of

ghost components is defined by W = xgh + prh_l + ... + phay,.

Let H(R) = R" be the ring of sequences of elements in R provided with
componentwise addition and multiplication laws. Let gg be the map from
W(R) to H(R) defined by gr(z) = x*. Then gg is a ring homomorphism.

Let R and S be two commutative rings, ¢ a homomorphism from R
to S, let W(yp) : W(R) — W(S) by W(p)(r,) = ¢(rn) so W(p) is a
homomorphism.

The Witt functor W is the unique functor from the category of commu-
tative rings into itself satisfying the following property: the transformation
which associates to a commutative ring R the map gg is a functorial ho-
momorphism of W to the functor H.

2.2. The additive law in W (R).

In this paragraph, we give a technical lemma about the nth component of
Witt vectors. This Lemma will be used in several ways in the next chapters.
We need firstly to define the weight of a monomial to state this lemma.
Definition 2.1. In the 2j-indeterminate-polynomial ring R[xo,...,Tj—1,
Yos -, Yj—1), the weight of a monomial x{°... ;“ Tyl y;” 1" in R is defined

by:

Zp Th + i)

A polynomial is said to be homogeneous if it is a linear combination of same
weight monomials.

Let us notice that the weight depends on the prime p.

Lemma 2.2.
1) Let x = (zg,21,...) € W(R), the jt th component of —x is —xj 1+
Q1 with Q-1 a homogeneous polynomial of weight Pt in
Zlxg, ..., Tj—2].
2) Let x = (x0,21,...) and y = (Yo, Y1, -..) be two Witt vectors, the jth
component of x +y is xj_1 +yj—1 + Xj_1 where Xj_1 is a homoge-
neous polynomial of weight p’ =1 in Zlw, ..., Tj—2,Y0s - Yj—2)-

Proof.
1) Consider firstly the case of the ring Ry = Z[Xo, X1, ..., X, ...] of polyno-
mials in countably infinite indeterminates with integer coefficients. We put
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X = (X0, X1,...,Xj,...). Let Y = (Y0, Y7,...,Y},...) such that Y = —X in
W(Rz). The jth ghost components of X and Y are respectively:

. i—1 i—92 . .
XUD =X 4 pXT T+ XD, X

. i1 o . .
YU =Y 4 pVP T+ Y, Y

Since gr, is a ring homomorphism, in H(Rz) we get: X061 4 yU-1 =,
Define the ring Rgp = Q[Xo, X1, ..., Xj,...] of polynomials in countably
infinite indeterminates with rational coefficients. Hence, in the ring H(Rg)

1 i—1 j—1 i
Vi1 =-Xj1— F(Xg +YY A DX+ YY)
So Y1 = —X,;_1 + Q;_1 where Q;_1 is, by induction on j, a polynomial
of X, X1,..., X2, necessarily with integer coefficients as Y;_; is in Rz.
Furthermore €2;_; is a homogeneous polynomial of weight p’ -1

2) The proof of the second part is similar to the first one. O

2.3. Witt vectors of length n.
Let n > 1 be an integer and define the ring of Witt vectors of length n.
We define the shift map on W(R) by V : W(R) — W(R) such that for
any vector x = (g, z1, ...), we have V(zg, z1,...) = (0,9, 21, ...). We note
that for all z and y in W(R), we get V(x +y) = V(z) + V(y) ([12], ch II,
86).
Definition 2.3. Let I,, = V"(W(R)) = {(0,...,0,zp, Tpt1,...)} be the set
of Witt vectors where the n first components are zero.

The set I, is a subgroup and an ideal of W (R). Let W,,(R) = W(R)/L,.
Elements of W, (R) are identified with the vectors (zo,...,zn—1) € R".
These vectors are called Witt vectors of length n. The addition in W, (R)
is given by the same formulae as the addition in W (R).

2.4. Witt vectors on a field of formal power series.

Let k be a field of characteristic p and K = k((t)) provided with the
t-adic valuation vg be the local field of formal power series. Denote by
Og its valuation ring and px its maximal ideal. We have Ox = k[t] and
pr = tk[t].

Let F be the Frobenius map from W (K) to itself such that for any vector
z = (20, 21,...) we get Fx = (zf,2f,...), the map F is a ring homomor-
phism. Let ¢ = F'—id be the abelian group homomorphism from W (K) to
itself whose kernel is W (F,,) [12]. The same notations F' and p will be used in
W, (K). We also define the truncation map 7" which is the ring epimorphism
from Wy, (K) to W,_1(K) such that T'(zo, ..., Tn-2,Tn—1) = (20, ..., Tn—2)-

Define on W, (K) the map introduced firstly in the PhD thesis of V.
Shabat:
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Definition 2.4. Let x = (xg,x1,...,xn—1) be a Witt vector of length n, and
put:

mp(z) = min{p" v (z,) for e =0,1,...,n —1}.

We also have for any x € W, (K), my,(x) = max{pm,—1(T(z)), vk (zn_1)}.
By Proposition 4.2 of [13], m,, is an ultrametric function.

Definition 2.5. Let d,, be the metric on W,(K) given by dp(z,y) =
pmn(@=y)

This metric is compatible with the additive law. The topology defined
on W, (K) by the metric d,, coincides with the product topology on the set
K™,

Lemma 2.6. The additive group W, (K) provided with the metric dy, is a
complete ultrametric group.

Proof. We prove by induction on n that W, (K) is complete.

If n =1 then W3 (K) = K and the property is obvious.

Assume now that W, (K) is complete up to n’ < n — 1. Let 2" be
a Cauchy sequence in (W, (K),d,) then m,(z»*) — z(M) tends to +oo.
As my_1 (T (")) — T (M) > %mn(x(h‘*'l) — M) so my,_1 (T (xh+D) —
T(z™)) tends to 4+00 and T'(z™) is a Cauchy sequence in (W, (K), dp_1).
By induction hypothesis, T'(z®) tends to T'(1) with I € W,,(K). For any h,
we can write ™ = [ 4y for a vector y(M = (y(()h), ,yT(l )1) of length n.
So T'(y™) tends to the zero vector of W,_1(K). On other hand, y™ is a
Cauchy sequence in (W, (K ) dyp, ) as it is a translated sequence of a Cauchy
sequence. Let y®) = (T(y™), B 1) with B Y, € K and T(y™) being the
n — 1 first components of y"). There is A,,_; € K such that:

h+1 h
g —y ™ = (™) = (™), B - B+ Auc).

n—

By Lemma 2.2, A,_; is a homogeneous polynomial in y[()h+1), ...,yflh_gl),
y(()h), . ,yr(lh)2 so it converges to 0 as for all 4, yl(h) and y(hﬂ) tend to 0. Hence

(ﬁ(hH B 1) n tends to 0. Thus 6 ; is a Cauchy sequence and therefore
it converges to (3,1 in K. We deduce that y" converges to (0,...,0, Bn—1).
So (M converges to I + (0, ...,0, 3,_1) and W, (k) is a complete group. [

In the following, the notation W, (px) design the set of Witt vectors of
length n with components in the maximal ideal pg.

Lemma 2.7. Let © € W,(Ok) then x = y + z with y € Wy(k) and
z € Wy(pk).
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Proof. By induction on n. If n = 1, the property is obvious.

Assume now that the property is satisfied for all Witt vectors of length
less than or equal to n — 1. Let * = (x0, ..., Tn—2,2n—1) € W,(Ok) and
' = (xg, ..., Tp—2) its truncation in W,,_1(Ok). By induction hypothesis,
there are y' € W,,_1(k) and 2’ € W,,_1(pk) such that 2’ = ¢/ + 2'.

We have to prove that there exist y,—1 € k and z,_1 € px such that
x =y + z with y and z some Witt vectors of length n for which the n — 1
first components are respectively the components of 3’ and 2’. By Lemma
2.2, Tp—1— 2pn—1 = Yn—1 + Zn—1 Where >,,_1 is a homogeneous polynomial
N Y0, vy Y2,y 205 -y Zn—2. Substitute the values of 3/ and 2’ into 3,1 so
vi (Xp—1) is non negative. Since vk (z,—1) is non negative, then z,_1—%,_1
belongs to Ok. We then find 3,1 in k and z,_1 in pg. O

2.5. The case of an algebraically closed residue field.
From now, let k£ be a finite algebraically closed field. In this paragraph,
we give some results about Witt vectors in W, (k).

Lemma 2.8. If k is an algebraically closed field then Wy (k) = po(Wp(k)).

Proof. Tt is obvious that (W, (k)) C W, (k).

Now the inclusion W, (k) C (W, (k)) is obvious for n = 1. We assume
the property Wy, (k) C p(Wy(k)) is satisfied up to n.

Let z = (x0,...,2n) € Wypt1(k). We have zy € k so there exists a in k
such that g = p(a). Let {a} be the Witt vector of length n+1: (a,0, ..., 0).

So
r—p({a}) = (0,2],...,2),) = V(a},....2}).
By induction hypothesis, for any (21, ..., z),) € W, (k) there exists (y1, ..., yn)

ey iy

in W, (k) such that (2}, ...,2}) = o(y1, ..., yn). So

ey by

L= @({a}) = V(mlh 73741) =V(pW1, - yn)) = 0(V(y1, .-, yn))-
Hence z = p({a}) + o(V(y1, .-, yn)) = p({a} + V(y1, ..., yn)). O
Proposition 2.9. A Witt vector in W, (Ok) belongs to p(W,(Ok)).

Proof. Firstly, if © = (xo, ..., xn—1) € Wn(pK)-
h h
We have Fhx = (of 2} ... 2P ).

n—1—t n—1—¢

(")) = p min(p" 1 ok () = plma ().

Hence m,,(F"z) > p* as my,(x) > 1, so m,(F"z) tends to +oo.
Let y = =370 Flg, by Lemma 2.6, the series y converges. Since the
Frobenius map F' is continuous, we get:

o(y) = (F—Id)(y) = - 3 F**1a 4 3 Py = o
h>0 h>0

mp(F"z) = min(p

So z € p(Wn(Ok))-
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If one or more components are series of valuation zero. By Lemma 2.7,
x=1y+ z with y € W, (k) and z € W, (pk). Since k is algebraically closed,
then Wy, (k) C p(Wp(k)). As Wi(pr) C p(W,(Ok)) then z is the sum of
two elements in p(W,(Ok)) and so x € p(W,(Ok)). O

We deduce from this the following reduction of Witt vectors :

Proposition 2.10. Every Witt vector x € Wy, (K) is congruent modulo
p(Wh(K)) to a vector (Yo,Y1,-..,Yyn—1) where for all v = 0,....,n — 1, the
component vy, is a polynomial in t~1 with coefficients in k without constant
term.

Proof. By Proposition 2.9, it suffices to show that every Witt vector can
be written as the sum of two vectors (yo, ..., yn—1) and (2o, ..., 2n—1), where
for every 1 = 0,1,...,n — 1, y, €t 'k[t7!] and z, € Ok.

If n =1, we have W1 (K) = K, so the property is satisfied.

Assume that the property is satisfied up to n — 1. Let € W,,(K) and 2’
its truncation in W,,_1(K). Let ¥’ and 2’ be two Witt vectors of length n—1
such that v/ = T'(y), 2/ = T(2) and 2’ = y + 2’ by induction hypothesis.
Assume that for any 0 < ¢ < n —2, 9 € t71k[t7!] and 2/ € W,_1(k[t]).
There is ¥,—1 € Z[Yo, ---s Yn—2 20, .-+, 2n—2] such that (y + 2)p—1 = Yn-1 +
Zn—1+ Xp_1.

Then x,_1—X,_1 can be written into the form x,,_1—%,_1 = yp_1+2n-1
with y,—1 € t 'k[t7!] and 2,_1 € k[t]. We verify that y + z = x. O

2.6. The filtered W, (k)-submodule B,,.
Denote by N,, the set of positive integers coprime to p and for each z € K,
let {z} be the Witt vector of length n given by (z,0,...,0).

Definition 2.11. Let B,, be the W, (k)-module generated by vectors {t~*}
with © € Np.

Elements of B, are vectors in Wy, (K) of the form a = 3 ¢y, a, {t"*} with
a, € Wy, (k) and a, = 0 for ¢ sufficiently large. This form is unique:

Lemma 2.12. The elements {t™*} with « € N, are linearly independent
over Wy(k).

Proof. Let a, = (a,0,...,a,n—1) € Wy(k). By Proposition 1.10, [14], we
have:

af{t™} = (a0, aup,-.yan—1){t""}

h n—1
-t - -
= (aL’ot s ey Gy b P au—tT? ).
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So each component of a,{¢t"*} is a monomial in =" with coefficient a.n
where 0 <h <n —1 and ¢ € N,. Hence by Lemma 2.2:

Z af{t™"} = ( Z a.ot™", ...,

LtENy LtENy

—_ph _,n—1
Z ab,ht P + Eha (XX} Z aL,nflt P + anl>-
LtENp tENp

The hth component of ZLENP a{t7"} is ZLGNP a%ht*‘ph + X5, with Xj a

homogeneous polynomial in aL,h/t*Lph with A’ < h. Thus X; are with-
out constant term. Now, by induction on the rank of the components, if
> ien, @ {7} = 0 then every ¥y is zero and then each a, is 0. O

Remark. The truncation T will send B,, to B,,—1. Moreover T'(B,,) = B,,_1.

The exponent of the group W, (k) is p™ and let ord(a) be the order of a
in W, (k) [12]. We have also ord(a + b) < max{ord(a),ord(b)}.

Definition 2.13. For any a =3, cn, a{t™"} € B, we put:

pnla) = max@%) forall a, #0
pn(0) =0 otherwise.

Lemma 2.14. For any a and b in B,, we have:

pula+) < max{p,(a), pu(B)}.

The proof is obvious. By this lemma, we get an increasing filtration on
B

Definition 2.15. Let A, be the set of elements a = 3oy, a{t™"} € By,
with at least one element a, € Wy, (k)*.

Lemma 2.16. Let a =3 oy, a{t™} € By. Then the following assertions
are equivalent:

(1) a € A,.

(2) max{ord(a,) such that a, # 0} = p".

(3) a ¢ p(By,). where p is the multiplication by p in W, (K).

Proof. (1) < (2) : Assume that a € A, so there is g € N, such that
a,, € Wp(k)*. Since a € W,,(k) has order p™ if and only if it is invertible,
so ord a,, = p" and max{ord (a,) such that a, # 0} = p" is equivalent to
a belongs to A,,.

(1) = (3): A Witt vector is invertible if and only if its first component is
invertible. Let b = (by, ...,b,—1) be a vector in B,. Since p = VF [12], so
p(b) = VE(bo,...,bp—1) = (0,0, ...,b5_5). So p(b) cannot be invertible.
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(3) = (2): If the vector a is such that max{ord(a,) such that a, # 0} < p"
then there exists a vector b such that a = p(b). O

2.7. The direct sum W, (K) = p(W,(K)) & B,.

The main result of this paragraph is the direct sum of abelian groups:
Wih(K) = p(Wn(K)) & By,. It will be very useful in the following to get a
way to describe an action of Gy(k) on B,. We firstly prove some lemmas:

Lemma 2.17. Letx = 3_ 51 oyt in K\k. Let v(z) be the minimum integer
such that there exists © > 1 with vy(t) = v(z) and o, # 0. Then we have
v(p(x)) = v(z).
Proof. For any z, let I(z) = {v € Z, o, # 0} so v(z) = min{v,(¢) with ¢ €
I(x)}.

We have 27 =} ., aPt™*P so I(2P) = p(I(x)) and I (2P —x) C p(I(x))U
I(x).

By definition v,(:) > v(x) for all ¢ € I(x) so vy(r) > v(x) for all ¢ €
p(I(x)).

Therefore v, (1) > v(x) for all « € p(I(x))UI(x). Hence v(zP —z) > v(z).

Conversely, let 1o € N such that v,(t9) = v(x). We have o € I(z)\p(I(z))
and so ¢ € I(aP — x). Hence, we have v(zP — x) < v,(19) = v(x). O

Lemma 2.18. If x € K and m € N* then there exists y € K and o, € k
for all v € N, such that o, = 0 for v >> 0 and x = ZLGNP ot~ +yP—y.

Proof. If m = 1, let x = > «,t~*. Using Proposition 2.10 we obtain z =
x' +yP —y where y € K and 2’ a polynomial in ¢! without constant term.

So it suffices to show that each term «,t™* belongs to By + oK. We will
proceed by induction on ¢ € N. We consider two cases:

If ged(e,p) = 1, then > a,t™* € By.

If ged(s,p) # 1, s0 ¢ = ¢/p then o/t~ = a/t~"'P.

Since k = F&9, AP = /PP = (ot — ot + o/t and
(o =W — ot € pK and o/t~ € By + pK by induction hypothesis.

Now, if we have v = ZLeNp(—o/)t_Lka2 + y? —y with y € K, we put

L

Y=y + Yien, At s0 that 37 =y + ¥, 02t Thus

oy =yP -y + > alt T = N

LeNy tENp
_,mym—1
=z + Z QPP
LENp
So x satisfies the conditions. O

Proposition 2.19. We have the direct sum of abelian groups:
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Proof. 1) We want, B, N p(W,(K)) = {0}.

If n = 1, then we have to show that p(K) N B; = {0}. We use the 7th
property of Proposition 4.2 [13]. If x € By and z # 0 then vk (z) is negative
coprime to p and if € p(K) then vk (z) is either positive or negative but
in this latter case, vk (z) is a multiple of p. So p(W,,(K)) N B, = {0}.

Now, we want to prove that for every n, o(W,(K))N B, = {0}.

Let a = 3 ,en, a{t™} € Bu N p(Wn(K)). So a = p(z0, ..., Tn-2, Tp-1)
with z, € K. Assume that (xg,...,2,—1) # 0. Denote by a’ (resp a, resp
{t7*}n—1) the truncation in W,,_; of the Witt vector a (resp a,, resp {t~*}).
By induction hypothesis, if ' = ;e @ {t ™" }n—1 = p(20, ..., Tn—2) = 0
then every a, = 0 by Lemma 2.12.

So a, = (0,...,0,a,,—1) with a,,—1 € k and 2, € F, for 0 < ¢ <n —2.
Thus:

a=(0,...,0, Z ab,n,ltﬂpn_l)
tENp
= (xg, ...,azﬁ_2,$ﬁ_1) — (20, ey Tp—2, Tp_1).

Hence ZLeNP aJL,nflt_Lpni1 = :Ui—l — Tp_1 + Xp_1 with 3,1, by Lemma
2.2, a homogeneous polynomial in g, ...,z,—2 and since x, € I, for 0 <
t < n—2 then vg(z,) = 0 and so X,_1 € Fp. So there is ¥/ _; such that
Y1 =3P % . We now write #/,_; = x,_1 + X/,_;. We have:

xlz_l - x/nfl = Z aL,nflt_Lpnil

LENy

We suppose there exists 1o € N, such that a,,,—1 # 0, so

V( Z aLom—ltiLOpn_l) =n—1.

LtEN

In other hand, by Lemma 2.17, we have:

_ -1
V( Z Qo m—1t wop” ) = V(SU/;:JL—I - ‘/1:;7,—1) = V(x/n—l)'
LENp

/
n—1

/

! 1) is a multiple of p"~1. Since v (z},_;) <

n—1

_ n—1 .
0 then vi (2 _; — x7,_1) = puk(2),_1) - S0 vk (X ,en, Auon—1t"0P" ) is a
multiple of p™.

We get a contradiction with the fact that UK(ZLENP aLO,n,lt*Lopnil) is

Hence v(z],_;) =n—1so vk (x

of the form ¢op™~ ! with ¢y € N,. Hence z = 0 and we get the result

B, N p(W,(K)) = {0} for all n.

2) Secondly, we have to prove that for any n, W, (K) = p(W,(K)) + B,.
If n =1, we have already show it in the case m = 1 in Lemma 2.18.
Let z € W,,(K). By induction hypothesis, we have T'(z) € p(W,_1(K))+

B,,—1. Since the map T is an epimorphism, we can find y € W, (K) and
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b€ B, such that: T(2) = p(T(y)) + T(b) = T(p(y)) + T(b) = T(p(y) +b).
So x = p(y) +b+(0,...,0,x) with x € K.
We can write by Lemma 2.18: xy = >, x, ¢t

0,...,0,x) = OZXL T )

n—1

+ 2P — 2.

,..,O,bet_‘p Y 41(0,...,0,27) — (0, ..., 0, 2)
—Z w0, x )t} + (0, ..., 0, 2)

S0 Y,(0,...,0,x,){t*} belongs to B, and ©(0, ..., 0, z) belongs to p(Wy,(K)).
Hence we have for any n, Wy, (K) = p(Wn(K)) + B,. O

3. Applications to cyclic extensions of degree p™.

Let L/K be a field extension, if x = (xq,...,zp—1) is a Witt vector in
Wy (L), the notation K (z) will denote the extension K (x,...,Z,—1) of K.
We will describe a way to characterize cyclic totally ramified extensions
of degree p™ by a unique element of A,,. We also determine the ramification
breaks of these extensions in terms of coefficients of this element of A,,.
We recall that £ designs the algebraic closure of Fy,.

3.1. The conductor of a cyclic extension.

Let k' be a field of characteristic p and K’ = k/((t)). Let L' /K’ be a cyclic
totally ramified extension of degree p™. Let U be the unit group of K’. The
conductor of the extension L'/K’ is defined by (¢)"'/K") where :

r(L'/K') = min{l € N such that UY C Ny 5 (L)}

with U = {u € U such that vg(u — 1) > 1} = 1 + t'K'[t] the "0 term in
the natural filtration of U.

Let s(L/K) be the greatest ramification break of L/K, that is the great-
est integer such that Gal(L/K)yp k) # {1}. The integer r(L/K) is equal
to p(s(L/K))+ 1 where ¢ is the reciprocity map of the Herbrand function
[11]. So a link between the conductor and the greatest ramification break
holds.

Lemma 3.1. Let L/K be a cyclic extension of degree p" and K' be a
closed subfield of K such that L = KL' with L' /K’ of degree p™. Assume
that K/K' is unramified. The two extensions L' /K" and L/ K have the same
ramification breaks. In particular the conductor of L/ K is the same as the
conductor of L' | K'.

Proof. Since K/K' is unramified, the extension L/L’ is also unramified.
The map o — oy is an isomorphism between Gal(L/K) and Gal(L'/K').
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We have:

Gal(L/K), = {U € Gal(L/K) such that vL(U(TrL) - 1) > w}
TL

where 77, is a prime element of L. Let 7 be a prime element of L', since the
extension L/L’ is unramified then 7 is also a prime element of L. Hence o €
Gal(L/K),, if and only if o), € Gal(L'/K"),,. So the ramification breaks in
lower numbering are the same. We get, with the Herbrand functions, the
same ramification in upper numbering.

By [11], Proposition 9, we know that the conductor is equal to (t)"(2/5)
where r(L/K) is the greatest ramification break in upper numbering plus
one, so the conductor of the extension L/K is preserved. U

The map from G(L/K) to G(L'/K') which associates to o, the element
0|z is an isomorphism of filtrered groups by the filtrations of ramification.

3.2. Parametrization of cyclic extensions.
We describe in this paragraph, a way to characterize cyclic totally ram-
ified extensions of degree p™ from an element of A,,.

Remark. By Artin-Schreier-Witt theory, if L/K is a cyclic extension of
degree p", then there exists a non degenerate pairing ([2], chap IX):

(EWn(L) NWi(K))/pWn(K) x Gal(L/K) — Wa(Fp)

(a, o) — [a,0) =ca—a.

where p(a) = a and @ denotes the class of a modulo p(W,,(K)). Moreover
this pairing puts Gal(L/K) and (oW, (L) N Wy (K))/eW,(K) in duality.

Proposition 3.2. Let L/K be a cyclic totally ramified extension of degree
p" and o a Galois group generator of L/K. There is a unique element
a € A, such that:
1) L= K(p~\(a))
2)la,o) =1=(1,0,...,0) wherea denotes the class of a modulo p(Wy,(K)).

Proof. Prove firstly the uniqueness of the element a. By Proposition 2.19,
we have: p(W,(K)) N B, = {0}. If L = K(p~(a)) = K(p (') and
[a,0) = [@’, o). Then by additivity on the right of Artin’s symbol, we have:
[@,o) —[d,0) =[a—d, o) =0.
Since the pairing is non-degenerate then a — a’ € p(W,,(K)). As a and d
belong to B, and since B,, N (W, (K)) = {0} then necessarily a = a'.
Prove now the existence of such an element a. By the previous remark:

Hom(Gal(L/K), Wn(Fp)) ~ (p(Wn(L)) N Wi (K))/p(Wn(K)),
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where the groups Gal(L/K) and W,,(F,) are cyclic of order p”. Then there is
a homomorphism ¢ which associates to o the element 1 in W, (F,). So ¢ cor-
responds in the above isomorphism to @ € (W, (L)) N Wy, (K)/p(W,(K))
generating the group. Let a be a lift of @ in (W, (L)) N W, (K).

Since, a € p(W,(L)) then K(p~'(a)) C L.

Conversely, we want to prove that H = Gal(L/K (p~'(a))) = {id}. Let
T € H, so for any integer A\, we have,

[Aa, ) =A@, 7) = AM(ra — «)
with p(a) = a. Thus a belongs to K (p~!(a)) so Ta = a therefore [a@, 7) = 0.

So T is trivial as it is orthogonal to each element of p(W,, (L)) N W, (K).
The element a belongs to A4, since the extension L/K has degree p". [

3.3. An explicit formula for ramification breaks.

We describe in this paragraph a result on ramification breaks of the
Galois groups of a tower of extensions. For that, we firstly generalize a result
due to K. Kanesaka and K. Sekiguchi [6] to any cyclic ramified extensions.

We recall that we denote by ord(a) the order of a in the additive group
Wh(k). This order divides p™ [12].

Lemma 3.3. Leta =3 oy, a{t™} € Ap. Let L = K(p~(a)) be a cyclic
extension of degree p™, the conductor is (t)"/5) with r(L/K) defined by:

r(L/K) = {rel%f {]%ord(aL) +1 fora, # O}.

Proof. To prove this result, we use Lemma 3.1 and a paper due to K.
Kanesaka and K.Sekiguchi [6]. Let L = K(p~*(a)) be a cyclic extension of
K of degree p" with a € A,,. Let a = 3 oy, @ {t™*} with a, € Wy, (k).

Let &’ be the subfield of k generated by the components of the vectors
a,. As a, = 0 for all but a finite number of ¢ € N, £’ is a finite field. Put
K’ = K'((t)) and now let L' = K'(p~!(a)). Thanks to Lemma 3.1, we know
that the ramification breaks of L'/K’ are preserved in the extension L/K.
Sor(L/K) =r(L'/K'). By Kanesaka and Sekiguchi’s theorem, ([6], p.367):

r(L'/K') = max{ip"~! + 1 such that « € N, and a, # 0,1, > 1}

with [, = n — s, and s, defined by :

s, = max{v such that p” | a,} ifa, #0

s, =n if a, = 0.
We have to prove ord(a,) = p'. This is clear if a, = 0 so we assume a, # 0.
By definition there is an invertible vector «, such that a, = p®«a, with «,
in W, (k) \ p(Wy(k)). So ord(a,) = p" since W, (k) has characteristic p".
Hence

ord(a,)

ged(ord(a, ), p*

ord(a,) = ord(p*a,) =



276 Sandrine JEAN

which concludes the proof. O

Definition 3.4. For any 0 < j < n, we define the maps T" 7 such that:

™ Wh(K) — Wj(K)

(l’o, ceny l'nfl) = ($0, PN :L'jfl).

Lemma 3.5. Let L/K be a cyclic totally ramified extension of degree p"
such that L = K(p~'(a)) with a € W,(K). Let K; be the subextension
of L/K such that K; = K(p~Y(T™(a))). Then K;/K is an extension of
degree p’.
Proof. We obviously have K; C K;1 C L.

Let L = K(p~'(a)) with a € W,,(K). It suffices to show that for every
integer j between 1 and n and every a € W;(K), we have:

[K (9™ (a) : K(p~ (T(a)))] = p.
Let x = (zg,...xp—1) be an element of W,,(K) such that p(x) = a. Since p
commutes with the truncation map 7', we have:

o(z0, ..., xj—1) = a = p(xo, ..., xj—2) = T'(a).

We have K(zg,...,zj-1) = K(:co, .y Zj—2)(xj—1). By Lemma 2.2, the jth
component of p(zo,..,xj_1) is 33] 1 —Tj—1+Aj_1(xog,..,zj—2) where Aj_
is a polynomial with integer coefficients. So p(z;_1) = :1:?71 —zj1 €
K(l’o, ....%'j_g).

By Artin-Schreier-Witt theory, K (o, ...,xj-1)/K(zo,...,xj—2) is an ex-
tension of degree 1 or p. Since L/K has degree p", then the extension
K (20, ..., 2n-1)/K (20, ..., Tn—2) and each K (o~ (T7(a)))/K (9~ (T7*(a)))
has degree p and then the extension K (p~1(77(a)))/K has degree p/. [0

Proposition 3.6. Let a € A,,. The ramification breaks in upper numbering
of the Galois group Gal(K(p~'(a))/K) are pn—;(T(a)) for 0 <j <n—1.

Proof. Let a be an element of A,, and L = K (p~!(a)). Since the truncation
map is a ring homomorphism which commutes with the additive law, we
obtain:

T(a) =T(Y aft™}) =Y T(af{t™}) = Y T/ (a)T'({t™'}).

teNp LeNy LtENy

So we have: ,
pn—i(T9(a)) = max (Z—jord(Tj(aL))).

tENp

Therefore, following Lemma 3.3, we obtain that the conductor of each
subextension K /K is (t)"5:/%) with:

r(K;/K) = max {éord(Tj(aL)) +1}.

LtENp
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For any subextension K;/K of L/K, we put for 6 =0,..,j — 1,
is(K;/K) = max{e such that Gal(K;/Ks) C Gal(K;/K).}.
Let vk be the Herbrand function for the extension L/K and ¢p/f its
inverse map. By the property of the function ¢y, /x [12], we have:
Gal(K;/K). = Gal(K;/K)?L/x(©).

In the filtration of the Galois group Gal(kK;/K) in lower numbering:

Gal(K;/K)e = {0 € Gal(K;/K) such that ord(agzr[zj) - 1) > e}
where Gal(K;/K) ~ K* /Ny, )k K. Since:

(K*/Ng,kK7)" = {1} & U" C Nk, )k K; & Gal(K;/K)" = {1}.
So r(K;/K) = min{u € N such that Gal(K;/K)" = {1}}.

e <ij 1(K;/K) e CGal(K;/Kj_1) C Gal(K,/K)#t/x
& Gal(K;/K)Prel) £ {1}
© e/ (€) <r(Kj/K)
© pr/r(e) <r(Kj/K) =1
& e < Yp/r(r(K;/K) —1).
So i; 1(K;/K) = ¥r/k(r(K;/K) — 1). Hence, in upper numbering, the
ramification breaks of K;/K is r(K;/K) — 1 that is p,—;(T7(a)). O

Definition 3.7. We call ramification breaks of a € A, the n integers de-
fined by pp—;(T7(a)).

By Proposition 3.2 and Proposition 3.6 we obtain the following theorem:

Theorem 3.8. Let L/K be a cyclic totally ramified extension of degree p"
and o a Galois group generator of L/ K. There is a unique element a € A,
such that:

1) L=K(p~'(a))

2)la,o) =1=(1,0,...,0) wherea denotes the class of a modulo p(Wy,(K)).
Moreover this bijection preserves ramification breaks between A, and X, .

4. Action of Gyg(k) on the group B,,.

In the following, we use an action 3, of Go(k) on B,. The isomorphism
between B,, and W, (K)/p(W,(K)) is necessary to define this action.
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4.1. Definition of the action of Go(k) on the ring W, (K).

Let v € Go(k) and 4 be the automorphism of K fixing k associated with
7 such that 4(f) = fo~y~! for all f € K. By the Witt functor W, we can
deduce an automorphism W (%) of W (K) such that:

W) (ag, at, ..., an,...) = (agoy a0yt . ap oyt ).
We recall that I, is the additive subgroup of W (K) such that the n first
components of Witt vectors are 0. We have defined W,,(K) to be W (K)/I,.
Since W (%)(I,,) is I, we can define an automorphism W, (%) in W,,(K) such
that W (%)(ao, a1, .-, an_1) = (ag oy a1 oy, ...;an_1 0y~ 1). Moreover
Wy (k) € Wy (K)W»() so the automorphism W, (%) is W, (k)-linear.

Definition 4.1. We define in this way an action W,, of Go(k) on the ring
Wi (K) such that Go(k) acts on every component of Wy, (K) i.e.:

Wo:  Go(k) x Wo(K) — Wiu(K)
(77 (a07a17"‘7an—1)) = (CL()O"}/_I,CH07_1,...,an_107_1)-

That is Wy (7) = Wn(3).

Remarks.

e For n =1, the action Wy is simply v — 4.

e The action W, is W,,(k)-linear.

e The action W, of Go(k) commutes with the map .

e The actions W, and W,,_; of Go(k) respectively on the rings W, (K) and
Wiy—1(K) commute with the map T of W, (K) to W,_1(K).

4.2. Definition of the action of Gy(k) on the group B,.

The map o commutes with W, on W,(K). So the W, (F,)-module
p(W,(K)) is globally invariant under this action and we obtain an action of
Go(k) on W, (K)/p(Wy(K)). As B, and W, (K)/p(W,(K)) are naturally
isomorphic (Proposition 2.19), a linear W, (F,)-automorphism 3, () of B;,
holds. Finally 8, : Go(k) — Autyy, (r,)(Br) is an action of the group Go(k)
on the W, (F,)-module B,,. The map W,(¥) is a linear automorphism of
Wi (K)/o(Wy(K)) hence B,(7) is also a Wy, (F,)-linear automorphism of
B,.

Definition 4.2. We get the action of Go(k) on By, for any v € Go(k) and
any a € By:
B : gO(k) xB, — B,
(v;a) = d
where a' is the vector in the submodule B, which is congruent to the vector
(agovytaroy™, .. an_1 0y t) modulo p(W,(K)).

Lemma 4.3. The set A, is globally invariant under the action [3,.
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Proof. Let a € A, and v € Gy(k), we want to show that 5,(v)(a) €
A,,. Lemma 2.16 claims that A, = B, \ p(B,) so we must prove that if
5r(7)(a) € p(By) then a € p(Ba). Let Bu(1)(a) = pla’) with @ € By,
Hence

a = Fu(y")(Ba(7)(@) = Bu(y ™) (P(a) = P(Bu(y™")(a))

so a lies in p(B,,). Hence A,, is globally invariant under the action 3,. O

4.3. Link between the action 3,, and the map of truncation.
We recall that the truncation map 7" satisfies T'(B,,) = Bp—1.

Proposition 4.4. The actions B, () and Bn—1(7) of Go(k) respectively on
the groups By, and By,—1 commute with the map of truncation T from W, (K)
to Wy—1(K).

Proof. As T sends p(Wy,(K)) in p(W,_1(K)) we have an induced homo-
morphism T from W, (K)/p(Wy,(K)) to Wy_1(K)/p(W,_1(K)). By the
remarks after Definition 4.1 we have T o W, (%) = W,_1(§) o T hence
T oW,(’) = Wy_1(§) oT, and by the identification of B, and B, i
with respectively Wy, (K)/o(Wy(K)) and Wy,_1(K)/o(W,—1(K)), the map
T o Bn(7) corresponds to T o W, () and the map 3,_1(y) o T corresponds
to Wp—1(%) o T. Therefore T o 8,(7) = Bn-1(7) o T. O

5. Application to the conjugacy classes of series of order p™.

We are looking for a way to characterize conjugacy classes of series of
order p" for any n. We recall that X, is the set of pairs (L, o) where L/K
is a cyclic totally ramified extension of degree p” and o a generator of
Gal(L/K). We denote by ), the set of conjugacy classes in Go(k) of series
of Go(k) of order p™. For any o € Gy(k), [o] is the conjugacy class of o in
Go(k).

5.1. Filtration over Gy (k).

For any g € Gy(k), the ramification number i(g) of g is vK(@ —1). By
convention, the ramification number of identity is co. By identification of
Go(k) with the group Autconty(K), we define a filtration on Gy(k) corre-
sponding to the ramification filtration of Autcont(K) in lower numbering

([12], p.69). We recall that if ¢ is an automorphism of K fixing k, we put
7.(.0'
(o) =vg|— —1
(0) =vi(— ~1)
where 7 is a prime element of K, for example ¢t. The map 7 is central, i.e.
it doesn’t depend of the choice of the prime element, and is an order func-
tion of a filtered group over Autconty(K) which is called the ramification
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filtration in lower numbering. Then we can define on Gy(k) the following
filtration:

Gj(k) = {o such that i(c) > j}.
For all j, the set G;(k) is the group of series belonging to Go(k) whose ram-

ification number is greater than or equal to j. One gets the isomorphisms:
gg(k)/gl(k) ~ k* and for allj > 1, gj(k)/gj+1(k) ~ k.

5.2. The map \,.
We define in this paragraph a map between X,, and ),.

Definition 5.1. We define the map A, : X, — Yy in this way: if (L,0) €
X, we choose a prime element m € L and we define A\, (L,0) as the conju-
gacy class of the series o(mw) € L = k((m)).

Firstly, we will verify that A, is well-defined, i.e. it doesn’t depend on
the choice of the prime element 7.

Let m and 7’ be two prime elements of the field L. Then we have two
functions f and f’ such that f(r) = 77 and f'(7') = 7. We thus can
write 7’ as a series in 7, and there exists in this way ¢ in Go(k) such that
7' = () where k(7)) = k(7). So we get on one hand f/(7') = f'(¢(m))
and on the other hand f/'(7') = 7’7 = p(7)7 = ¢(77) = ©(f (7)), since the
maps ¢ and o commute by continuity of o. So f' oy = po f, and this shows
that A, is independent of the choice of the prime element.

5.3. Some ramification properties of \,,.
We will show in this paragraph that the map A, satisfies some properties
about the ramification between X, and ),.

Proposition 5.2. The map A\, is surjective and respects the ramification,
i.e. i(o) = i(Ap(L,0)).

Proof. The map A\, is surjective. Indeed, let f be an element in Gy(k) of
order p" and define G = {h +— ho f° such that 1 < i < p"} the automor-
phism group of K of order p” and K¢ = {h such that h o f* = h} the
invariant field of G. By Artin’s theorem, K is a Galois extension of K& of
order p™ and of Galois group G so it is a cyclic extension. By a theorem
due to Samuel [10], we obtain K¢ = k((s)) with s = f; foUt) = Ng(t)
where Ng is the norm of the extension L/K. So K¢ ~ K by an iso-
morphism y fixing each element of k£ and sending s to t. Let P be the
irreducible polynomial of K over K& = k((s)) so that K ~ K¢[X]/(P) and
put L = K[X]/(xP(X)). The isomorphism y is extended by an isomor-
phism ¥ from K to L. Hence Autx (L) = ¥Gal(K/K%)X™! so L/K is a
cyclic extension of degree p™. As x and each element of G fix the elements
of k, then the extension L/K is totally ramified. Put o = ifj{‘l then
M(L,0) = [f] and so i(0) = i(Ay (L, 0)). O



Congjugacy classes of series 281

For all integers j € {0,1,...n}, let K; be the subextension of L/K of
degree p’. The extension L/K; has degree p"~7. The set of extensions (K;);
form an increasing extension tower in L/K, thus we get the Galois group
filtration:

G(L/K)=G(L/Ky) D G(L/K1) D ... > G(L/K,-1) D G(L/K,) = {1}.
Put, in lower numbering:
i;(L,0) = max{v € N such that Gal(K;41/K), # {1}}.
Let [o] be the conjugacy class of the series o in Gy(k). On )V, we put:
. oy o (1)
i) = it = vie (T2 1)

So we get, i;([o]) = i(0°?") = i(An(L,0°"")) by the previous proposition.
Let (L,0) € X, and [o] be the image by A, of (L,0). We get by this
way:

Corollary 5.3. The surjective map A, of X, on Y, preserves the ramifi-
cation breaks, that is for all integers j € 0,1,...,n — 1, we have ij(L,0) =

ij([o]).

5.4. k-isomorphism.

This paragraph gives a characterization for two pairs (L1, 01) and (Lo, 02)
to be in the same image under \,,.

Two pairs (L1, 01) and (Le, 09) are k-isomorphic if there is a bi-continuous
isomorphism 6 from L; to Lo such that (K) = K and f ooy = 090 6.

Proposition 5.4. Two pairs (L1,01) and (La,02) have the same image by
An if and only if they are k-isomorphic.

Proof. Choose prime elements 71 of L; and me of Lg so that L; = k((m))
and Ly = k((m2)) and thus ¢t = fi(m1) = fa(m2) where f; and fy are two
series. Since o7 is a series in m; and o9 a series in w9 then there is a series
s1 in Go(k) such that g' = gos; for all g in L; and in the same way, there
exists sg such that g72 = g o s9 for all g in Lo.

Assume firstly that (L, 01) and (Le, 02) are k-isomorphic and prove they
have the same image by \,. Let ¢ be a series of Gg(k) such that 7§ = 7¥.
On one hand, we have:

o1(n]) = (o1(m))? = s§ = s1(n]) = s1(nf),

and on the other hand:
oa(]) = o9(75) = (02(m2))? = (s2(m2))¥ = s0(m2)%.
By hypothesis, § 0 01 = 0306 so s1(m5) = s2(m2)% and s1 0 = @ o s9.
Assume now that (Lj,01) and (Lg,092) have the same image by A, and
prove they are k-isomorphic. Denote respectively by G and G5 the Galois
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groups of L;/K and Lo/K. Let m (resp m2) be a prime element of L;
(resp of L2) and let S € Gy(k) be a series such that for any automorphism
o1 of Gy, the series 09 = S™! ooy 0§ is an element of Gy. Let 6 be
the k-isomorphism of L; to Lo defined by nf = S(m2). We show that
makes the pairs (L1,01) and (Lg,02) k-isomorphic, that is 0(K) = K.
For z € K, there is a unique series f; in K such that z = f;(m). We have
2% = f1(m)? = froS(ma). As 2°' = x, since x € K, then fiooy(m1) = f1(m)
and so f; ooy = f1. Hence:

(JUQ)‘72 = f108(m)? = froSooy(m) = frooy 08(ma) = f1085(m) = 2?
and we get the result. O

5.5. Determination of conjugacy classes by the orbits of A,,.
We finish now by describing a bijection between )),, and the orbits of A,,.

Lemma 5.5. Let « € W,,(K) and suppose that L = K(«) is an extension
of K of degree p". Let a = p(a) and ¢ be a field homomorphism from K to
another field K'. Let 6 be a Witt vector such that ©(0) = p(a) then ¢ may
be extended to a unique homomorphism @ from L to L' = K'(§) such that
o(a) = 0.
Proof. If n =1, let a € K and « such that p(a) =a. Let P = XP—-X —a €
K[X]. Since the degree of a on K is p then P is the minimum polynomial of
a s0 it is irreducible. Let 6 be a root of X? — X — ¢(«). Hence p(d) = ¢(a).
Now, if the assertion is true for vectors of length less than n. Let T'(«) and
T'(§) be the truncation of a = (ayg, ..., @p—1) and § of length n — 1. There is
¢ such that (T («)) = T'(6). We have K (a) = K(T(«))(n—1). By Lemma
2.2, ap-1 = | —au_1+A(ag, ..., an—2) with A a polynomial with integer
coefficients. As p(a) = p(8) so p(an—1) =05 _| —n—1+ A(do, ..., 0p—2). For
any j <n — 2 we have $(«;) = d;, we obtain the result. O

Theorem 5.6. There is a bijection determined by A, between Y, and the
orbits of A,, under the action [, of Go(k) on A,.

Proof. We want to prove that a and a’ are two elements in the same orbit
of A, under the action [, if and only if they define two k-isomorphic pairs
(L,o) and (L', 0") with L = K(p~'(a)), L' = K(p~'(a’)) and o and ¢’ two
generators of respectively Gal(L/K) and Gal(L'/K).

Let v € Go(k) such that va — o’ € p(W,(K)). By Artin-Schreier-Witt
theory, a’ and ~vya define the same extension. So we have to prove the exis-
tence of a k-isomorphism 7 between L = K(p~!(a)) and L' = K(p~!(va)).
Let @ and o be the Witt vectors such that p(a) = a and p(a’) = ~a,
so [a@,0) = o(a) — a and [ya,0’) = o(a’) — /. By Lemma 5.5, there is a
homomorphism 4 from L to L' such that (¢’ o y)(a) = ¢'(¢/) =’ + 1 in
K (o) and we obtain (o 0)(a) = J(a + 1) = F(a) + (1) = o + 1. Hence
7 is a k-isomorphism between (L, o) and (L', o).
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Conversely, let a and a’ be two elements of A,, such that there exists a
k-isomorphism 6 between (K (p~!(a)),o) and (K(p~'(a’)),d’).

Let v be the series y(t) € K. We want to find the homomorphism 6 = 75
where 7 is the restriction of 6 in the field K. Let o and ¢’ be generators of
Gal(K(p~1(a))/K) and Gal(K (p~'(a’))/K) such that [@, o) = [@/,0) = 1.

We are looking for a series v € Go(k) such that o' = B,(y)a, i.e. d’ =
~va modulo p(W,,(K)). If we put v = 6(t) we have then to show that:

[/ —7a,0’y =0=[d,0') — [ya,0’) =0
= 1—[ya,o') =0
=1—1[0(a),d’) =0
=1-0'(0(a)) +0(a) =0.
And this is true since p(f(a)) = vya and a = p(«a) so p(f(«a)) = 0(a). O

Corollary 5.7. If two elements of A,, lie in the same orbit of A, by the
action By, then they have the same ramification breaks.

Proof. Let a € A, and a’ € A, be in the same orbit under the action
Bn. Let (un), and (ul), the sequences of ramification breaks of a and a’.
By Theorem 3.8, the bijection between A,, and X, preserves ramification
breaks so (uy), and (u,), are the sequences of ramification breaks of (L, o)
and (L', 0"), where (L,0) and (L', 0’) correspond respectively to a and a’.
Ramification breaks are preserved by A, (Corollary 5.3), so (u ), and (ul,),
are the sequences of ramification breaks of [¢] and [0'] where [o] and [¢]
are the elements of ), corresponding to (L,o) and (L',0’). Since a and
a’ are in the same orbit, by Theorem 5.6, they correspond with the same
conjugacy class in V. So [o] = [0/] and the sequences (uy), and (u),), are
equal. O

Remark. It should be interesting to find a more direct proof, that is a
proof which does not use the map A,.
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