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Degeneration of the Kummer sequence in
characteristic p > 0

par YuJi TSUNO

RESUME. Nous étudions une déformation de la suite de Kummer &
la suite radicielle sur une F,-algebre, qui est duale en un sens pour
la déformation de la suite d’Artin-Schreier a la suite radicielle,
étudiée par Saidi. Nous examinons aussi quelques relations entre
nos suites et I'immersion d’un schéma en groupes commutatifs,
fini et plat dans un schéma en groupes commutatifs, lisse, affine
et connexe, construite par Grothendieck.

ABSTRACT. We study a deformation of the Kummer sequence to
the radicial sequence over an Fj-algebra, which is somewhat dual
for the deformation of the Artin-Schreier sequence to the radicial
sequence, studied by Saidi. We also discuss some relations between
our sequences and the embedding of a finite flat commutative
group scheme into a connected smooth affine commutative group
schemes, constructed by Grothendieck.

Introduction
Let p be a prime number. The Artin-Schreier sequence
0 — Z/pZ — Ga’]pp cil Gay[pp —0

has an important role in algebraic geometry in characteristic p. Indeed we
obtain a description of cyclic extensions of degree p over a field of charac-
teristic p or more generally of cyclic coverings of a variety over a field of
characteristic p, applying the theory of Galois cohomology or étale coho-
mology to the Artin-Schreier sequence.

Mohamed Saidi [4] studies the degeneration of cyclic coverings of a curve
over a ring of characteristic p, using the exact sequence

(0) 0— Ng— Gga = Ga,a — 0,
where A is an Fp-algebra and p € A. When 1 = 0, we obtain an exact
sequence

0— ap A — Ga,A i’ Ga,A — 0,

Manuscrit recu le 15 octobre 2008.
Classification math.. 13B05, 14L15, 12G05.
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called the radicial sequence.

As is well known, the Cartier dual of Z/pZ is isomorphic to p,, 4, the
group scheme of p-th roots of unity, and ay, 4 is auto-dual for the Cartier
duality. Hence the Cartier dual of N4 is a deformaion of g, 4 to ay 4.

On the other hand, we have an exact sequence

F
0— HpA— Gm,A I Gm,A — 0,

called the Kummer sequence. It would be interesting to consider an ana-
logue of the sequence which combines the Artin-Schreier sequence and the
radicial sequence.

The main results of this article are the following theorems:

Theorem 1 (= Theorem 2.6.) Let A be an F,-algebra and X € A. Put
Na = Ker[F — 71T Ga,a — Ggal. Then there exists an exact sequnce
of group A-schemes:

(1) 0— NY — gV g0 o,

Theorem 2 (= Theorem 2.9.) Let A be an F,-algebra and X € A. Put
Ny = Ker[F—/\(p*I)/QI : Gg, 4 — Gg ). Then there exists an exact sequence
of group A-schemes:

(For the notation, see Section 1. We owe the description of the group scheme
G /4 to Waterhouse-Weisfeiler [14].)

Now we explain the contents of the article. In Section 1, we recall needed

facts on group schemes. In Section 2, after giving a precise description of
the Cartier dual of Ny, we prove Theorem 1 and Theorem 2. The exact
sequence (1) gives a deformation of the Kummer sequence to the radicial
sequence. Moreover, applying the cohomology theory of group schemes, we
obtain an analogue of the classical Kummer theory:
Corollary 1 (= Corollary 2.11.) Under the assumption of Theorem 1,
suppose that Spec S has a structure of N)-torsor over Spec R. If R is a
local ring or A is nilpotent, then there exists a morphism Spec R — gﬁf”)
such that the square

SpecS —— QI(L{\)

! 7

Spec R —— gﬁ,””

18 cartesian.
Furthermore, the exact sequence (2) is a quadratic twist of (1), that is,
after the base change by the quadratic extension A[v/A]/A, the sequence
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(2) is isomorphic to a sequence of the form (1). We have also a similar
assertion as above:

Corollary 2 (= Corollary 2.17.) Under the assumption of Theorem 2,
suppose that Spec S has a structure of N)-torsor over Spec R. If R is a
local ring or X\ is nilpotent, then there exists a morphism Spec R — GB/A

such that the square

SpecS —— Gpyy

! 7

SpecR —— GB/A

1s cartesian.
In Section 3, we compare our sequences and the exact sequence con-
structed by Grothendieck. In fact,

Theorem 3 (= Theorem 3.12.) Let A be an F,-algebra and A\ € A. Put
Ny = Ker[F — AP~ Ga,a — Gg,a]. Then there exist commutative dia-
grams of group schemes

N —— H Gm,N4

Na/A
H [
Ny —— g
and
Ny —— gV

NX —_— H G, Ny -
Na/A

Theorem 4 (= Theorem 3.15.) Let p be a prime number > 2, A an
—1

F,-algebra and A € A. Put Ny = Ker[F' — AT Gaa — Gg,a]. Then

there exist commutative diagrams of group schemes

Na/A

5 s

Ni ——  Gpa
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and
NX — GB/A

| I
NX — H G, Ny -
Na/A

It should be mentioned that the argument in Section 3 is an analogue of
the statement for the unit group schemes of group algebras, developed in

Suwa [10] after Serre [7, Ch.IV, §].

Notation. Throughout the article, p denotes a prime number and I, de-
notes the finite field of order p. Unless otherwise indicated, F' denotes the
Frobenius endomorphism.

For a scheme X and a commutative group scheme G over X, H*(X, G)
denotes the cohomology group with respect to the fppf-topology. It is known
that, if G is smooth over X, the fppf-cohomology group coincides with the
étale cohomology group (Grothendieck [2], IT[.11.7). By the abbreviation,
H*(R,G) denotes H*(Spec R, G) when R is a ring.

For an A-algebra B, H denotes the Weil restriction functor.

B/A

List of group schemes
Gg,a: the additive group scheme over A
G, a: the multiplicative group scheme over A
My 4 Ker[n: Gy a4 — Gy 4]
ap A Ker[F : G, 4 — Gg 4] when A is of characteristic p
Q(AA) :recalled in 1.2
Gpya : defined in 1.3

Acknowledgement. The author expresses his hearty gratitude to Profes-
sor Noriyuki Suwa for valuable advices and the patience. He is also grateful
to Professors Tsutomu Sekiguchi, Fumiyuki Momose and Akira Masuoka
for their useful suggestion. He thanks Dr. Michio Amano, Mr. Nobuhiro
Aki and Dr. Yasuhiro Niitsuma for their warm encouragement. Finally is
very grateful to the referee for useful remarks.

1. Preliminaries

Definition 1.1. Let A be a ring. The additive group scheme G, 4 over A
is defined by
Ga,a = Spec A[T]
with
(a) the multiplication: T— T ®1+1® T,
(b) the unit: T+ 0,
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(c) the inverse: T +— —T.

On the other hand, the multiplicative group scheme G, 4 over A is

defined by
1
Gm,a = Spec A[T, T]

with

(a) the multiplication: T'— T ® T,

(b) the unit: T'— 1,

(c) the inverse: T'+— 1/T.

Definition 1.2. Let A be a ring and A € A. A commutative group scheme
QX‘) over A is defined by

1

91(4)‘) = Spec A[T, m]
with
(a) the multiplication: T—T®1+1T+ AT T,
(b) the unit: 7'+ 0,
(c) the inverse: T'— —T'/(1 + AT).
A homomorphism a® : 91(4/\) — Gy, 4 of group schemes over A is defined
by
U AT +1: AU, 4] 1
U "1+ ATT

If )\ is invertible in A, then a® is an isomorphism. On the other hand, if

— A[T

A=0, QX‘) is nothing but the additive group scheme G, 4.

Definition 1.3. Let A be aring and A € A. Put B = A[V\] = A[t]/(t>—)\).
Then the functor from A-algebras to groups R — (R®4 B)* is represented
by the group scheme

1

H Gm,B = SpeCA[U, ‘/, W]

B/A
with the multiplication
U—UQU+ANVRV, VUV +VeU.

Moreover, the canonical injection R* — (R ®4 B)* is represented by the
homomorphism of group schemes
1

) 1
i: Gy, = Spec A[T, T] — [[ Gm,z = Spec A[U,V, W]

B/A
defined by
U—T,V—0.
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On the other hand, the norm map Nr: (R®4 B)* — R* is represented by
the homomorphism of group schemes

Nr: [] Gm,s = Spec A[U,V,
B/A
defined by

1
W] — Gm,A = Spec 14[7—‘7 T]

U U? = \V2
We define a group scheme Up,4 over A by

Upja = Ker[Nr: H Gm,B — Gm,al.
BJA

More precisely
Up/a = Spec A[U, V]/(U? = A\V? — 1)
with the multiplication
U UQU+ANVRV, VUV +VeU.

If 2X is invertible in A, then Up, 4 is an algebraic torus over A.
Moreover, we define a group scheme Gpg,/4 over A by

Gpa = Spec A[X,Y]/(X? = \Y? —Y)
with
(a) the multiplication:
X — XQ1+10X 22X QY +20 Y X, YV — YRI+1Y 42\ Y Y +2X @ X;
(b) the unit:
X—0,Y—0

(c) the inverse:
X—-X,Y—Y.

Remark 1.4. We define a homomorphism of group A-schemes

1

T H Gm,B = SpecA[U, V, W]

BjA
— GB/A = SpecA[X,Y]/(X2 —\Y? —Y)

by
Uv V2
X Y T e

It is readily seen that the sequence

0 — Gmoa — [[ Gmp —— Gppa — 0
B/A



Degeneration of the Kummer sequence in characteristic p > 0 225

is exact. If 2 is invertible in A, then T — 2(X 4 v/AY") defines an isomor-
phism over B:

0:Gpja®a B =SpecB[X,Y]/(X? = \Y?-Y)

~ 1
~ g](gﬁ) = Spec B[T, m]

The inverse of o is given by

2T + V\T? T2
o —_—
4(1 4+ VAT) 4(1+VAT)
Furthermore,

U142\, V—2X

define a homomorphism
a:Gpy = Spec A[X, Y]/(X2 —\Y2_ Y)
— Upya = Spec A[U, V]/(U? = AV? —1)

If 2\ is invertible in A, then « is an isomorphism. Indeed, the inverse of «
is given by
X — _K7 Y — _1-v
2 2\
2. Deformations of the Kummer sequence

Throughout this section, A denotes an IF,-algebra. We fix p € A and put
Ng=Ker[F — pul : Gy a4 — Gg 4] and G = NY.

Defintion 2.1. Let A be an F)-algebra and pn € A. Put Ng = Ker[F' — ul :
Gg,a — Gga]. Then Ny is a commutative group scheme, finite and flat
of order p over A. Indeed, N4 = Spec A[T]/(T? — uT') and the addition is
given by T'—T®14+1Q1T.

Lemma 2.2. Under the notation of 2.1, let R be an A-algebra and a € R.
If a? = 0, then
p=l i
U~ ; =T
defines a homomorphism of group schemes
¢: Nr = SpecR[T]|/(T? — pT) — Gy, r = Spec R[U, 1/U].

Furthermore, the map
p=li
7
a— z[:) HT
1=

gives rise to a bijection between Ker[F : R — R] and Homp_g.(Ng, Gy R).
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p=l i
Proof. Put f(T') = Z a_—'TZ. If a? = 0, then f(T') is inversible in R[T]/(T?—
i—0

pT). Moreover, we obtain a functional equation f(X +Y) = f(X)f(Y).
Hence U — f(T') defines a homomorphism of group R-schemes ¢ : Np —
Gm,r. Conversely, assume that U — f(T) = pi:laiTi defines a homomor-
phism of group R-schemes =

¢: Ngr = Spec R[T]/(T? — uT) — Gy, g = Spec R[U, 1/U].

Then we obtain (1) f(0) =1, (2) f(X +Y) = f(X)f(Y). By (1), a0 = 1.
Furthermore, comparing the coefficients of X*Y7 in

fX+Y)=14+a (X +Y)+a(X +Y)? +-- +a, (X +Y)P!
and
FXOFY) =14 a1 X +a X’ + -+ +a, 1 XP7)
x (1+a1Y +aY?+ - +ap_1YP)

for each i, j, we obtain

1+ L
< ij>ai+j (Z+] <p)

0 (i+j=p)

aiaj =
In particular, we have aja,—1 = 0 and ia; = aja;—; for each i > 1. It follows
aZ
thatai:,—'lforlgi<panda€:0.
7l

Notation 2.3. Let p be a prime number. We put

W(X,Y)=

XP+YP — (X +Y)P ’§1<p

XPY' e Z[X, Y.
p =

1

Definition 2.4. Let A be an [Fj-algebra and p € A. Define a finite flat
commutative group scheme G over A by G = Spec A[T']/(T?) with
(a) the multiplication:

p—1
1 o
T TRIH10T+uW(T®1,18T) = Tel+1eT—1 3 (?)TP_Z®TZ,
— p\i
=1

(b) the unit: T'— 0,
(c) the inverse: T' +— —T.

Proposition 2.5. Let A be an F,-algebra and p € A. Then the Cartier
dual NY of Na = Ker[F — ul : Go 4 — Gg 4] is isomorphic to the group
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scheme
G = Spec A[T]/(T?)
with the multiplication
A:T—TR1+1T+uWTe1,1T).

Proof. For an A-algebra R, we have G(R) = {a € R ; a” = 0}. Therefore,
the map 7 : G(R) — NY(R) = Hompg_g (Ng, Gy, r) defined by

p=l i

1

— —_

“ QuT
1=

is bijective by Lemma 2.4. Moreover, for any a,b € G(R), we have

p—l p—1 i p=1
@ i b i\ _ € i
(G (2 aT) =X 57
i=0 i=0 1=0
for some ¢ € G(R). Comparing the coefficients of 7', we obtain
p—1 1 p—1 1 P
= b T g = h— - p—ipi
bbby e u;p()

since TP = pT in R[T]/(T? — puT). Therefore the map n : G(R) — N (R) =
Hompg_g: (N, Gy r) is an isomorphism of groups.
Remark 2.6. The Cartier duality asserts that the character group
Homp_g (G ®a R, Gy, ) is isomorphic to N4 (R) for any A-algebra R. The
assertion is verified directly as follows.

Let R be an A-algebra and a € R. If a? = pa, then

p=l i
7
U— Y i
i=0
defines a homomorphism of group schemes

G ®a R =Spec R[T]/(T?) — Gy,,r = Spec R[U,1/U]

since
L T i RN i
_ i i
; J{X +Y + MW(X,Y)} = (izo HX ) (; EY ) mod (X7, Y?P).
Furthermore,

p=li
{2
— —_—
a E ] T
i=0
gives rise to a bijection

£:Na(R)={a€R; a® = pa} = Homp_g(G @4 R,Gp.R)-
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p—1
In fact, assume that U — f(T) = Z a;T" defines a homomorphism of
i=0
group R-schemes
G ®a R =SpecR[T]/(T?) — Gy, r = Spec R[U, 1/U].

Then we obtain (1) f(0) =1 and (2) f(X +Y +pW(X,Y)) = f(X)f(Y).
By (1), ag = 1. Furthermore, comparing the coefficients of XY/ in

JX+Y +uW(X,Y)=1+a{X+Y +uW(X,Y)}
+a{X +Y + W (X, Y)}* +- -
+ap  {X + Y+ uW (X, V)P
and
FXOFY) =14 a1 X +a X’ + -+ +a, 1 XP7)
X (L+aY +aY?+ - +a, YP)
for each i, j, we obtain
1+7 S
< . )am (i+37<p)
i = 1 i+
—(i+j—p+ 1)};(i+j —p+ 1)( ; )Nai+jp+1 (i+37>p)
In particular, we have ajap—1 = par and ia; = ara;—1 for each ¢ > 1. It

aZ
follows that a; = —'1 for 1 <i < p and af = pa;. Hence € is surjective. It is

i!
readily seen that £ is injective.
Moreover, for any a,b € N4(R), we have

p—1 i  op=l.;  p=1 5
5 -5

for some ¢ € N4(R). Comparing the coefficients of T, we obtain ¢ = a + b
since T? = 0 in R[T]/(T?). Therefore the map £ : Na(R) — GY(R) =
Homp_g (G ®a R, Gy g) is an isomorphism of groups.

Theorem 2.7. Let A be an Fp-algebra and p € A. If p = NP~ for some
A€ A, then G is isomorphic to

Ker[F : GV — g0")] = Spec A[X]/(XP)
with the multiplication
A X —»XR14+10X+AX®X.

Here F denotes the absolute Frobenius map.
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Proof. Define a homomorphism of A-algebra 7 : A[X]/(XP) — A[T]/(TP)
by

)\zl

xoSh

Then 7 is an isomorphism. Indeed, the inverse of 7} is given by

i—1

p—1
T — Z 7<_ ) X
=1 v

Hereafter we show that 7 is a Hopf homomorphism. It is sufficient to
verify that

p—1 yk—1 =1 yk—1 p—1 yk—1
A k A A
p—1 _ k k
S XY T Y f =Y X Y Sy
k=1 k=1 k=1
p—1 yk—1 p—1 yk—1
A k A k
+)‘<Z 7l X><Z ! Y>
k=1 k=1
in A[X,Y]/(XP,YP). At first note that
p—1 yk— 1 2\e—1 p—1 yk—1 p—1 yk—1
A k A k A k
3 o +Z k,Y+/\(Z—k!X)(Z k!Y)
k=1 k=1 k=1
p—1 yk—1 k—1 p—1 yg—1 k-1
A k k A E\ o h—iy
- S S R ()
2p—2 p—1 1
+ Z )\k—l Z Xk—lyl
k=p I=k—p+1 H(k —1)!
=y k pz_:l ket 2(172_:1 1 ktp—1—1 l)
= (X+Y)"+ > AP XPTPTETY ).
= k! = Pt (k+p—1-0D!
We have
p—1 k-1 k
A {X+ Y427 w(x,v)}
k
k=1
p—1 P!
= o {(X +V)F 4 k(X + Y)W (X,Y) )
k=1
p—1 yk—1 =1 \k4p—2
A ATP
= X 4+Y)k Z (X +Y)'wW(X,Y
2 T (X ) gy (O YT }
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since X? = Y? = (. Note now that we have a congruence relation
1 XP+YP — (X +Y)P

(X +Y)"'W(X,Y)=(X+Y)

in Q[X,Y], and therefore

p—1
1 1
(X + V)W (X,Y) = - <k+p

7D l

™

)Xk+P—1—lYl mod (XP?,YP)

in Z[X,Y]. Moreover, we have

1{k+p-1
Lk
= kP = +p =)

X (k+p—k+1)(k+p—-k)(k+p—k—-1)---(k+p=1)

(k=Dp—1D(p—2)---(k+p—1)
1!

(k—1)!(p—1)!
T (kt+p—1-DW!
(k=1
= Gxp_i—nm medr

in Z,). Hence the result.

Remark 2.8. We obtain an exact sequence of group A-schemes

(1) 0—a-Lgh Lgh

When A = 0, the sequence (1) is nothing but the radicial sequence
0— apa— Gga £, Gag,a — 0.

On the other hand, if A is invertible A, we have a commutative diagram
of group A-schemes with exact rows
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Therefore, the exact sequence (1) gives a deformation of the Kummer se-
quence to the radicial sequence.

Corollary 2.9. Let R be an A-algebra. If R is a local ring or A is nilpotent,
then H'(R,G) is isomorphic to Coker[F : gﬁf) (R) — QI(L{\I))(R)].
Proof. From the exact sequence of group schemes over R

1 G- g) Lol o
we obtain a long exact sequence
g (R) L5 60" (R) — H'(R,G) — H'(R,GV) L5 H'(R,G1").

We know that H'(R, QX‘)) = 0 under the assumption ([5], Cor 1.3), which
implies the assertion.

The above assertion is restated as follows :
Corollary 2.10. Let R be an A-algebra and S an R-algebra. Assume that
Spec S has a structure of G-torsor over Spec R. If R is a local ring or A

is nilpotent, then there exists a morphism Spec R — gﬁfp) such that the
square

Spec S —— QX‘)

l 7

SpecR —— gf:‘p)

is cartesian. More precisely, S is isomorphic to
R[X]/(X? — a)

for some a € R with 1+ APa € R*, and the action of G on Spec S over R
1s defined by

RIX]/(XP —a) —  R[T]/(T") ®r RIX]/(X? —a)

/\i—l
7!

p—1 ‘ Pl
(3 {2
X - Z T'®1+ Z ST eX.
i=1 =0
Hereafter we study a quadratic twist of the exact sequence (1).

Notation 2.11. Let A be aring and A € A. Put B = A[V\] = A[t]/(t?—\)
and B = A[VA'] = A[t]/(t2—XP). As is done in 1.4, we define group schemes
Gp/a and GB/A over A by

Gp/a = Spec A[X,Y]/(X? = AY? —Y)
with the multiplication:

X o X@1+18X 20X QY +2\Y®X, Y i YR1+18Y 420 Y Y 42X © X,
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Gpja = Spec A[X,Y]/(X? = APY? —Y)
with the multiplication:
X XR1+10X+20PX Y +2MY @ X,
Y=Y R1+10Y +2XY Y +2X ® X.

Furthermore a homomorphism of group A-schemes

F:Gpa=Spec A[X,Y]/(X? = AY?-Y)
— Gpp = Spec A[X,Y]/(X? = NY? - Y)
is defined by
X—XP, Y—YP
It is readily seen that F': Gp/4 — GB/A is finite flat.

Theorem 2.12. Let p be a prime number > 2, A an F,-algebra and p € A.
If = XP=D/2 for some A € A, then G is isomorphic to

Ker[F : Gpja — G 4] = Spec A[X, Y]/(X? = AY? — Y, XV, Y?)
with the multiplication

A X —XR1+10X4+22XQY +2\Y ® X,
Y=Y®RI+1QY +2Y QY +2X ® X.

Here F denotes the absolute Frobenius map.
Proof. We verify that

p—1 p—1
1 2 )\i—l ) 1 2 )\i—l
X - T2171 Y - T21
'_)2;(22'—1)! ’ '_)2.22(22')!

1=

defines a homomorphism of group schemes
¢ : G = Spec A[X]/(TP) — Gp/a = Spec A[X,Y]/(X* =AY —Y)
Noting
smh\FT = ATt 2i-1 cosh\rT—l > A’_l

Z (20 —1)! ’ (21

=1

and

=0

(1 sinh\/ZT)2 /1(1 cosh\/ZT—l)2 lcosh\/ZT—l
2 VA 2 A 2 A
we obtain an identity in Q[A][[T]]

1 fe’) Ai—l 0i 1 2 1 [e%¢) Aifl 9 2 1 o 9%
{2;(%—1)!T } _A{zzg(zz‘)!T } _52(21)!T =0
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and therefore an identity in Q[A][T]/(TP)

p—1 . p—1 p—1
{} - Al_lT2i1}Q _ A{l AZ_1T2z‘}2 _1 : Al_szi -0
24 (20-1)! 2 &= (29)! 2 = (20)!
which reads as an identity in F,[A][T]/(T?)
p=1 p—1 . p=1 )
1 2 Az 1 2 Azf 2 1 2 Al,
- Z T2z—1 — Az 21 _ - 24 0
{2 (2t —1)! } {2 = (20)! } 2 & (20)!
since
% —1 1 % Az 1
A ) - )
ST oY T e Ty, [A[T).
= (2i—-1)! 2 = (29)!
Specializing A to A\, we obtain
Bt Pl b1
1 2 )\z— . 2 1 2 )\z— N2 1 2 )\z— .
o A L T e e e I et/ A |
{2 —~ (2i—1)! } {2 — (2i)! } 2 & (21)!
in A[T]/(TP), which implies that
el e ]
1 2 )\z— . 1 2 )\z— .
X - T2zfl Y - T27,
H222(21’—1)! ’ H22(2@')!
=1 1=1

defines a homomorphism of A-algebras
£ AX,Y]/(X2 = AY2 -V, XP YP) — A[T)/(TP).
Furthermore, as is remarked in 1.4,
X — 2(X +VAY)

gives rise to an isomorphism of group scheme over B = A[v/A]

0:Gpja®aB=SpecB[X,Y]/(X? - \Y?-Y)
1

.
On the other hand,
\/lel

i!

Ti

p—1
xe 'y
gives an isomorphism of group sd::ne over B
np : G ®a B = Spec B[T|/(T?)
= Ker[F : 6V — g8™)) = Spec BIX]/(XP).



234 Yuji Tsuno

Moreover, we have o o np = £p since
p—1

) )\z . . pl\/—z,
2{12(22_1)T2 RV Z TQ}—ZZ1

7l

Hence, £p is an homomorphism of group schemes over B. It follows that &
is an homomorphism of group schemes over A since B = A[v/)] is faithfully
flat over A.

Remark 2.13. We obtain an exact sequence of group schemes
(2) 0— G5 Gpja L Gyjp—0.
In the proof of 2.12, we obtained an isomorphism of exact sequences:

0 —— G®sB L1 2N Gpja®aB _F, GB/A®AB — 0

H Lt e

Q,(Bﬁ) F g(\/ﬁ

0—’G®AB17—B> — 0.

That is to say, the sequence (2) is a quadratic twist of (1).
Corollary 2.14. Let R be an A-algebra. If R is a local ring or A is nilpotent,
then H'(R, G) is isomorphic to Coker[F : G s(R) — Gp/a(R)].
Proof. From the exact sequence of group schemes over R
0— G — Gpas Gy — 0,

we obtain a long exact sequence

F F
Gpja(R) — Gpa(R) — H'(R,G) — H'(R,Gpja) — H'(R,G ).
We know that H'(R,G g /4) is annihilated by 2 under the assumption ([9],
Prop 4.3.) and that H'(R, G) is annihilated by p, which imply the assertion.

The above assertion is restated as follows :
Corollary 2.15. Let R be an A-algebra and S an R-algebra. Assume that
Spec S has a structure of G-torsor over Spec R. If R is a local ring or A
is nilpotent, then there exists a morphism Spec R — GB/A such that the
square
SpecS —— Gpa

l 7

SpecR —— Gp/y
is cartesian. More precisely, S is isomorphic to

RIX,Y]/(XP —a,YP — b, X?> - AY2 -Y)
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for some a,b € R with a> — \Pb> —b = 0, and the action of G on Spec S
over R is defined by

RIX,Y]/(XP —a,YP — b, X? = \Y2 -Y)
— R[T]/(T?) ®r R[X,Y]/(X? —a,YP —b,X* - AY? - Y):

1 p—1 Pl
1 Y
X - §2hgfﬁT%4®H§:7iqul®Y+2: @ X,
=1
pl pl

)\z 1 )\i—l )
Y- = T ®1 T% Y - C__7r¥lgXx.
H2;Q) ®+Z ®4§:%4ﬂ ®

Remark 2.16. The Artin-Hasse exponential series F,(T) € Zy,[[T]] is
defined by

oo Tpr
E,(T) = exp(z " )
r=0 p

For an Z,)-algebra R and a = (ay)x>0 € R" , we define Ep(a;T) € A[[T]]
by

© k

Ep(a;T) = [[ Ep(arT?).

k=0

It is known that
E,(a+b;T) = Ey(a;T)E,(b;T)

where + denotes the addition of Witt vectors.

Let W denote the formal completion of the additive group scheme of
Witt vectors. Then, if R is an [F,, -algebra, we have

_ _a; is nilpotent for all ¢ and a; =0
W(R) = {(ao, a1,az,..-) € W(R) ; for all but a finite number of ¢ }

Moreover,
oo p—1

a}; Kt
a = (ap)r>0 — Ep(a;T) = [ (Z o )
k=0 i=0
gives rise to an isomorphism

n:r W(R) = Ker[F : W(R) — W(R)] = Hompg_g(Ga.r, Gm.r)
(cf. [1, Ch II, Sec 2, 2.7]). Under this identification,
F—pul: Ga,R - GQ,R

induces
V —[ulI :p W(R) - W(R).
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In fact, if @ €p W(R), we have

p—1
Ep(a; TP — uT) = ﬁ(Z—’j " — uT)P)
k=0 i=0
co p—1

().
k=0 =0

Now, by the functional equation of the exponential series, we obtain

-1

aik!i(Tpk-H _ Py = (pz: - (TP )(pz: M(TP )i )

|
1=0 =0 v

|
—

p 1

~
Il
o

for each k since we have ai? = 0. Therefore, we have gotten

00 Pl N s (WP aR)t k-
Ep(a; TP — uT) = ( T’?(Tp )z) (Z (1 - k) (TP )1) 1
=0 =0 =0 '
p(VavT) p(ula; )7
Ep((V = [1])a; T).

k‘

P
Moreover, we obtain a commutative diagram with exact rows:

F—[plD)*
0o - Hom(Ga,R,Gm,R) %
R—gr

Lim L Lo

0o — FIW(R) il FIV(R) - . G(R) - .o

Hom(Ga,r,Gm,r) —— Hom(N,G,,,g) — 0
R—gr R—gr

Remark 2.17. Put A, = Z[(,1/p(p — 1)] N Z,, where ¢ is a primitive
(p — 1)-th root of unity in the ring of p-adic integers. For any scheme S
over A,. In [11] Tate and Oort defined a commutative group scheme Gib

over S, where L is an invertible Og-module and a € T'(S, L®P~1D) b ¢
(S, L®(1 p)) with @ ® b = p. The group scheme G% ab 18 finite ﬂat of order

p over S, and the Cartier dual (Ga,b)v is isomorphisc to G bao- I Als an
[F)-algebra, S = Spec A and L = Og, then we have ab = 0 and

GaL’b = SpecA[T]/(T? — aT)
with the multiplication
A:T—TR1I+1T+W(T®1,1xT).

In particular, we have N = Gﬁ,o and G = Géu
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3. Relations with the Grothendieck resolution

Throughtout the section, A denotes an IF,-algebra.
3.1. First we recall a resolution of a finite flat commutative group scheme
by smooth affine commutative group schemes, constructed by Grothendieck
(cf. [3. Sec 6]). Let S be a scheme and F' an affine commutative S-group
scheme such that Op is a locally free Og-module of finite rank. Then the
functor Homg_g:(F, Gy, ) is represented by a commutative group scheme
FV, called the Cartier dual of F. The Og-module Opv is also locally free
of finite rank. The Cartier duality asserts that Homg_g (F", Gy g) is iso-
morphic to F.

Furthermore the functor Homg_sch(F", Gy, g) is nothing but the Weil
restriction H Gy, pv, which is representable since Opv is a locally free

FV/S

Og-module of finite rank (cf. [1, Ch.I, Sec.1,6.6]). Then we obtain an exact
sequence of commutative group schemes:

0—F5L ] Gupv — ( I1 Gm7pv)/F—>0.
FV/S FV/S

The Weil restriction H Gy, v is smooth over S since G, pv is smooth
FV/S
over FV, and therefore the quotient ( H G, Fv) /F' is also smooth over
FV/S
S.

The canonical map

H! (S, I1 Gm,Fv)—> H! (FV,GWFV): Pic (FY)
FV/s

is an isomorphism since F' is finite over S and G, pv is is smooth over FV.

Let X be an F-torsor over S. Then the inclusion F' — H Gy, pv defines
FV/S

a class [X] in Pic (FV).

First we treat the sequence: (0) 0 — Na — Gg4 iy Gg,a — 0.

3.2. Let A be an [F-algebra, and B = A[T]/(T?). Then H G, B is repre-
BJ/A
sented by
1

SpecA[TO,Tl, ce ,Tpfl, 7]
T
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with the multiplication

k
T Tho1®T; (0<k<p-—1)
=0
with the unit
T()I—>1, Tkl—>0(1§]€§p—1)
In fact, let R be an A-algebra. The multiplication of R[T]/(T?) =
R®4 A[T]/(TP) is given by

p—1 ' p—1 . p—1 k
i=0 i=0 k=1 i=0
p—1
It is now sufficient to note that Z arT* is invertible in R[T]/(T?) if and
k=0

only if ag is invertible in R.

Theorem 3.3. Let A be an Fp,-algebra and pp € A. Put Ny = Ker[F — pul :
Ga,a — Gg 4] and B = A[T)/(T?). Then:

(1) A homomorphism of group schemes

- 1
X H Gm,g = Spec A[Ty, Th, . .., Tp—1, ?] — Ggq,4 = Spec A[T]
B/A 0
1s defined by
Ty
— —.
To
Moreover, the diagram of group schemes

Na % H Gm,B
B/A

H s

Na T’ Ga,A

T

18 commutative.
(2) A homomorphism of group schemes
1

G : Gga = Spec A[T] — H Gm,p = Spec A[Ty, Th, . .., Tp—1, ?0}

BJA
1s defined by
1
Ty — 1, TngT’f (1<k<p-1).
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Moreover, the diagram of group schemes

Ny — Ga,a

H 2

NA - H Gm,B
' BJ/A

is commutative, and & is a section of X.
Proof. The addition of G, 4 is given by
T—T®R1+1T.

On the other hand, we have

T eTy+TooTy T T
2 SN 1®1p+10® L1t oy 1git
T To @ To To T

239

by the definition of multiplication of H Gy, B- Therefore x is a homomor-

BJA
phism of group. Futhermore, comparing

k
1 .
k _ k—1 ity o)
ET HH(T®1+1®T _; e
and
k
T — Y Thi ® Ty,
=0

we find that & is group homomorphism.
We obtain the commutativity of the two squares, noting that

Npg— H Gm,B

B/A
is defined by
1
A[T@,Tl, .o .,Tp_l, ?0] — A[T]/(Tp — ,uT)
To+— 1,
1
TkHHT’C (1<k<p-1).

Next we examine the exact sequence: (1) 0 — G 1, gﬁf)

g —

F
—
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Notation 3.4. Let A be an [Fj-algebra and p € A. Put

A(M;T(), Tl, v 7Tp—1) =

1o 0 0 .. 0 0]

Ty To+ pTp— pwlp—2 S plo wly

T Ty To+pTp—1 ... pls wls
Tp,Q Tp,3 Tp_4 oo Ty + ,qu,1 MTP,Q
Tp,1 TP,Q Tp,3 S T Ty + /.LTP,1

Proposition 3.5. Let A be an Fp-algebra and p € A. Then f(T) =
p—1

Z axT" is invertible in A[T)/(TP —uT) if and only if A(u; ag, ay, ..., ap_1)
k=0

is invertible in A.

Proof. The A-module A[T]/(TP — uT) has a basis {1,T,T2,...,TP"'}.

Moreover, we have

(1TT? ... T"" Y ap+arT+asT*+ - +ap TP )= (AT T? ... TP

ag 0 0 e 0 0
ar  ag+ pap—1 Hap—2 e pas pay
ag ax ap + pap—1 ... pas Haz
X . . .
ap—2 ap—3 ap—4 ce. G0+ pap—q pap—2
Qap—1 Qp—2 ap—3 c al ag + pHap—1

Hence the result.

Corollary 3.6. Let A be an F,-algebra, p € A and B = A[T|/(TP — pT).
Then H G, B 1s represented by

B/A
Spec A[Ty, Ty, ..., T, ! ]
ec oo Ty
p 0,41, y4p ]JA(,U/;TO,Tl,---,Tpfl)
with
k
(a) the multiplication : Ty — Ty @ Ty, Ty +— ZTZ ® Thi +
i=0
p—1 '
Y T @ Thypic1 (1< k<p—1),

i=k
(b) the unit : Ty — 1, T, — 0 (1 <k <p-1).
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Proof. Let R be an A-algebra. The multiplication of R[T|/(T? — uT) =
R®4 A[T)/(TP — uT) is given by

p—1 ' p—1 ‘ p—1 k p—1
(Z aiTl) (Z biTz) = agbo + Z (Z aiby_; + p Z aibgp—i—1)T".
i=0 i=0 k i—k

=1 =0

Lemma 3.7. Let A be an [Fy-algebra and X € A. Then we have

p—1 p—1
A(/\pil; ag, a1, . .. ,ap_l) = ag H {Z(k/\)lal}
k =0

=1

forag,ai,...,ap—1 € A.
Proof. We define e, (T) € A[A, A~Y[T] (0 < k < p) by

eo(T) =1 — A~PHipr=1

p—1
en(T) =1— AT — kAP~ = =" (kA)'T! (0 < k < p).
=1
Then we obtain
_ 1 -k
ex(jd) = { j=k)
0 (J#k)

Therefore {eg(T),e1(T),e2(T),...,ep—1(T)} is a basis over A[A, A7 of
A[A, A7Y[T] /(TP — AP~1T). Moreover, we have

1= 60(T) + 61(T> + 62(T) + -+ ep_l(T),

T = Aey(T) 4+ 2Aex(T) + - -+ (p— 1) Aep—1 (T'),
T2 = (A)%er(T) + (24)*e2(T) + - + ((p = D) 4)*epr (D),

TPt = A7 ey (T) + (2P tea(T) + -+ + ((p — DAP ey (T).
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Hence we obtain

(eo(T) e1(T) ex(T) ... ep_1(T))(ao + a1 + azT? + -+ + ap_1TP1) =
(eo(T) ex(T) ex(T) ... ep—1(T))
o 0 0 0

p—1
0 > Ara 0 ... 0
k=0

< |0 0 > A)ra, ... 0

0 0 0 oY (= DAY

Therefore we obtain an identity in A[A]

p—1

p—1
AN ag,ay,. .. ap-1) = ag H {Z(k:/l)lal}.

k=1 1=0
Furthermore, we obtain the required result, specializing A to .
Combining the above assertion with Proposition 3.5, we obtain the fol-
lowing:

Corollary 3.8. Let A be an Fy-algebra, A € A and f(T) € A[T|/(TP —
N=IT). Then f(T) is invertible if and only if f(jA) € A* for 0 < j < p.

Notation 3.9. Let A be an Fj-algebra and A,a € A. We put

2 3
@Qﬂﬂﬁ:1+dﬂ+%T@—A}+%T@—AWT—%%%~
! i

“+G:jﬁﬂT—M~(T—@—%M-

Notation 3.10. Recall now the definition of the Stirling number S ; of
first kind:

NT—n”(T—@—n)zfpmr
=1

For example, we have
S31=2, Sz2=-3, S33z3=1

Si1=-6, Sio=11, Si3=-6, Sga=1,
85 1= 24’ 5’572 — f507 5’5’3 = 35’ 5'5’4 = —10, 5575 =1.
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Lemma 3.11. Let A be an Fy-algebra and X\,a € A. Then F,(\ a;T)
is invertible in A[T]/(TP—X\P~IT) if and only if 1+Xa is invertible in A.
Proof. By Corollary 3.8, we obtain the result since Fj,(\, a; jA) = (14 Aa)?
for 1 <j <p.

Theorem 3.12. Let A be an Fy-algebra, A € A, Ny = Ker[F — \71] :
Ga,a — Gg,a] and G = N). Then:
(1) A homomorphism of group schemes

1
)21 Gm,N :SpecA To,Tl,...,Tfl, —
NEA . [ Pm AN 1;T0,T1,...,Tp,1)]
W _ 1
— Gy —SpecA[X,1+)\X]

s defined by

p—1
X SN/,
=1

Moreover, the diagram of group schemes

¢ —— I Guna
N4 /A

H s

G — gV
n

s commutative.
(2) A homomorphism of group schemes

1

L) b
7G4 = Spec ALY, s =
1
II Gy =SpecA[ly, Th, ..., T, AN~ Ty, Ty, . . vafl)].

Na/A
s defined by

. S
TOI—>1 EHZ kl

k=l

)\’“ IXk(1<i<p—1).

Moreover, the diagram of group schemes

n 91(4

H L

G —— ][] Gmna
! Na/A
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is commutative, and & is a section of X
Proof. (1) At first we consider the case where A = F,[A] and A = A. Let

p—1

R be an A-algebra and f(7T) = Z apTy € H Gm.n,(R) = (R[T)/(TP —
k=0 Na/A

APTIT))*. Then we obtain

; e LS
X(f(T)):lg)akAk lzz{m—l}

by the definition of Y. Moreover, we obtain

Ly f(A) 1 g(4) L f(4) 1g(4)
z{m—l}+Z{Z(T)‘1}+Az{m‘1}z{%‘l}

(Fad)

for f(T),g(T) € (R[T)/(TP — AP~'T))*, which means that ¥ is a group ho-
momorphism. In the general case, we see that x is a group homomorphism,
specializing A to A.
Let R be an A-algebra. By definition,
(a) i:G(R) — ( H Gm.n,)(R) =(R[T]/(T? — AP71T))™ is given by
Na/A

1) %: ([] Gmna)(R) = (RIT)/(T? — AP7'T))* = G (R) is given by
Ny /A

p—1 ‘ p—1
Z a; T — Z )\’*lai/ag;
=0 =0

(c) n:G(R) — gfj) (R) is given by

p—1
ar— Z A1t
i=1

These imply the commutativity of the first square.
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(2) Let R be an A-algebra. Then, by definition, we have

2
Fy(\a;T) = 1+aT+%T(T—)\)+---

@ T(T—2)--- (T = (p—2)))
(p—1)!
p—1 p—1

_ Skl \k—1 k)

fora € R. If a € QI(L{\)(R), then 1 4+ Aa is invertible in R, and therefore
Fy(\, a;T) is invertible in R[T]/(TP — \P~1T).

At first we consider the case where A = F,,[A] and A = A. We define a
ring homomorphism

o+ RIAJ[T]/(T? — AP~'T) — RIAJP
by
F(T) = (£(0), f(A), F(24),..., f(p = 1)4)).
Then,
@ @pia RIA, A7« R[A, ATY[T)/(TP — AP7'T) — R[A, A7']P
is an isomorphism of R[A, A~!]-algebra since we have
TP — AP~ = T(T — AT —2A)--- (T — (p — 1)A).
Therefore the map ¢ : R[A][T]/(TP — AP~1T) — R[AJP is injective. Now we
have
o(Fy(Aya:T)) = (1,14 Aa, (1 + Aa)?, ..., (1 + Aa)P™1).
Moreover, we have an identity in R[A][T]/(TP — AP~1T)
Fy(A,a; T)F, (A, b; T) = Fp(A,a+ b+ Aab; T)

since (1 + Aa)(1 + Ab) = 1 + A(a + b + Aab). Therefore ¢ is a group
homomorphism.
By the definition of ¥, we have also

X(6((a)) = X(Fp(A,(I,T)) =aq

for f(T) € (R[T]/(TP — AP~1T))*. It follows that & is a section of Y.
Now we verify the commutativity of the second square. As is known, we
have an identity in Q[[U]]

> S 1
> 2EUh = S {log(1+ U)Y
£ | Il




246 Yuji Tsuno

for each [ > 1 (cf.[8, 1.1.11]). Then we obtain in Q[A, T][[U]]

Z Skl/lk Uk = 7{710g(1 +AU)} mod U?P

— Kk [ A
for 1 <1 <p—1, and therefore,
-1 p—1 I
1+ lZ(kZl S’”A’“ ')t =1 +Z {Tlog(j AU)}
1

T
= exp[z log(1 + AU)} mod UP.

Furthermore we obtain
-1

S S (A

=1 k=l =1

U’) }Tl =expTU mod U?,

noting that
pil AZ:‘_IUZ- _ exp AU — 1
= A
At last we have gotten an identity in Z,[A, U, T]/(U?)
Uz

1+Z{Z SELAR Z(ZA;IU"‘)k}Tl > T

=l = =0

mod UP.

Sk,

which reads as an identity in Fp[A, U, T]/(UP). This implies the commuta-
tivity of the second square.
In the general case, we obtain the required results, specializing A to A.

Corollary 3.13. Let S be an A-scheme and X a G-torsor over S. Then
the class [X] belongs to Ker[H'(S,G) — H(S, 91(4)‘))] if and only if [ X] is
trivial in Pic(S x4 Na).

Proof. By Theorem 3.12.(1), we obtain a commutative diagram of coho-
mology groups

HY(S,G) —— HYS, [[ Gmna,)
N4/A

H s

HY(S,G) ——  HYS,)
Hence we obtain an implication

[X] is trivial in Pic(S x4 Na) = [X] € Ker[H'(S,G) — H'(S, 91(4)\))].
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On the other hand, by Theorem 3.12. (2), we obtain a commutative
diagram of cohomology groups

HY(S,G) —1—  HYS,6V)

H Js

HY(S,G) —— HY(S, [[ Gmn,)
! Na/A

Hence we obtain an implication

[X] € Ker[H(S,G) — H*(S,G™M) = [X] is trivial in Pic(S x4 N).

Remark 3.14. Let A be an F,-algebra, A € A and B = A[T]/(T? - \P~1T).
We define a homomorphism of group schemes

€ H Gm,B — Gm,a
B/A
by
U+— T().

We define also a homomorphism of group schemes

Xk * H Gm,B - Gm,A

B/A
by
p—1
U~ > KT,
=0
for 0 < k < p.

If X is invertible in A,
(e X1s- - Xp=1) ¢ [[ Gms = (Gmoa)?™!

B/A
is an isomorphism. The inverse of (e, x1,..., Xp—1) is given by
p—1 p—1
Ty Uy, Tirs LS K0, (1< 1€p-2) Tyr = X131
k=1 =

Furthermore the homomorphism

0o - Gm,A - H Gm,B
B/A

defined by
To—U T1—0(1<1<p-2), Tyoy — AP -U)
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is a section of €. For 1 < k < p — 1, the homomorphism

ok : Gma — [[ G
B/A
defined by
Tor—1, Ti— (kA1 -U) (1<1<p—1)

is section of xy.

The composition o o ¥ coincides with the homomorphism i /€. More-
over, if X is invertible in A, then the homomorphism & coincides with the

2 p—1 )

composition (o105 -+ 0,"1) © aW,

We conclude the section, examining the sequence: (2) 0 — G LN Gp/a LR
Lemma 3.15. Let p be a prime number > 2, A an Fp-algebra and X € A.
Put Nj = Ker[F — A5 I : Gga — Gq.4] and B = A[T]/(T® — X). Then a
homomorphism of group schemes

1
T Gm,n, = Spec A|Tp, 11, ..., T)_1, —
NEA A [ P2 ANP-D/2: Ty, T ,Tp_l)}
1
— H Gm,p = Spec A[U,V, ————
5jA Uz - \v
is defined by
(p—1)/2 (p—1)/2
U Y Ny, Vs Y ATy .
=0 =1

Proof. Let R be an A-algebra. Then a homomorphism of R-algebra
7 ¢ R[T]/(TP — \* T) — R[T]/(T* — \)
is defined by 7(f(T)) = f(v/)) since the polynomial 77~ — AT s divis-

ible by T2 — X. Hence we obtain a homomorphism of multiplicative groups
™2 (RIT)/(T7 = N7 1) — (RIT)/(T” = )",
which is represented by a homomorphism of group A-schemes

1
A()\(P—l)/Q; Ty, 11, . .. ,Tp_l)}

1
Uz - avz"

T H Gm,n, = Spec A[Ty, Th, ..., Tp_1,
Na/A

— H Gy, = Spec A[U,V,
BjA
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p—1 _
In fact, for f(T) =Y a,T" € (R[T]/(T? — )\%))X, we have
k=0

p=1 p=1
2 2
m(f(T)) = F(VA) = (> amF) + (Z a2k—1>\k_1)\5\-
k=0 k=0
Lemma 3.16. Let p be a prime number > 2. Put

U2 Up—l

F(AUT) = LeUT+ 5 T At ot o e T(T=A) - (T (p=2)4)

and
Gp(A, X,Y;T) = F,(VA, 2(X + YVA); T)Fp(—VA, 2(X — YVA); T).

Then Gy(A, X, Y, T) € Ziy[A, X, Y, T].

Proof. The field Q(v/A, X, Y, T) is a quadratic extension of Q(A, X,Y,T),
and the Galois group is generated by VA +— —+/A. Hence we have
Gp(A, X,)Y;T) € Q(A, X,Y,T) since G,(A,X,Y;T) is invariant under the

action \/Z — —ﬂ.
We obtain the result, noting Z(p)[ﬂ,X,Y,T] N QX Y,T) =
ZiplA, X, Y, T).

Notation 3.17. For each [ > 1, we define ¢, ;(4; X,Y) € Z,)[4; X, Y] by

Gp(A, XY T) =1+ (A4 X, V)T
I>1

Example 3.18. When p = 3, we have

c31(A; X,Y) =4X —48XY A,
c32(A; X,Y) = 28X2 — 144X A
—48X2Y A+ 20Y A + 288X 2Y 2 A% 4 48Y3 A2 — 144Y4 A3,
c33(A; X,Y) = 48X3 — 48XY? 4,
c34(A; X,Y) = 144X* — 288XV 2 A + 144V 4 A2,
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Example 3.19. When p = 5, we have
cs1(A; X,Y) = 4X +32X3A — 48XY A — 3072X3Y A? + 96X Y2 A2
—3072X Y343,
c52(A; X,Y) = 28X? + 1328 X414 — 192XV A + 20Y2 A — 8960X° A2
— 4224 X1V A? 4+ 8736 X2V 2 A2 — 147456 X843
— 12288X5Y A3 + 8448 X4Y 2 A3 + 2304X2Y3 43
+ 120074 A3 + 589824 X6V 2 A* 4 36864 X4Y3 A4
+9984X2Y 1A% 4 1920Y° A% — 884736 X1 Y1 A5
— 36864X2Y5 A% — 9472Y 5 A 4+ 589824 X2y 6 A6
+12288Y 7 A% — 147456Y8 A7,
c53(A; X, Y) = 64X3 +2624X° A — 3264X3Y A + 4096 X7 A2
+ 15360X°Y A% + 6016 X3Y 242 — 2880X Y3 A2
—12288X°Y243 — 30720 X°3Y3 4% — 8640 X Y443
+ 12288 X3V 4 A% +15360X Y5 A% — 4096 XY A%,
cs4(A; X,Y) = 304X* 4 7360X6A — 4992 XY A + 480X2Y 24
+200704X8 A% 4 15360X°Y A% — 6720X 1Y 242
+ 3840X2Y3 A% 4 240Y* A% — 802816 XY 243
— 46080X1Y3 A3 — 8640X2Y 4 A3 + 1152543
+ 1204224 X4Y4 A% + 46080X2Y5 A* 4 8000y 6 A%
— 802816 X2Y5 4% — 1536077 A% + 2007043 A5,
c55(A; X,Y) = 448X° — 5120X " A — 15360X°Y A 4 128 XY ? A
+ 15360X°Y 242 + 30720X3Y3 A% — 576 X Y* A2
—15360X3Y4A3 — 15360XY° A% + 5120X Y5 4%,
c56(A; X,Y) = 1600X° — 57344X8A4 — 3072X°Y A — 1728 X*Y?A
+ 229376 XY 2 A% + 9216 X4Y3 A% — 1344X2Y* A2
— 344064 XY 1A% — 9216 X2Y5 A3 4 1472Y° 43
+ 229376 X2Y %A% + 3072Y 7 A* — 57344Y 845,
cs7(A; X,Y) = 1024X7A — 3072X°Y2 A + 3072X3YV 4 A2 — 1024X Y0 A3,
cs8(A; X,Y) = 4096X® — 16384 XY 2 A + 24576 X *Y* A% — 16384 X2Y 543
+4096Y 8 A4,
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Theorem 3.20. Let p be a prime number > 2, A an IF,-algebra and X € A.

Put Ny = Ker[F — AT Ga,a — Gg 4] and G = N){. Then:
(1) A homomorphism of group schemes

1
AT Ty Ty )

Xt JI Gmava =SpecA[Ty, Th, ..., Ty,
Na/A

— Gpja = Spec A[X,Y]/(X? = A\Y? - Y)

1s defined by

(p—1)/2 (p—1)/2
( Z )\le)( Z )\Z_ITQZ—l)
N2 73 !
(pz AT%)EA(Z’Z Ty )
(p—1)/2
( » N1y )

(p—1)/2 9 (p—1)/2

.
( Z )\T2z) —)\( Z ATy, 1)
Moreover, the diagram of group schemes

¢ —— I Guna
NA/A
square maplz JX
G — Gp/a

s commutative.
(2) A homomorphism of group schemes

&:Gpja=Spec AIX,Y]/(X? = AY?-Y) —

H Gm,NA = SpecA[TO,Tl, e ,Tpfl,
Ny/A

1
A()\(p_l)/Q; Ty, 11, ... ,Tp_l)]

1s defined by

Ty 1, Tj = (N X, Y) 4+ AT iy (N X,Y) (1< 1< p—1).
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Moreover, the diagram of group schemes
a5, Gp/a
square maplz l&

G —— H Gm,N,
" N4/A
s commutative.
Proof. (1) At first recall that a homomorphism of group schemes

1

T H Gm7B = SpeCA[U, V, W]

B/A
— Gp/a = Spec A[X,Y]/(X? = A\Y? - Y)

is defined by

uv &
Xem o Y o

Then ¥ is nothing but the composite

rom: [[ Gmna— ][ Gm — Gg/a-
Ny/A B/A
Now we verify the commutativity of the first square. First note that
the square map on G = Spec A[T]/(T?) is given by T +— 2T since the
multiplication of G is defined by

p—1
1 4 .
A:T»—>T®1+1®T—u§:<p>TpZ®TZ.
—~ p\1
=1

Let R be an A-algebra. Then by the definition,
-1
(a) i: G(R) — ( [[ Gmna)(R) = (R[T]/(T? — A= T)) ™ is given by
Ny/A

p—1

a .
a — Z —T"
7!

1=0

(1) T2 ( I] Gumna)(R) = (RIT)/(T? = A7) — Gpya(R) is given by
Na/A

p—1 p=1 p—1

7 _ Pl ) Pl ) 9
o ()] ()

i=0 i=1 i=1 >

2| = T =
1=0 2 2 2 2
(Z )\iazi) —A(Z Ai_lazi_1) (Z /\iag,) —A(Z )\i_lagi_1)
0 =1 1=0 i=1

1=

y
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(c) €:G(R) — GB/A(R) is given by

p—1 p—1
1 221 1 i XN,
! Z LA ),
(2 = 21 —1)! 2 = (20)! )
Hence the map x oi: G(R) — Gg/a(R) is given by

p—1
E a;T" —
1=0

p—1 p—1

MN\

Il
-

'S
|

{Z A Y N 1) { A a%_l}Q
(20)! (26 —1)! (26 — 1)!

=0 2 i=1
< p—1 1 7 op—1 p—1

N‘

{22: (;‘;) a2i}2_)\{ (2?2:11) 2i_1}2 {22; (;\;!azi}Q—)\{i; (2’21:11)!(121'—1}2

1=0 2

=

and the map & o square : G(R) — G/a(R) is given by

p—1 p—1
2

1 Azfl i 1 2 Aifl ;
= (5 ; (2i — 1)!(2a)2 "3 ; (21)!(2@2 )

Then it is sufficient to verify that, for a € R with a? = 0, we have

p—1
{(;;—1)/2 A 21}{ 2 A’ 2171}
p—1
= () = (2i-1)! 1 & N (20)2
= - — a
= 5i ) pl = , 23 (2 —1)!
{ : |a22} _)‘{ ' |a22_1}
pad (20)! = (20 —1)
and
p—1 1
2 O .82
{ )\ a2 1} b1
= (20 — 1)! 1 2. )\l )2
el p-1 ~2 (22‘)!( @)

2 )\i i2 )\i—l i 2 i=1
{Zz% (2@)!a2 } _A{; m“z 1}

=
cosh VAU = Z

sinh VAU 2 %1
7_—§:7UZ d Up
VA = (2i—-1)! o

2563
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These imply that

p—1 p—1
v A - AT e sinh /AU
U = (cosh VAU)? — A Z— 2
{;(2) } {; 2 —1)! @io } (cosh VAU) ( Vg )
=1 mod U?,
Y B i—1 VA
= A e AT i1 sinh v/ AU
’ —U” = cosh VAU — X~
{io (2i)!U }{Zl (2¢—1)1U } cosh VAU /A
_ 1 sinh 2v/ AU
T2 2/4
= i—1
= BN A 2i—1
=52 o) med U,
=1
p—1
( A UQ’_l) _ (smh\fU)
o (2= 1) VA
1 cosh 2/ AU — 1
2 A
peto
1 & A
== P
=2 2 20) (2U)“* mod U
Then we obtain identities in Z,[4, U]/(U?)
p—1 p—1 .
A 2 A=
oL Q| Z : -1,
{io (2i)! } {il (2i —1)! J
p—1 p—1 . p—1 -
~ A LA 1 & A |
Uzz 2i-11__ = : (2U)2Z_1,
{7,—0 (22)' }{1_1 (2Z - 1)' } 2 i— (2’L — 1)'
p=1 b1
- AZ?I )22’

2 Aifl ) 2 1
Z : U22—1 —_ Z : (2U
{izl (20 —1)! } 2 & (2d)!
(2) As is remarked in 1.4, an isomorphism of group schemes over B
s1:Gpja®a B =SpecB[X,Y]/(X? = \Y?-Y)

~ 1
~ gg@ — Spec BT, m]
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is defined by
T — 2(X + VY).
Then we obtain a homomorphism of group schemes over B

o1=01051:Gpja®a B> Qj(gﬁ) — ( H Gm,n,) ®a B,
Na/A

where &1 : Qgﬁ) — ( H Gm,N,) ®4 B is the homomorphism defined as
Na/A
in the statement of in Theorem 3.12. For a B-algebra R, the map oy :
p—1 . .
Gja(R) = ([] Guuwa) (R) = (RIT)/(T? — \*7T)) " is given by
Na/A

(a,b) — Fp(VA, 2(a + bVN); T).
Similarly an isomorphism of group schemes over B
s2: Gpja ®a B =Spec B[X,Y]/(X? - \Y?-Y)
~ (=) 1
-3 = Spec B[T, ————
B pec BT =57
is defined by
T — 2(X — VAY).
Then we obtain a homomorphism of group schemes over B

02 =0G2052:Gpja®@a B = g,(g_ﬁ) — ( H Gm,n,) ®4 B.
Na/A

For a B-algebra R, the map o2 : Gp/a(R) — ([ Gmuna)(R) =

Na/A
D

(R[T)/(T? — A" T))* is given by
(a,b) — Ey(—V\, 2(a — bV); T).
Hence, by the definition, the morphism

68 :Gpa®aB— (] Gun,) ®aB
Na/A
is the product of o1 and o9. It follows that &g is a homomorphism of group
schemes over B. Furtheremore 6 : Gg/4 — H G, N, is @ homomorphism
Na/A
of group schemes over A since B is faithfully flat over A.
We verify now the commutativity of the second square. Consider the
composite of homomorphisms

G®aB <2 Gpaoa B -5y 28 (T] Gun) ©4 B.

N/A
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As is shown in 2.12, we have

B =s1°&p: G®AB—>GB/A®AB:>QE§@.
Hence, by Theorem 3.12(2), we have &1 onp = £p, and therefore o1 0&p =
1081 0&p = ip. Similary we obtain o9 o {g = ip. These imply that
(6 0&)p = ip osquare. At last we obtain the required result since B is
faithfully flat over A.

Corollary 3.21. Let S be an A-scheme and X a G-torsor over S. Then
the class [X] belongs to Ker[H'(S,G) — H'(S,Gp/a)] if and only if [X] is
trivial in Pic(S x4 Na).

Proof. By Theorem 3.18 (1), we obtain a commutative diagram of coho-
mology groups

HY(S,G) —— HYS, [[ Gmna)
Na/A

square maplz l)z

Hl(SaG) T) Hl(saGB/A)

Hence we obtain an implication
[X] is trivial in Pic(S x4 Na) = [X] € Ker[H'(S,G) — H'(S,Gp/4)).

On the other hand, by Theorem 3.18 (2), we obtain a commutative dia-
gram of cohomology groups

Hl(SaG) ;) H1(57GB/A)
square maplz l&

HY(S,G) —— H!(S, H Gm.N,)
! Na/A
Hence we obtain an implication

[X] € Ker[H'(S,G) — H'(S,Gp/a) = [X] is trivial in Pic(S x4 Na).

References

[1] M. DEMAZURE and P. GABRIEL, Groupes algébriques, Tome I. Masson & Cie, Editeur, Paris;
North-Holland Publishing, Amsterdam, 1970.

[2] A. GROTHENDIECK, Le groupe de Brauer. Dix exposés sur la cohomologie des schémas, 46—
188. North-Holland, 1968.

[3] B. MAZUR, L. ROBERTS, Local Euler Characteristics. Invent. math. 9 (1970), 201-234.

[4] M. SaIpI, On the degeneration of étale Z/pZ and Z/p?Z-torsors in equal characteristic
p > 0. Hiroshima. Math. J. 37 (2007), 315-341.

[5] T. SEkicUcHI and N. SUWA, Théorie de Kummer-Artin-Schreier et applications. J. Théor.
Nombres Bordeaux 7 (1995), 177-189.

[6] T. SEKIGUCHI, F. OORT and N. SUWA, On the deformation of Artin-Schreier to Kummer.
Ann. Sci. Ecole Norm. Sup. (4) 22 (1989), 345-375.



Degeneration of the Kummer sequence in characteristic p > 0 257

[7] J. P. SERRE, Groupes algébriques et corps de classes. Hermann, Paris, 1959.
[8] R. P. STANLEY, Enumerative Combinatorics, vol. 1. Cambridge Stud. Adv. Math. vol. 49,
Cambridge University Press, Cambridge, 1997.
[9] N. Suwa, Twisted Kummer and Kummer-Artin-Schreier theories. Toéhoku Math. J. 60
(2008), 183-218.
[10] N. Suwa, Around Kummer theories. RIMS Kokytroku Bessatsu B12 (2009), 115-148.
[11] J. TaTE and F. OORT, Group scheme of prime order. Ann. Sci. Ec. Norm. Sup. (4) 3 (1970),
1-21.
[12] W. C. WATERHOUSE, Introduction to affine group schemes. Springer, 1979.
[13] W. C. WATERHOUSE, A unified Kummer-Artin-Schreier sequence. Math. Ann. 277 (1987),
447-451.
[14] W. C. WATERHOUSE and B. WEISFEILER, One-dimensional affine group schemes. J. Algebra
66 (1980), 550-568.

Yuji Tsuno

Department of Mathematics

Chuo University

1-13-27 Kasuga

Bunkyo-ku, Tokyo 112-8551, JAPAN
E-mail: s180010@gug.math.chuo-u.ac. jp


mailto:s18001@@gug.math.chuo-u.ac.jp

	Introduction
	1. Preliminaries
	2. Deformations of the Kummer sequence
	3. Relations with the Grothendieck resolution
	References

