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Journal de Théorie des Nombres

de Bordeaux 22 (2010), 727-740

A generalization of Voronoi’s Theorem to
algebraic lattices

par KENJI OKUDA et SyouJt YANO

RESUME. Soient K un corps de nombres et Ok l’anneau des en-
tiers de K. Dans cet article, nous prouvons un analogue du théo-
reme de Voronoi pour les Og-réseaux, et la finitude du nombre
de classes de Og-réseaux parfaits, a similitude pres.

ABSTRACT. Let K be an algebraic number field and Ok the ring
of integers of K. In this paper, we prove an analogue of Voronoi’s
theorem for O g-lattices and the finiteness of the number of similar
isometry classes of perfect Og-lattices.

1. Introduction

Let K be an algebraic number field of degree n and Og the ring of
integers of K. The purpose of this paper is to generalize Voronoi’s theorem
to the Hermite function defined on the set of Og-lattices.

Let Kr = K ®gR and K = K" ®gR. An element of K' is denoted as
a column vector with entries in K. As an R-vector space, Kg' is equipped
with the inner product < , > defined by

<xz,y>= TrKR(tfy)

for z,y € Kg', where Trg; stands for the trace of the étale algebra Kgr
over R and T stands for the conjugate of x. An Og-submodule A in Kg'
is called an Ofg-lattice if A is discrete and A ®z R = Kg'. The set of all
Ox-lattices in K" is denoted by £. For A € £, the minimum Q(A) and the
determinant det(A) of A are defined by

2
. w(Kg'/A)
A= min <z,z> and det(A)=[—"rA221) |
(4) 2EA\{0} (4) (MKQ/O?}))
T

where w denotes an invariant measure on Kg'. The Hermite function vy, :
L — Ry is defined to be

Q(A)
() = det(A)L/mn

Manuscrit regu le 19 janvier 2010.
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An Og-lattice A € L is said to be extreme if ’y}( attains a local maxi-
mum on A up to multiplication by an element of R*. In the case of K = Q,
Voronoi’s theorem says that A is extreme if and only if A is perfect and eu-
tactic. We extend this theorem to general K. Leibak ([6], Theorem 5) gave
a weak version of Voronoi’s theorem for K. However Leibak’s definition of
eutaxy is insufficient to show the extremeness. We modify Leibak’s defini-
tion of eutaxy and prove the complete analogue of Voronoi’s theorem. At
the end of this paper we prove that the number of similar isometry classes
of perfect Og-lattices in Kp' is finite.

2. Ok-lattices

Let K be an algebraic number field of degree n and Kr = K®gR an étale
algebra over R. Assume K has r real embeddings o1, - - - , 0 and 2s complex
embeddings 0,41, -, 0r12s, Where r+2s = n and 0,454 is the composition
of the complex conjugate "~" and o,4; for 1 <i < s. Then Kp is identified
with R” x C* and K is included in Kg by z — (o1(z), -+ ,0p4s(x)). The
trace of Kg over R is defined by

T S
Tric (x) = > @i+ Y (Trri + Trgi)
i=1 i=1

for v = (x1,- -+ ,2,45) € KR, where T, 1; is the complex conjugate of x, ;.
For x = (21, ,2p45) € Kr we denote T = (z1, -+ , Tp, Trg1, " » Trts)-

Let Kg' = K™ ®gR and <, > the inner product of K3' which is defined
in Section 1. For x € K3, we set

Qz) =<z,z> and |z||=Q(z)"2
The group of Kg-linear automorphisms of Kg' is denoted by GLy,(KR),
which is identified with GL,,(R)" x GL,,(C)®. The group of isometries with
respect to @ is denoted by O,,(KR), i.e.
Om(Kgr) ={g9 € GL(KRr) | < gz,9y >=< z,y > for all x,y € Kg'}.
We denote the set of self-adjoint matrices by
Hp,(Kr) ={V € My, (Kr) | <Vz,y>=<z,Vy>foral z,y € Kg'}.

According to the identification Kg ~ R" x C*, the set H,,(Kg) is identified
with Sym.,(R)" x H,,(C)*, where Sym,,(R) (resp. H,,(C)) denote the set
of m x m real symmetric (resp. Hermitian) matrices. The trace TR on

H,,(Kg) is defined to be
TR(V) = Trie ((Tr(V1), -, Te(Vigs)))

for V.= (W1,---,Viys) in Hp(KR). The dual space of Hy,(Kgr) as an R
vector space is denoted by H,,(Kgr)*. A self-adjoint matrix V is said to
be positive definite (resp. semi-positive definite) if < Va,xz >> 0 (resp.
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< Vz,xz >>0) for all z € Kg'\{0}. We denote the set of positive definite
(resp. semi-positive definite) self-adjoint matrices in H,,(Kg) by H, T (Kg)
(vesp. Hy(Kr).)

For any Og-lattice A C Ky, there exists some g € GLy,(Kr) such that
g 1A is a projective Ox-module in K™ (cf. [5], Lemma 3.2). By Steinitz’s
theorem, any projective Og-module in K™ is isomorphic to (9%*1 oA
for some ideal % in Og. Let %y = Ok, Ao, --- , ™Ay be a complete system
of representatives of the ideal class group of K. Let A; = O?{”‘*l @ 2A; for
1 <@ < h. Then the set of all Og-lattices of Kg' is given by the disjoint
union

h
c=1]%.
i=1

where £; is the GL,,(Kg)-orbit of A;. Each L£; is identified with
GL,(KRr)/GL(A;), where GL(A;) denotes the stabilizer of A; in GL,,(KR).
Let A C Kg' be an Og-lattice. We denote the set of shortest vectors in
A by
SA)={z e A|Q(z)=Q(N)}.
Definition. For z € Ky', we define the R-linear form ¢, € H,,(Kgr)* by
0 (V) =<Vz,x > for V € Hp,(KRr).

Definition. Let A C Kg' be an Og-lattice.
(1) A is said to be perfect if {py|z € S(A)} generates Hy,(KRr)*.
(2) A is said to be eutactic if there exist p, € R5g for all z € S(A) such
that TR =3 cg(a) PrPa-
T

(3) A is said to be extreme if the function v, attains a local maximum
on A.

This definition of perfection is same as the definition of perfection that
appeared in ([3], Section 3).

3. Some rationality of perfect Og-lattices

In this section we prove some rationality of perfect Og-lattices. We call
two Ok-lattices A and A’ are isometry if A = T'A’ for some T € O, (KR).
For A = (a;j) € My, (KRr), we put the A* = *(a;;).

Theorem 3.1. A perfect Ok -lattice A in Kg' is determined up to isometry
by the set of minimum vectors S(A) and the minimum Q(A).

Proof. Let N = rm(m + 1)/2 4+ sm?. By the argument in Section 2, an
Og-lattice A is denoted by A = gA¢ for some g € GL,,,(Kgr) and some
projective Ox-module Ay C K™. Let H = g*g € H, T (Kg), and S(H)
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denotes the subset g~ S(A) of Ag. Then {¢z, }upes(a) also spans Hp, (Kgr)*
since A is perfect. We have

0 (V) =< Vz,x >=< ¢"Vgxy, 20 >= 02,(9"Vg)

for any = = gzg € S(A) and V € H,,(KRr). We consider a system of linear
equations in N variables which consist of matrix elements of V' € H,,(KRg)
such that

Pz (V') = Q(A) (zo € S(H)).

The coefficient of these linear equations are contained in the Galois closure
of K. By the perfection of A, H is a unique solution of this system of linear
equations. Therefore an isometry class of perfect Og-lattice is uniquely
determined by the set of minimum vectors and the minimum. O

The following is obvious by Cramer’s formula.

Corollary 3.1. If A = gAg is a perfect Ok -lattice and Q(A) = 1, then all
entries of g*g are contained in the Galois closure of K over Q.

If K is a totally real or a C'M-field (i.e. a totally imaginary quadratic
extension over a totally real algebraic number field), then we have a stronger
result. If K is a totally real field, we denote the set of m x m symmetric
matrices with entries in K by Hp,(K), i.e., Hy(K) = Hp(Kr) N My, (K).
If K is a CM-field, then there exists a non-trivial involution p on K such
that o,41 0 p = o,42. Hence we can define the set of m x m Hermitian
matrices with entries in K by

Hp(K)={X € M, (K) | p(*X) = X} = Hp(Kg) N M, (K).
In these cases, we have the following rationality of perfect Og-lattice.

Theorem 3.2. Let K be a totally real or a C M -field. If O -lattice A = gAg
in K3 is perfect with Q(A) =1, then g*g € Hy,(K).

Proof. Let N = rm(m+1)/2+ sm?. By the same argument as the proof of
Theorem 3.1, there exist 2; = gy; € S(A),i = 1,---, N such that {¢,, }Y,
spans H,,(Kgr)*. Then {py,}Y, also spans the dual space of H,,(K) as a
Q vector space.

Let By,---, By € Hy,(K) be the dual basis of ¢y, , - - - , ¢y as a Q vector
space. Then B = YV | B; satisfies ¢y, (B) = ¢,,(B;) = 1 and

0y (979) =< 9" 9yi, i >=< gy, gyi >= Q(z;) = 1.

Since the system of linear equations {p,,(V) = 1}, have exactly one
solution, B = g*g € H,,(K). O
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4. Main Theorem
In this section, we prove

Theorem 4.1. Let A € L be an Ox-module. Then A is extreme if and
only if A is perfect and eutactic.

We prepare several Lemmas. The following Lemma 4.1 is proved in ([7],
Theorem 3.3.1).

Lemma 4.1 (Stiemke). Let V' be a vector space and ¢i1,--- , ¢k linear
forms from V to R. The following conditions are equivalent.

(1) {z € V|gi(x) >0 for all i} = NE_Kery;.
(2) There exist p; € Rsq such that Zi-“:l pipi; = 0.

The next is proved similarly as in ([7], Theorem 3.1.7 and Theorem 3.1.8).

Lemma 4.2. (1) For any V € H;:(Kg), there uniquely exists V'V €
H(Kg) such that

V VY VT

(2) For any U € GLy,(KR), there uniquely exist V', V" € H+(Kg)
and O',0" € Oy, (KR) such that

U=0V =Vv"0"

As usual, the operator norm of A € M,,(KR) is defined to be

Lemma 4.3. There exists a neighborhood U of I1d in GLy,(KRr) such that
S(UA) cU(S(A))

for allU € U.

Proof. Let Q1 = Q(A) and Q2 = mingep g(z)>q(a) @(x). Then the neigh-

borhood of Id defined by
- 2Q2 Q1+ Q2
U <) = ||U|| <4 =2
101 <y g 011 <y 2

satisfies the claim, because we have

Q1+ Q2 Q1+ Q2  [Q1+ Q2
Uyl > TQQHZIHZ\/ >\ 20, ||z[| > ||Uz]|

for all z € S(A) and all y € A\(S(A)U{0}). O
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Lemma 4.4. There exists a neighborhood V of 0 in Hp,(KRr) such that
Id+V € H}(Kg) for any V €V and

Q) = QVITFVA) <= min u(V) =0

Proof. Let U C GLp,(KRr) be a neighborhood of Id such that U satisfies
Lemma 4.3. Let V C Hp,(KRr) be a neighborhood of 0 such that Id + V' €
H}}(Kgr) and U = v/Id 4+ V is contained in U for any V € V. Then we have
Q(UA) = min,cgp) Q(Ux) by Lemma 4.3, and that

QUz) =<Uz,Ux >=<UUx,x >
=, (U?) = p,(Id+ V) = Q(z) + ¢(V).
Therefore we have Q(A) = Q(UA) <= mingcg(p) ¢=(V) = 0. O

Lemma 4.5. (1) There ezists a neighborhood V of 0 in Hy,(Kgr) such
that V- € V satisfiesvVId+V € Op(Kgr) or det(/Id+V) < 1 if
TR(V) < 0.

(2) LetC C Hp,(KRr) be a closed cone such that any V € C\{0} satisfies
TR(V) > 0. Then there exists o > 0 such that

VeCand 0 <||V||<a=det(Id+V) > 1.

Proof. (1) Let {A11, -+, A44s)m} be the set of eigenvalues of V =
Vi, ,Viss) € V, where \;; is an eigenvalue of V;. Then eigenvalues
of Id +V are given by 14+ A1 1, , 14+ A(ps)m- Here we may assume that
all of eigenvalues of Id + V' are positive for any V € V by taking V enough
small. Hence two functions Wy () = det(Id + tV') and 9y (t) = log Uy (t)
are well defined for ¢ € [0,1] and for V € V. Differentials of iy are given
by

n

where A yoii);j = Aprgi),j- IV = 0, then it is obvious that vId+V €
Om(KRr). Hence we assume that V' # 0 from here. Then we have 97, (t) < 0
for all ¢t € [0, 1] and ¢y (0) = 0. Under the condition that TR(V) < 0, we
have 0 m
Py (0) =Y XAy =TR(V) <0.
i=1j=1
Consequently we have ¢y (t) < 0 for ¢ € [0, 1], especially ¢y (1) < 0. There-
fore det/Td + V) = (Ty(1))/2 < 1.
(2) Let ¥ = {W € H,,(Kr)| ||[W]|| < 1}. We can define two functions Wy (¢)
and ¢y (t) as the proof of 1) for any W € CNX and for enough small ¢ > 0.
By the condition TR(W) > 0, we have ¢y (0) = 0 and {;,(0) > 0.
Hence there exists tyr > 0 such that ¢y (t) > 0 for all ¢ € [0, ty]. Since
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the function CNY > W' — ¢y (tw) € R is continuous, there exists a
open neighborhood V(W) C H,,(Kgr) of W such that ¢y (tw) > 0 for
any W' € V(W) N (CNX). On the other hand, we have ¢y (t) > 0 for all
t € (0,tw] by the convexity of Py ().

Since CNY C Uweens V(W) is compact, there exist Wy, -+ Wi € CNXE
such that UX_, V(W;) D CN Y. Let a = min(twy,, - ,tw, ). Let V € C such
that V satisfies the condition 0 < ||V|| < « in the claim. Since W = W is

contained in C N X, we have ¢y (t) > 0 for all £ € (0, ). Then

w (V1)) ZZ 1+ ” ||V||) Py (1) > 0.

i=1j=1
Therefore we have det(Id + V') > 1. O

Proposition 4.1. Let A € L be an Ox-module. The following conditions
are equivalent.

(1) A is extreme.
(2) If V. € Hy(Kg) satisfies mingega) (V) = 0 and TR(V) < 0,
then V = 0.

Proof. (1 = 2) Let V C H,,(Kgr) be a neighborhood of 0 which satis-
fies Lemma 4.4 and Lemma 4.5. Let V € H,,(Kgr) such that V satisfies
mingeg(p) px(V) = 0 and TR(V) < 0. Since A is extreme, *y}{ attains a lo-
cal maximum on A in some neighborhood V, of A. For enough small A > 0,
AV is contained in V and theny/Id + AV (A) is in V. From the equivalence
proved in Lemma 4.4, we have Q(A) = Q(/Id + AV (A)). Moreover we have
detv/Id + AV < 1 or V = 0 by Lemma 4.5. If dety/Id + AV < 1, then it is
contradict to the extremeness of A since

QyId +AV(A)) Q) i
VId + AV (A > =
i M) = ST v )  det(h)i/mm — K
Therefore we have V' = 0.
(1 < 2) We may assume that Q(A) = 1. Let

C={V e Hy(Kr)| min ¢,(V)>0}.
z€S(A)

In order to apply Lemma 4.5.2 to C, we show that C satisfies the hypothesis
of Lemma 4.5.2. It is clear that C is a closed cone. Let V € C such that
mingeg(a) pz(V) = 0. If TR(V) <0, then we have V' = 0 by the condition
2. Hence V' € C\{0} with mingegp) (V) = 0 satisfies TR(V) > 0. Let
V' € C such that mingega) p(V) = k > 0. Since V' = V — kId satisfies
mingeg(p) ¢z(V') = 0, we have V' € C and the argument above says that
V' =0 or TR(V') > 0. Hence TR(V) = TR(V') + kmn > 0. Therefore C
satisfies the hypothesis of Lemma 4.5.2, i.e. there exists a > 0 such that
det(Id+ V) > 1 for any V € C with 0 < ||V]|| < a. We fix such 0 < o < 1.

(A).
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Let 0 < f < a. Let V. = U*U — 1Id for U € GLp(KRr) and py =
mingeg(a) px(V). Since
20 (V)| =2 < Vi,z > |

= | IV +1d)z|]” — [[Val]* |||
(4.1) <|([Vall +[2]))? — [Vl [l

= 2[[Vl][ - [[]|

< 2[[V]],
we have |uy| < ||V and ey =+/1/(1 + py) is well-defined if ||V|| < . Let
U be a neighborhood of Id € GL,,(Kg) such that U satisfies Lemma 4.3.
Let W be a neighborhood of Id € GL,,,(Kg) such that {V =U*U—-1d | U €
W} C{V € H,(Kg) | ||V]| < 8} and {U" = ¢y U | U € W} C U. We show
V(U (A)) <AL (A) for any U e W. Let U’ = eyU and V! = U*U’ —1d =
&V — ¢ uyld for U € W. Since U’ € U and V' satisfies

min V)= min (¢} < Vz, x> —cuy <z,z>
i (V) = min (¢ L <22 >)

(4.2) =i mg}gia)(%(V) — Q)

=0,
we have Q(A) = Q(U’A) by Lemma 4.3. Since V' € C and
V]| = eIV — pvId||

1

< W(HVH + i 1d])
B+ 5
(1-p5)2

<,

(4.3)
<

we have det(Id + V') = det(U’)? > 1 by Lemma 4.5.2. Hence we have

Y (UA)) = 7k U (A))

__aw)
(det U'(A))1/mn
(4.4) Q(A)
(det A)l/m”
=7k (1)
for any U € W. O

Proof of Theorem 4.1. We use Proposition 4.1.
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Assume that A is perfect and eutactic. Let V € H,,(Kg) such that V
satisfies min,cg(p) 92 (V) = 0 and TR(V) < 0. Since A is eutactic, TR is
given by a linear combination of ¢, such that TR = }_,c g(p) pzpa for some
pz > 0. Hence we have (V) = 0 for all z € S(A). On the other hand,
wz(x € S(A)) generates Hp,(Kgr)* from the perfection of A. Therefore we
have V = 0.

Conversely, assume that A is extreme. First we prove the perfection of
A. Let V € H,,,(KR) such that ¢, (V) = 0 for all z € S(A). We may assume
that TR(V) < 0 by replace V' with —V if necessary. Then we have V =0
by Proposition 4.1.2. Hence {¢;}zes(a) spans Hp,(Kr)*.

Now we prove the eutaxy of A. Let V € H,,(Kgr) such that V satisfies
TR(V) < 0 and ¢ (V) > 0 for all z € S(A). Let k = mingeg(a) pu(V) -
QA)™ > 0 and V' = V — kId. Then we have min,cgz) (V') =
mingeg(a) (@2 (V) — kQ(x)) = 0 and TR(V') = TR(V) — kmn < 0. Hence
we have V/ = 0 by Proposition 4.1.2. Though we have V = kId, V sat-
isfies TR(V) < 0. Therefore V' = 0. Applying Lemma 4.1 to linear forms
pz(r € S(A)) and —TR defined over H,,(Kg), we can prove the eutaxy
of A. g

Example. Let K = Q(1/2,/—1) be a bi-quadratic extension over Q. The
Galois group Gal(K/Q) = {01,092, 03,04} is given by

01:K9x+y\/§+zx/—71+w\/—72—>x+y\/§+zx/—71+w\/—72€K
02:K9x+yxf2+zx/—71+w\/—72%x—y\@+z\/—7—w\/—72€f(
03:K9x+yﬁ+zﬁ+wM—>x+yﬁ—z —1-wv—2€eK
04:K9x+y\f2+z\/—71+w\/—72—>x—y\f2—z\/—71+w\/—726K’

where x,y, z,w € Q. Then o3 (resp. 04) is equal to a composition of the
complex conjugate and oy (resp. 02). Hence K is embedded in Kg = C? by
o:K >z < (01(x),02(x)) € Kr. The ring of integers Ok of K is given
by Ok = Z[(V2+ v~2)/2].

Let g = \/Q—i— V2, \/2 - € H{"(Kgr) = R%,. We consider the
Ox-module A = gO0k.

For X = ((1/2+ V2)o1(), (/2 — V2)oa(x)) € A with z € O, Q(X)

is given such that

Q(X) = Trie (01(2)(2 + V2)o1(2), 02(2) (2 — V2)02(2))
= 2(01(2)(2 + V2)o1(z) + 02(2)(2 = V2)02(2)).
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Ifz=a+bv2/2+cy/—1+dy/—2/2€ Ok of a,b,c,d € Z and b+ d € 2Z,
then we have

! v2/2 VT V=2)2
QX)=2abed 2+ V2 f//_il _;%/2 ¢?12/2 \/\;1/22
—V=2/2 —V=1/2 V2/2  1/2
1 —v2/2 V1T V=22
-v2/2 12 —V/=2/2 V-1)2
G O B e 1 o
V=22 VT2 —V2/2 )2
A 2 471 21 /a
—2(abcd) 2 2 2v=1 2y-1 || b
N —4y/=1 —2y=1 4 2 ¢
—-2v/-1 -2v/-1 2 2 d
= 2(2a+b) +26° +2(2¢ + d)° + 2d°.

QL O

Hence the set of minimal vectors of A is given by

S(A) = {ga(fv)
V3

r=+1,+/-1,+(1 —2),£¢/~1 —/-2),

201 vaayD), 22 (14 42 D)),

i\g(l —V2+ (/=2 —ﬁ))}
— IV (/3 1)k VA,

= {ga(x) < 2_\/5) e(2k+1)7*\/?1/8 fOTOSkS?},

where orders of signs are arbitrary. Especially we have Q(A) = 8.
For X = go(x) € S(A) and (v1,v2) € Hi(Kgr) = R?, ¢x is given by
ex(v1,v2) = 2(2 +V2)v101(2)01(2) + 2(2 —V2)v202(7) 02 ().
Hence we can describe ¢ x as follows:
(a) x =tV = ox(v1,v2) = (44 2V2)v1 + (4 — 2v2)vy
() z = 2= D™V = pox(v1,02) = (4 — 2v2)v1 + (4 + 2V2)w

(c) z (\/7) @R+DA/=1/8 o wx(v1,v2) = 4v; + 4vs.

Since (a) and (b) span the dual space of H;(KR) as a R-vector space, A is
perfect. Moreover A is obviously eutactic.

(1iF)
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5. Finiteness of perfect Og-lattices

In this section, we prove that the number of similar isometry classes of
perfect Og-lattices in K is finite. We keep the notations in Section 3.

Let Ay, ---, A, be the lattices defined in Section 2. We fix a Ag €
{A1,-- ,Ap}. The discrete group GL(Ag) acts on H,} " (Kg) as usual, i.e.
H-~v=~*H~ for v € GL(A\o) and H € H"(KR). Let a > 1 be a sufficient
large constant. We define the Siegel set S, of GL,,(KRr) by

di1
Dk = - )

dk,m

1 )

So = {T*DT € GL(Kg) T, — ’
1
dy.;
di; > 0, < a, : t <«
(1§2§J§m,1§k¢,k’§r+s)

For a given B € GL,,(KRr), we set
Qo ={B*"T*DTB | T*DT € S,}.
Then Humbert’s reduction theory says that there exists a finite subset

{By, -+ ,Byx} of GL,,,(K) such that H T (Kr) = UF Q4 B, - GL(Ag) (See
[2] and [8], Theorem 18.5).

Theorem 5.1. The number of similar isometry classes of perfect O -
lattices in Kg' is finite.

Proof. Let A be a perfect Og-lattice with Q(A) = 1. Then there exists
g € GLy(Kg) and Ay € {Ay,---,Ap} such that A = gAg. Since g*g €
H*(KR), there exists some a > 1 and B € {By, -+, By} such that g*g €
Qo8- GL(Ag). Let g*g = v*B*T* DT By for v € GL(Ag) and T*DT € S,.
We put Dy gyp = Dypg and Tppgpe = (I;"79) for 1 < £ < s. Let z € S(A)
be a minimum vector. Then z is denoted by z = gz for some ¢ € Ay and
we have

Q(z) =Q(VDT By) = Z|’FTkUk EACEMIIE
(5.1) zan (VDRTxor(B)) |2 o (w0) |

Z T2 ok (B) M2 k(o) 2,
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/()

where yg = yxg € Ag. Since all entries of T,;l = ( it ) are bounded by a

constant a(a + 1)™ 72, ||T;*||? is bounded as

_ T, yl? - 9 12
T Y|? =sup = = sup [T, —|* = sup ||T}; 2]
g o IWIE 0 HyH ezt
= sup Z|Zt(k zj|?
(52) lIzll=1 ;=1 J=t

m—i+1)%a2(a+ 1)1

M

=1

m(m+1)2m + 1)« (a + 1)2’”_4,

cmr—‘

where z = (z;). We put Cr = 6~ tm(m + 1)(2m + 1)a?(a + 1)*™~%. And

d d dy. i_ . _
Rl _ Dkl Tkl <ol <am™, ||v/ Dy 1HQiS also bounded
drj  di2 d,j

as

2 2
||\/D7k71||2:sup HyH = sup HyH

v#0 |[VDRyl? y0 2551 dijysY5

2
(5.3) <sup ’C|iy||2 = (mindy ;)"
y#0 mjm kg Y] J

<dk o

o put 8 = mex(los(B)- - low(Bay 1

Let e; = %1,0,---,0) € K™. Then there exists A\g € O for each
B € {By, -, By} such that eg = v~ !(ApB~'e;) is contained in Ag and
eo satisfies Q(geo) < Q(Ape1) Y gy dik,1- We put ¢ = maxi<i<x Q(Ap,e1).
Then we have

>ZHF 12T 2 o (B) I low (o) |12

> Z d1a”™ - Cpt 572 |ow (o) |

k=1
(5.4) > min dj, (Za Ot B3 ok (yo) | )
k=1
! (Z Oé_ldk:,l) (Z OfmCTlﬁ_QHUk(yon)
k=1 k=1

ZCI_(,lmQ(ge()) <Xn: |Uk(y0)||2> ;

k=1
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where Ck ,, = na™t1Cr%¢ is a constant which depends only on K and
m. Let So = {z € Ao | X7—; ||ok(2)||> < Ck .}, which is a finite subset of
n

Ag. Then yy € Sy since Z llok(yo)|)? is bounded as
k=1

S lloe )| < Ok )
k=1

Q(geo)

Therefore vg~1S(A), and hence g~1S(A), is contained Sp. By the proof of
Theorem 3.1, any perfect Og-lattice is uniquely determined by its shortest
vectors and its minimum. Since the possibility of subsets of Sy is finite, the
number of perfect Og-lattices up to similarity and isometry is finite. [

S CK,m-

Remark. Theorem 5.1 was proved by Koecher ([3], Section 9.10) in the
case of Ag = OR. It is possible to apply Koecher’s method to a general Ay.
Our proof is different from Koecher’s. We sketch Koecher’s method in the
following.

We write £ for the constant Qm”p;anz/ 2, where pp,y, is the volume of
the unit ball of dimension mn and Ak is the absolute value of the discrim-
inant of K. We take aj,---,as € Ok such that 1 < Ngg(a1) < -+ <
N K/Q(as) < £ and s is as big as possible. We define an equivalent relation
in the set {X € M,,(Ok) | det X = ;O } for each i as follows : X1 ~ Xy
if X1 — Xy € a;M,,,(Ok). Let B(a;) be a complete system of representative
of the quotient set {X € M, (Ok) | det X = ;Of}/ ~, and let B =

i_1B(ai). Define A = {z € OF | x is a column vector of some matrix in
B} and A = {zz* | 2 € A}. We consider a subset N C A such that
an = Y xen X is positive definite. Since each B(a;) is a finite set, the
number of such subset N is finite.

Let V = {v € H}T(Kg) | v is perfect with minimum 1}. For v € V,
there exist linear independent minimal vectors x1,--- , z,,, € OF such that
1 < [Ngy r(det(zy, -+, 2m))| < € By Koecher’s Lemma ([3], Lemma 13),
there exists a unimodular matrix u such that w(zy,---,zy) € B. This
induces (ux;)(uz;)* € A for all 1 < i < m. Since a, = Yoy (uxg) (umy)* is
a positive definite, a, = ay for some N C A. Finiteness of N implies that
there exists a self-adjoint matrix d € H,}*(Kg) such that a,—d € H,} 1 (Kg)
for all v € V. This d is independent of the choice of v € V. Then we have

m
m = Z < VT, T; >

=1
(5.5) = TricrTr((u™Fou™ay)
> TrKR/RTr((ufl*vufl)d)

> p(d)TR((u™ vu™")?),
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where p(d) is a constant which depends only on K and m. Since
TR ((u~*vu™1)?) is bounded by a constant and V' C H}*(Kg) is discrete,
the number of V is finite up to the action by unimodular matrix wu.
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