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par ANTONIO LEI et SARAH Livia ZERBES

RESUME. Soit E une courbe elliptique définie sur Q ayant bonne
réduction supersinguliére en p, ou p est un nombre premier impair
et a, = 0. En utilisant la théorie des (¢, T')-modules et le théo-
reme de comparaison de Berger, nous généralisons la définition des
groupes de Selmer plus et moins sur I'extension Q(pp) aux ex-
tensions de Lie p-adiques K, de Q qui contiennent Q(gpe ). Nous
montrons que ces groupes de Selmer peuvent également étre dé-
crits par les conditions de Kobayashi via la théorie des séries sur-
convergentes. De plus, nous montrons qu’on récupere les groupes
de Selmer habituels dans le cas ordinaire avec notre approche.

ABSTRACT. Let E be an elliptic curve over Q with good super-
singular reduction at a prime p > 3 and a, = 0. We generalise the
definition of Kobayashi’s plus/minus Selmer groups over Q(up=)
to p-adic Lie extensions K., of Q containing Q(pp~), using the
theory of (p,I')-modules and Berger’s comparison isomorphisms.
We show that these Selmer groups can be equally described us-
ing Kobayashi’s conditions via the theory of overconvergent power
series. Moreover, we show that such an approach gives the usual
Selmer groups in the ordinary case.
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1. Introduction

Let E be an elliptic curve defined over Q with good supersingular re-
duction at a prime p > 3 and a, = 0. Kobayashi [14] constructed two
A-cotorsion Selmer groups Sel’(E/Q(jp=)), i = 1,2 (which are denoted by
Sel*(E/Q(pp=)) in op.cit.) by modifying the local condition at p in the def-
inition of the usual Selmer group. In this paper, we propose an analogous
definition of signed Selmer groups Sel’(E/K,) of E over K, for i = 1,2,
where Ko is a p-adic Lie extension over Q which contains Q(pp~).

The main idea of our construction is the use of Berger’s comparison iso-
morphism in [1]. Let us first recall the description of the signed Selmer
groups Sel’(E/Q(up=)) in terms of p-adic Hodge theory as given in [15].
Let V= Q, ® T where T" = T, F is the p-adic Tate module of E, then
V' is a crystalline representation of Gg,, the absolute Galois group of Q.
We write N(T") for the Wach module of T (c.f. [2, 18]). Then a result of
Fontaine/Berger states that we have a canonical isomorphism H{, (Q,, T) =
N(T)¥="! (we will identify these two objects throughout the paper). Let n*
be the canonical basis of N(7") as constructed in the appendix of op.cit.,
and let v* be the induced basis of Deis(V). Via Berger’s comparison iso-
morphism, any element z € N(T)¥=! can be expressed in the form z =
210" + 290~ where z; € IB%;E&QP for i = 1, 2. Define

H (Qp, T)' = {z € N(T)=! | () = —pu(@i)

and let H1(Qp(upn), T)" be the image of Hi (Qp,T)" under the natural
projection map H{, (Qp, T) — H(Qp(ppn), T). Define H}’i(@p(,upn), Ep)
to be the exact annihilator of H(Qp(upn),T)" under the Tate pairing.
One then defines Sel’(E/Q(u,n)) by replacing the usual local condition
H}(Qp(,upn), E,~) at the unique prime of Q(u,n) above p by the groups
H},i(@p(ﬂp”)a Eipee).

If F'is an arbitrary finite extension of @, then Hllw(F ,T") is canonically
isomorphic to D (T)¥=!, where D (T) denotes the (¢, I')-module of T over
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the base field Ap. Moreover, every element = € Dp(T) can be uniquely

written as © = zjvT + xov~ with z; € Brig - 1t therefore seems natural to

make the following definition: for ¢ = 1,2, let
Hi\(F,T) = {& € Dp(T)~ | o) = —pih(i) }

One can the repeat the above construction to define ‘new’ local conditions
H}7i(F(/,Lpn)7 E,~) for i = 1,2. If K is a finite extension of Q, this allows
us to define signed Selmer groups Sel’(E/K (p,n)) for i = 1,2 and for all
n > 0. By passing to the direct limit over n, we obtain the Selmer groups
Sel’(E/K). The details of this construction is given in Section 3.1.

When E has good ordinary reduction at p, we have defined the Selmer
groups Sel’(E/Q(pp)) for i = 1,2 in [15] in the same way as the good su-
persingular case. To justify the proposed definition of signed Selmer groups
over K, we show in Section 3.2 that on extending our construction to the
good ordinary case, Sel?(E/K,) again agrees with the usual Selmer group
Sel(E /K« ) for any finite extension K of Q.

In Section 4, we give a more explicit description of the local conditions
we use to define the signed Selmer groups in the supersingular case. If F'
is a finite extension of Q,, we write F;, = F'(upn). We define for a large
integer N, which depends on F,

EN(OR,) = {z € E(OR,) : Trp, 5, = € E(O, ,))

for all m € Sy and Trp, /gy, © = 0},
where
SN ={m €[N +1,n] : m even};
SN2 ={m €[N +1,n] : m odd}.

We show that if we define Selg\? (E/K,) by replacing the local conditions at
places above p in the definition of Sel(£/K,) by these “jumping conditions",
then for ¢ = 1,2 we have isomorphisms

Sel)(B/KLo) = Sel (E/K..)

on taking direct limits.

In Section 5, we extend the definition of signed Selmer groups to p-adic
Lie extensions and formulate a 9ty (G)-conjecture, analogous to the one
for the good ordinary case in [11]. Finally, we will explain some of the
difficulties we encountered when attempting to extract information on the
conjecture in Section 6.

Acknowledgements. We would like to thank John Coates and David Lo-
effler for their interest, and the latter for many helpful comments. Part of
this paper was written while the authors were visiting the University of
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Warwick; they would like to thank the number theory group for their hos-
pitality. Furthermore, we are grateful to the anonymous referee for his/her
constructive comments, which led to some improvements of the paper. The
first author would also like to thank Daniel Delbourgo and Henri Darmon
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2. Notation and background

Let F' be a finite extension of Q,. Write Repy (Gr) (resp. Repg,(GF))
for the category of finitely generated Zy-modules (resp. finite-dimensional
Qp-vector spaces) with a continuous action of Gp.

For an integer n > 1, we write Qppn = Qp(pr), Qpoc = ligi@pn and
I' = Gal(Qp,00/Qp). More generally, if F' is a finite extension of Q,, we
write Fiy = F(upn), Foo = ImFy, Hp = Gal(Q,/Fx) and I'p denotes
Gal(Fy/F). For T € Repy, (Gr), define H (F,T) = LiLnHl(Fn,T) where
the connecting maps are corestrictions cor, /,, : H'(Fy,,T) = H'(F,,T)
for n > m. If V € Repg, (Gr), let Hy (F,V) = H{ (F,T) ®z, Qp, where T
is a Gp-invariant lattice of V. If G is a compact p-adic Lie group, we write
A(G) = Z,]|[G]] for its completed group ring over Zj.

For a finite set S of primes of Q, let Fig denote the maximal algebraic

extension of QQ unramified outside S. For an extension K of Q contained in
Fgs, we write Gg(K) = Gal(Fs/K).

2.1. Rings of periods. We review the construction of Fontaine’s rings of
periods. The details can be found in [12].

Let Q, be an algebraic closure of Q,, and write C,, for its p-adic comple-
tion. Let Oc, be its ring of integers. Define

E= lim C,= {(xm),x(l)’ _ ) | (x<i+1>)p - x<i>}7
TP
and let E* = {x cE |z ¢ OCP}. If £ = (z(9) and y = 4 are elements
of E, define their sum and product by
(zy)D) = 2Dy

(x+y)(z) — lim (x(i+n)+y(i+n))l) ‘

n—+oo
Under these operations, E is an algebraically closed field of characteristic
p- Note that by construction E is equipped with a continuous action of Gg, .
Define a valuation on E by vz (z) = v,(2(?)). Let & = (¢¥) be a fixed element
of E such that £(©) =1 and e # 1, and let ¥ = ¢ — 1. Let Eq, = Fp((7)),
and define E to be a separable closure of Eg, in E. Then E is equipped with
a continuous action of QQP, and one can show that Efer — IEQP.
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Let A = W(E) be the ring of Witt vectors of E and

B :A[p_l] = { Z pk[l'k] | g EIE}a

k>—o00

where [2] denotes the Teichmiiller lift of # € E. By construction, both rings
are equipped with continuous semi-linear actions of a Frobenius operator ¢
and Gg,. Let 7 = [¢] — 1 and define Ag, to be the completion of Zy|[[r]][x 1]
in the p-adic topology. Then Ag, is closed under the actions of ¢ and Gg,,
and moreover the action of Q@p factors through F@p. Let B be the p-adic
completion of the maximal unramified extension of By, = Ag, [p~!] in B,
and let A = BN A. These rings are stable under the actions of ¢ and QQP.
For a finite extension F' of Q,, put Ap = Afr If F is Galois over Qp,
then A is equipped with a continuous action of G which commutes with
©.

For a p-adic representation T € Repr(ng) (resp. V € Rep@p(ng)),
define Dy (T) = (A ®z, T)"F (resp. Dp(V) = (B ®g, V)7). Then Dp(T)
(resp. Dp(V)) is a free finitely generated module over Ap of rank d =
rankz, (T) (resp. a finite dimensional vector space over Bg, of dimension
d = dimg, (V')), equipped with commuting semi-linear actions of ¢ and I'r.
Note that DF(T) = D@p (T) ®A@p Ap (resp. ]D)F(V) = DQp (V) ®BQP BF).

Remark 2.1. If Fy, is Galois over Q, then the action of I'r extends to an
action of Gp = Gal(Fx/Qp). Moreover, the action of Gg commutes with
the action of .

Every element # € B can be written uniquely as z = > ks —o0 pFlzk],
where xj € E. For an integer n > 0, define

Bfn = {ZL‘ cB | Jim (k+p "vg(ar)) = —i—oo}
o0

li

.
and let B = B N B and IB%;&" = (IB%T’”)HF for any finite extension F of
Qp- Also, let A" = {z € B NA | k + p"vg(zx) > 0 for all k}, AP" =
A" N A and A}m = (AT’”)HF. Finally, define BT = (J, B'", AT =, AT™,
IB%} =U, B}}n and A} =U, A}}". Explicitly, one can describe the ring A};n
for n > 0 as follows (c.f. [1, Proposition 1.4]): there exists Np > 0 and
TE € A?NF whose reduction mod p is a uniformizer 7z of Er. Moreover,

if n > Np, then every element z € ]B%;ln can be written as 3.z axmh,
where the ay, are elements in the maximal unramified extension F” of Q, in
F, and where the series > .7 ax X" is holomorphic and bounded on the
annulus p~/er?" (-1 <| X |< 1.
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Let F' be a finite extension of Q,. For V' € Repr(ng), define
DY (V) = (BY g, V)" and DL(V) = (Bf @g, V)"
Note that D}(V) = D(BP(V) Rpt IB%J;,. The main result of [6] shows that
Qp

every p-adic representation V' of Gg, is overconvergent, i.e. there exists
r(V) > 0 such that

Dg, (V) = Bg, Dgprv) D)),
52

If V' is a crystalline representation of Gg,, then a stronger result is true:
V is of finite hight, i.e. let Bt = W(AT)[p~'], Bt = BNB* and Bép =
(B+)% | and define ]D)('[Sp(V) = (B* Qq, V)He . Then

Do, (V) = %p(V) %6,, Bg, -
2.2. The Robba ring. We write Big’@p for the set of f(m) where f(X) €

Qp[[X]] converges everywhere on the open unit p-adic disc. In particular,
t=log(l+m) € B:Eg@p. Let F' be a finite extension of Q,. For n > 0, define

]B%Ii’g p to be the completion of IB%}’” in the Fréchet topology, and define the
Robba ring IBSL&F =U, IB%L’;F. By [1, Lemme 3.13] we have
fn _ mf f,
Brig,F = Brig@p ®IB£D’: By".

Tn

By [2, Proposition 1.3], we can identify Bye

Q with the ring of power series

1
Blig, = {S(0) | £(X) € Qu{X)} converges for p 77 <| X |< 1}

Note that the actions of ¢ and I'r extend to EI&F and IB%Lg’F.

The most important application of IB%Lg, r is Berger’s comparison isomor-
phism: if V' is a crystalline representation of Gp, we write Deis(V) and
N(V) for the Dieudonné module and the Wach module of V' respectively,
then there is a canonical isomorphism
1) :DR(V) @yt Bl plt™) = Deris(V) @pur Bl plt7]
which is compatible with the actions of Gp and ¢. If V is a crystalline
representation of Gg,, then we indeed have a comparison isomorphism

v N(V) ®IB%<E5P B:E&Qp (7] = Deris (V) g, B;qg@p [
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2.3. The operator . Note that the extension E over ¢(E) is inseparable
of degree p. One can hence define a left inverse 1 of ¢ on A. Explicitly, a
basis of A over ¢(A) is given by 1,1+,...,(1+7)P~L. For z € A, we may
write z = P @(2;) (1 + 7)° where z; € A. We set ¢(z) = 0.

If F' is a finite extension of Q, and V' € Repy (Gr) or Repg, (GrF), then
Y extends to a left inverse of ¢ on Dp (V). If Fi is Galois over Q,, then
by Remark 2.1 we have an action of G on Dp(T") which commutes with ¢

and hence with .

2.4. Tate twists. Let F' be a finite extension of Q,. We write x for the
p-cyclotomic character of Gp. If m is an integer and V' € Repg, (GF) (resp.
T € Repg, (Gr)), we denote by V(m) (resp. T'(m)) the Gp-representations
V®q,Qp-em (resp. T®z, Zy-ey,) where Gr acts on ey, via x™. In particular,
we have
Dcris(v(m)) = Dcris(v) & timemy

N(T(m))=NT)@x ™
N(V(m)) =NV)@7r epn.

€m,

2.5. The Herr complex. We first review some results from p-adic Hodge
theory. Let I be a finite extension of Qp. Let T' € Repy, (Gg,)- Recall the
following result from [13] (see also [7, §2]). Let -y be a topological generator
of I'r. For f = ¢ or v, define the complex

€ (Dp(T)) : 0 = Dp(T) —2Lo Dp(T) & Dp(T) —Lo Dp(T) -0,

where ay(z) = ((v — Da, (f — D) and Br(z,y) = (f — Dz — (v = L)y
Denote by H'(C$,(Dr(V))) the i-th cohomology group of the complex.
Theorem 2.2. For f = ¢ orv), H' (C},(DR(T))) is canonically isomorphic

to H'(F,T). In particular, if (z,y) € Dp(T)%? satisfies By(z,y) = 0, then
the corresponding cohomology class in H*(F,T) is given by the cocycle

o—1
v—1
where z € A ®z, T is such that (¢ — 1)z = y.

Clay) O F x—(o—1)z,

Theorem 2.3. We have an A(T'r)-equivariant isomorphism HL (F,T) =
Dp(T)¥Y=!. If Fy is Galois over Qyp, then the isomorphism is compatible
with the action of G = Gal(Fso/Qp).

Proof. See [7, Théoreme I1.1.3]. O

From now on, we will identify H{, (F,T) with Dp(7T)¥=! under the iso-
morphism given by Theorem 2.3.
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3. The signed Selmer groups

Let E be an elliptic curve defined over Q, and fix a prime p > 3. In
this section, we use the theory of (¢,I')-modules to define signed Selmer
groups Sel’(E/L(jp=)) for any number field L, when F has either good
supersingular or good ordinary reduction at p. If F has good ordinary
reduction at p, then Theorem 3.15 shows that Sel?(E/Ls,) agrees with the
usual Selmer group Sel(E/L).

3.1. Good supersingular elliptic curves. Assume throughout this sec-

tion that a, = 0. Let T),(E) be the p-adic Tate module of E and write

V =T,E®z,Q,, so as a representation of Gg,, V is crystalline with Hodge-

Tate weights 0, 1. Let v1 be a basis of Fil° Deris(V'), and extend it to a basis

v1,v2 of Deis(V) such that the matrix of ¢ on Deis(V) in this basis is
0 -1

(p 0 >

Let ¢ = ¢(m)/m. Define

o and log+(1+7r):H7,
i>0 0 P

log™ (14 7)

which are elements of IEBIg Q- Since the Hodge-Tate weights of V' are non-

negative, we have
N(T) C Duis(V) @ B;ﬁg’(@p
by [3, Proposition II1.2.1], and it follows form Appendice (3) in op.cit. that
a basis ny,ny of N(T') is given by <Z;> =M (2), where
(3.1) M= <1Og ((1) o log+(2 + 77)) ’
Let K be a finite extension of Q. For = € ]D)TK(T)U’:l, we write
T = T1v1 + Tove = )N + THNo

with z; € IBIl’g  and 2} € AT N By (3.1), we have
(3.2) vy =2)log”(1+7) and z9=ahlog™ (1 + 7).
Definition 3.1. Fori=1,2, let

Hiy (K, T)' = {2 € DI (1)Y=t p(a;) = —puo(wi) | -

For n > 1, define HY(K,,T)" to be the image of H{, (K,T)" under the
natural projection map Hi (K,T) — H(K,,T).
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Remark 3.2. As shown in [15, §5.2.1], we have
Hiy(Qp, T)" = Hyy(Qp, T) Nker(Col,)
for the Coleman maps
Col; : Hiy, (Qp, T) — A(T)
defined in op.cit.

Definition 3.3. Let H},i(Kn’ Eye) be the exact annihilator of HY(K,,, T)"
under the Pontryagin duality
[~~~ HY (K, T) x HY (K, Bpse) —— Qp/Z,
fori=1,2.
We now return to the global situation. As above, let L be a finite exten-
sion of Q. For a prime v of L, denote by L, be the completion of L at v,
and let L, ,, = L,(upn). Let S be the finite set of primes of Q containing

p, all the primes where E has bad reduction and the infinite prime. Let
i =1,2. For all v € S, define

Jg(Ln) = @

Wn|v

Hl(Lwn7n7 Epoo)
H}»i(LwnﬂW Epoo) ’

where the direct sum is taken over all primes w, of L, abovg v and
H} (L, n, Epoo) = H(Lu, n, Ep=) whenever v # p. We write J;(Loo) =

ling J(Ly,).
Definition 3.4. Fori=1,2, define

Sel’(E/Ls) = ker (Hl(Gs(Loo), Epo) — P J;‘(LOO)> .

vES

For n > 0, we also define

Sel'(E/L,) = ker (Hl(GS(Ln), Ep) — B J;’(Ln)> .

vES

Taking direct limits then gives
Sel' (E/Loo) = limy Sel'(E/Ly,).

3.2. Good ordinary elliptic curves. In this section, let E be an elliptic
curve defined over Q with good ordinary reduction at a prime p > 3. As
above, let S be the finite set of primes of Q containing p, all the primes
where E has bad reduction and the infinite prime.
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3.2.1. Coleman maps and signed Selmer groups. We first recall our
construction of the signed Selmer groups from [15]. Let vy, v9 and ng,ne
be the bases of Deis(V(—1)) and N(V(—1)), respectively, as defined in [15,
§3.2]. In particular, if E denotes the formal group of E and V = T, pE ®z, Qp,
then 7 is a basis vector of ID)mS(V(—l)) and n; = vy is a basis of N(V(—l)).
If M’ is the change of basis matrix with

69 (5) =2 ()

then M’ is lower triangular, with 1 and % on the diagonal. If x € N(V),
then there exist unique x1, x5 € Bap such that = (2111 + z2n2) ® 7 1le.

By (3.3), we can find unique z}, 25 € ]B;Eg g, such that

(3.4) x = (201 + a2hin) @t ey

with zf, = zy. If P denotes the matrix of ¢ with respect to the basis
n1,ng, then P is upper-triangular. Let o be the unit root of the polynomial
X? —a,X + p, then P is in fact of the form

o *
P= <0 UQ>

for some u € (IB%@)X which is congruent to a~!

mod 7.

In [15], we have defined two pairs of Coleman maps (with respect to the
chosen basis),

Col; : N(V)¥=! — (B, )=, and
Col; : N(V)¥=! — Aqg, (T)

for i = 1,2 with the following properties: for x € N(V)¥=!, write z =
(171 + x2nin) ® nte; where x1, 29 € IB%('QSP. Then

(3.5) (1—p)(z) = (Coly(z) Coly(z)) M <2> Qt leg

(3.6) — (Coly(e) Coly(a)) - [(1+m)M] (1) 87 0ex

where M = L PT(M")71.
q

Definition 3.5. Let H(Qp,,T) be the image of ker(Col,) NAN(T)Y=! un-
der the natural maps N(T)¥=' — HL (Q,,T) — HY(Qpn,T) and write
H},i(@pm,Epoo) for the exact annihilator of Hl((@pvn,T)" under the Tate
pairing.
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If F is defined over Q, we can then define the signed Selmer groups
Sel'(E/Q(ppe)) analogously to the construction when E is supersingular
at p.

Definition 3.6. Define

Seli(E/Q(Mpn)) = ker <Sel(E/Q(upn)) N HI(QP(MP")’EP‘X’) )

H}‘,i (Qp(ppn ), Epee)
where Sel(E/Q(ppn)) denotes the usual Selmer group and Sel’ (E/Q(pp<))
is defined to be the direct limit of Sel'(E/Q(upn)).

We now show that on choosing an appropriate basis, we can describe
ker(Coly) in a manner similar to the good supersingular case (c.f. Re-

mark 3.2).
Lemma 3.7. We can choose ng such that u = o~ '.

Proof. If we let 7} = n; and 7Y = vny where v € (Eap)x, then nf,nh is
also a basis of N(V(—1)). The matrix of ¢ with respect to this basis is of

the form
F= (0 v‘%(ﬂ)UQ)’

Note that au = 1 mod 7 implies that ¢"(au) — 1 as n — oo. In par-
ticular, the product [],~q¢"(cu) converges to an element u’ € (IB%(SP)X.

Since u/'p(u')~! = au, we deduce that P’ is of the required form if we take
v=u. O

Lemma 3.8. With respect to the basis given by Lemma 3.7,
ker(Col,) = {a: e N(V)¥=Hop(z2) = amy where x = (171 + To7n) @ T Le
with x; € Bap}.

Proof. By (3.5), we have Cola(x) = axe—p(x2). Moreover, M is lower trian-

gular with awiq and o~ ! on the diagonal. Therefore, ker(Col,) = ker(Coly)

and we are done. O

Corollary 3.9. With respect to the basis given by Lemma 3.7,

ker(Col,) = {m € N(V)wzl\go(xg) = axy where x = (x11) + xal2) ® t e
with x; € B;Eg@p}.

Proof. This follows from Lemma 3.8 and (3.4). O

Let L be a finite extension of Q, and let Lo, = L(pp~). Using Corol-
lary 3.9, we define Sel?(E/Ly,) as follows. Let v be a prime of L above p. If
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S ]D)L (T)¥=! then we can use Berger’s comparison isomorphism (2.1) we
can write x = (1] +x202) @t le; with x; € IBLg L, asin the supersingular
case. Define

HY (L, T)? = {z € D, (1)~ p(w2) = a2}

and HY(L, ,T)? is defined to be the image of H\ (L,,T)? in H'(L,,,T)
under the natural projection map. Let H}’Q(L%n, E,~) be the exact anni-
hilator of H{, (L,,T)?.

Definition 3.10. For allv € S, define

Hl(L n, 7E oo)
wplv T2V W D

where the direct sum is taken over all primes w, of L, above v. Here,
H}Q(men,Epoo) = H}(men,Epoo) whenever v { p. Define J?(Loo) =

lim I (Lp) and

Sel?(E/Ls) = ker (Hl(GS(LOO), Ep) — P Jﬁ(Loo)> .
vES

3.2.2.  Properties of Sel?(E/Ls). Let us now study the group
HIIW(LZ,7 T)? a bit further. To simplify notation, let K = L.

Lemma 3.11. Let a € Z, and assume that a is not a root of unity. If

P 2
T € IBLg K satisfies
(3.7) ax —p(x) =0
then x = 0.

Proof. If z € IB%;Eg,Qp, then we can substitute m = e’ —1 to write x of the form
> on>0 Cat™ With ¢, € Q. Since p(t) = pt, it is clear from this description
that for any a # 1 and = # 0, we have p(x) # ax.

Let z € Biig,t@p — IBjig,QP‘ Assume that there exists n > 0 be such that

i ) -1 ) 1 )
x € Biig’@p and z & IB%L;QP. Then p(z) € Biig@p — IB%L;QP, so p(x) # ax.
If x € ]B%Ii’g@p for all n > 0 and = & B;Eg@p, then o~ !(z) converges in

By, so if we write = = f(r), then f(T') does not have a pole at e() — 1.
But f(T) has a pole at T =0 as = ¢ B;Eg,@p, so f((T +1)P — 1) has poles
at the {(eM)* —1:0 < i < p}. Hence p(z) # az.

Assume now that = € IB%Lg,K satisfies ¢(x) = ax, and that = ¢ B!

rig,@p'
On replacing K by its Galois closure, if necessary, we may assume that

K/Qp, and hence Ko/Qp o, are Galois. Let H = Gal(Koo/Qp,o0). Since
¢ is H-equivariant, o(x) also satisfies (3.7) for all o € H. More generally,
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if o1,...,0; € H, then y = oy(x2)...0;(w2) satisfies a’y = ¢(y). The
coefficients of the polynomial

fY) =11 o)

oceH

are elements in Blig Q which satisfy an equation of the form (3.7), so they
must all be zero by the above argument. But the minimal polynomial of x

over B

rig,Qp divides f(Y'), which gives a contradiction. g

Remark 3.12. The unit root o of the polynomial X2 — apX +p is a Weil
number of complex absolute value \/p, so it cannot be a root of unity.

Proposition 3.13. Letx € DJ}(V (T)¥=1, and write v = (z11+x209) Dt ey
with x; € IB%Lg Q- Then x € H{ (K,,T)? if and only if x5 = 0.

Proof. Immediate from Lemma 3.11 and Remark 3.12. O

Corollary 3.14. We have x € HL (K, T)? if and only if x € D (T)¥=!
(as before, T denotes the p-adic Tate module of the formal group of ).

Proof. 1t follows immediately from the comparison isomorphism and the

fact that 1 = ny that any « € DK(T)d’Zl which satisfies (z) = 21 @t teg

A

must indeed lie in Dg (7). O
We can now conclude this section with the following theorem.
Theorem 3.15. We have Sel(E/Ly,) = Sel>(E/Ly).

Proof. Since L/Q is finite and E had good ordinary reduction at p, we have
VHL, =0 for all primes v of L above p. This implies that

Hiy(Ly,T) ®2, Qp = im Hy(Lyn, T) ©2, Qy

by [17, Proposition 0.1] (or [4, Theorem A]). But H}(L,,m7 T)=Hy(Lyn,T)
by [5, (3.11.2)]), we have

Hy(Ly, T) @2, Qp = lim Hi(Lyn, T) @2, Qp.
It is clear that the quotients
Dy ()= /D (D)= and  H'(Ly, T)/H}(Lyn, T)
are torsion-free over Z,. We can therefore deduce that
Hllx;v(LmT) = 1131 H}(Lv,n,T)-

On taking Pontryagin duals, we have J2(Ls) = J, (Lo ), which finishes the
proof. O



390 Antonio LEI, Sarah Livia ZERBES

4. An alternative definition of the signed Selmer groups

Let E be an elliptic curve defined over QQ with good supersingular reduc-
tion at a prime p > 3 such that a, = 0, and let L be a finite extension of
Q. The main result of this section is Proposition 4.18 below, which shows
that the local conditions at the primes above p in the definition of the
signed Selmer groups Seli(E /Loo) using some “jumping conditions" similar
to those introduced in [14].

4.1. Preliminary results on IB%}{. Let K be a finite extension of Q,, and
let K’ be the maximal unramified extension of @, contained in K. It is

easy to see from the description of the ring AJ}’(n given in Section 2.1 that
it is complete in the p-adic topology.

Lemma 4.1. For all n > Nk, A}’{n is the p-adic completion of
Ogr [[ﬂ'K]] [7‘(';{1] N AJ}’{”.

Proof. Note that the condition };.; ax X" is holomorphic and bounded

above by 1 on the annulus pil/ernfl(pfl) <] X |< 1 is equivalent to the
condition that

k
120 and — 400 as k — —oo.

vp(ar) + ex(p—Dpr1

O

Lemma 4.2. Let x € A}’(N where N > Ng. If Qoo™ (x) = 0 for infinitely
many n > N, then x = 0.

Proof. Firstly, we assume that = € O [7x] 7' ]. We write o for the Frobe-
nious in Gal(K’/Q,). Let

F(X)= Y byX™e O [X][X7]

m>—r

such that F(rg) =x. For i =1,...,[K’: Qp], write

Then 6 o o™ "(x) = F;(my), where i + n = 0 mod [K' : Qp] and m, =
0 o o7 " (k). Therefore, there exists an ¢ such that F; has infinitely many
zeros. But F; € X "Ox/[X], so F; = 0 by the Weierstrass preparation
theorem. This implies that b, = 0 for all m, so x = 0.

To conclude, note that if n > N, {x € A}’{N 100 "(x) =0} is a closed
set of A}’{N under the p-adic topology and A}’(N is the p-adic completion of
Ox/[rk]mE] N A}’{N by Lemma 4.1. O
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Lemma 4.3. Let n>> 0 and z € BY", then

Trg, /K, , 00 0@ "(z) = 00" o Try,m)(T).

Proof. We let n be an integer such that [K,, : K,,—1] =pand n > a(K)+1
where a(K) is the integer as in [7, Proposition II1.2.1]. Write

r= S efp(z)
1=0

where x; € B}’(n_l. Then,
0o " z;) € K,y
for all 7. Therefore,
p—1
Tr, /K, o0 © o "(x) = Trg, /K, (2% (;;ne o goln(xi))
=
= pf o " (xg).
But we have Trg,,5)(z) = py(wo), which finishes the proof. O

4.2. The local conditions. Write DJ}((T ) for the overconvergent (¢, I')-
module of T over K. It is clear from the definition that

D(T) = A @5 N(T),
52

so in particular the basis ni,ng of N(T') given in Section 3.1 is a basis of
ID)}((T) over A}(.

As shown in [7, Proposition I11.3.2], we have ]D)J}((T)wz1 C ]D)}’(N(T) for
N > N(K,V). Fix such an N; note that it is not uniquely defined. Let
T € ]D)}{(T)wzl. Then as in Section 3.1, we can write

T = 2101 + Tove = TNy + THNo
with z; € IB%I{QK and ) € IB%}’(N fori=1,2.
Lemma 4.4. Let x € ]D)k(T)@Z’:l, then
Trg, /K, , o0 0¢@ "(x1) = =00 ©* " (x)
for all odd integers n > N + 2 and
Trg, /K, , o0 © o "M(xg) =—0o @2_”(;162)

for all even integers n > N + 2.
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Proof. By definitions, we have
pllog"(1+m) = Plog™(147) and o(log™(1+m) =log*(1 + )

and that similar relations hold when replacing ¢ by 1. The relations (3.2)
therefore imply that

(4.1) p(x1) + pY(1) = (@(x)) + ¢(gxh)) log* (1 + 7);
(4.2) o(22) + pY(x2) = (p(h) + qip(xh)) p/qlog™ (1 + ).

If n > 2 is an even integer, then o~ " (log™ (1 + 7)) = 0. Therefore, (4.1)
implies that

0o L,O_n+1(x1) +0o So—n—l (27%0 o ¢($1)) =0.

Recall that pp o9 = Trg/,m), so Lemma 4.3 implies the first part of the
lemma. Similarly, the second half the lemma follows from (4.2) and the fact
that

o¢™ (p/qlog™(L+m)) =0
for all odd integers n > 3. U
Proposition 4.5. Let z € ]D)J}((T)w:l, then z € H} (K, T)" if and only if
Trr, /K, , 000 ¢ "(xi) = —0 0 > " (;)
for alln > N + 2.
Proof. If z € H, (K, T), then
©*(xi) = —pp o (i) = — Try () (2i)-
On applying 6 o =™ to both sides, we have by Lemma 4.3 that
00¢” M(x;) = — Trg, /K, , 00 0 o " ()

as required.
Conversely, we assume that

Tr, /K, 00 0@ "(x;) = 0o 0> (x;)

for all n > N + 2. Then 6 o ™" (p(z;) + py(x;)) = 0 by Lemma 4.3. Our
assumption implies that ¢ (2] )+ (gx)) = 0fori = 1 and p(ah)+q(zh) =0
for i = 2 by Lemma 4.2 and the equations (4.1) and (4.2). Therefore, we
have z € H} (K, T)" as required. O

Remark 4.6. By Lemma 4.4, we can rewrite Proposition 4.5 as follows:
Hy (K, 1) = {o € D (1)Y= : Trie, i, 000 7" (1) = =00 0 " (1)

for all evenn > N + 2};
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Hy (K, T)? = {o € D (1)Y= : Trie, i, o0 0 97" (2) = =00 0 " (2)
for all odd n > N + 2}.

We can now describe Hi, (K, T)" as follows.
Corollary 4.7. We have
H (K, 1) = {2 € Di(T)*=" : expi, ohly ,(x) € Kpo1 - 01

for all odd n > N + 1};
HE, (K, T)? = {& € D (1) s expi, bty (w) € K1 -1
for all even n > N + 1}.

Proof. If x € Cy((t)) ®q, Deris(V), we write 9y (z) € Cp ®q, Deris(V) for
the coefficient of t¥ in z. By [7, Théoréme IV.2.1],
eXp*Kn Ohllw,n(m) =0y o (p—n ($)

for all n > N. Since

yop ™Mx) =00 "(z1)p " (v1) + 00 "(x2)p " (v2)
and the image of expy. lies in K, ® FilO]D)mS(V), it follows that

= ohl (z) (=1)mp~™f 0 =2 (x1)vy ifn=2m >N,
ex o x) =
Pk, °Mwn (=1)™p~™0 o ()07(2m+1)($2)v1 ifn=2m+1>N.

Extend the trace map Trg, /i, , to the map Trg, /i, , oid on K, ®q,
Deris(V). Then, z € Hi (K, T)! if and only if

Tri, /K, © XDk, OPiyn(t) = 7" exPl, _, Ohly ()
for all even n > N + 2. But

Tri,, /K1 ©€XPk,, = XPk, , OCOTK, /., .
for all m > 0, so we deduce that x € Hi (K,T)! if and only if
exXPe,_y Oty o1 () =p ™ Tr, ik, 0exPi, by i (2)

for all even n > N — 2. O

As an important consequence, we can characterise HIIW(K ,T)* completely
in terms of the conditions on the finite levels:

Corollary 4.8. Fori € {1,2} and n > N + 1, define
HY(K,, T)® = {:p € HY(K,,T) : Trg, /K., ©€xPk, (z) € K1 - v1

for allm € S}{M}
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where Sy ; is given by
Sy1={m €[N +1,n]:m odd },
SN2 ={m €[N +1,n] :m even }.
Then Hy, (K, T)" = lim H} (K, T)®.
Proof. Immediate from Corollary 4.7. 0

Notation. Let F' be a finite extension of QQ,. For an integer n > 1, we

write F\”) = ker(Trg, /r,_, ). Then we have

(4.3) F,=Fo@F".
=1

Lemma 4.9. Let n > N + 1 be an integer, then

HN (K, T) = (expl,) ' | Eve @ KD -v

n
mESN’Z,,

where {i'} = {1,2}\ {i}.

Proof. Let x € K,,. By definition, the projection of x under (4.3) into KO
is zero if and only if Trg, /k,, © € Ky—1. Hence the result. O

From now on, we make the following assumption.
Assumption 4.10. E(K) has no p-torsion.
Note that this is satisfied for example when [K : Q] is a power of p.
Remark 4.11. Assumption 4.10 implies that the natural map
HY(K,,T) — HY(K,,V)

is injective for all n > 0. In particular, we may embed H*(K,,T) into
HY(K,,V) and consider the former as a lattice inside the latter.

Proposition 4.12. We write H}J\,’(i) (K, T) for the exact annihilator of
H}V(Kn,T)(i) under the Tate pairing. Then

H},N,(i) (KTM T) = Hl (Kna T) N €XPK, @ Kr(;g) ® Dcris(v)

mESJ’\l]’i

Proof. By Lemma 4.9, we have
L0

(44)  Hiy o) (En,T) = | (expi,) " | Eve @ KD -u

n
mGSNyi,
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where (%)11) denotes the exact annihilator of + under the pairing [~, ~].
But

[eXPKn (~),~] = TYK,L/Q,KN, eXp*Kn(N»-
where (~, ~) is the pairing

(i)t (K @ Diris (V) (K @ Diais (V) = Ko

Therefore,
(4.5)

x € ((exp}”i1 (% - vl)>
where (%) denotes the orthogonal complement of x under the pairing
K, x K, = Q,
(2,y) = Trg, g, (zy)-

1
" if and only if z € expg, ((*)L ® Dcris(V))

By linear algebra, we have

1
Kve @ k9| = @ &Y.
mES]’\lM, mESI’\L,YZ.
Hence the result on combining (4.4) with (4.5). O

Recall that the exponential map expy, gives an isomorphism
expr, : K ® Deris(V)/ Fil° Deris (V) — H (K, V).

We write exp;(i for its inverse.
By (4.3), we may define a projection map

Py, K, —EKno& P K.

mesy,
We can then rewrite Proposition 4.12 as follows.
Corollary 4.13. Fori = 1,2, we have

Hi oy (K, T) = {& € H} (Ko, T) : (Pfy; @id) 0 expyl (2) = 0}

Proof. Note that

K,=|Eyo @ EV|o| P &Y

mGSX]’i, mGS}{,’i

Therefore,
(P]\L;’Z» ® id) o exp;(i (x)=0
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if and only if

exbi (1) € D KfY ® Don(V)/ Pil* D (V).

mESK,J

Recall from [5, Example 3.11] that we have a commutative diagram

. log; -
tan(E/Ky) +——————— E(Ok,) © @y

12
(o9

exp

Ky @ Desis (V) Fil® Deyis (V) — 2o HY(K,,, V)

where § is the Kummer map. If we identify the image of E (Ok,,) under §
with H}(KH,T), we have:

Corollary 4.14. For i € {1,2}, the image of H}N(i)(Kn,T) in B(Ok,)
coincides with

E}V(OKn) = {:U € E(OKH) :Trg, /K, @ € E(OKm,l)
for allm € S§ ;i and Trg, g\ © = 0}
= {x € E(Ok,) : Py ;ologp(r) = 0} .
Proof. By the commutative diagram above and Proposition 4.12, we have
8(z) € Hy y (iy(Kn, T)
if and only if

10 IOgE(I') S @ KT(,E)) 02y Dcris(v)/FﬂO Dcris(v)-

mESR‘,yi

Since log z is injective (by Assumption 4.10) and compatible with the trace
maps, we are done. O

4.3. Signed Selmer groups revisited. We now return to the global
situation as set up at the beginning of Section 4. Throughout this section,
we continue to assume that Assumption 4.10 holds at all the primes of
L above p. We define the signed Selmer groups of E over Lo, using the
“jumping conditions" we obtained in the previous section.
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Definition 4.15. Let L be a number field and N is an integer such that
N > N(Ly,V) for all primes wof L above p. For i = 1,2, we define the
Selmer groups

’ HY(L,, . Eyoo
Sel) (1/ L) = ker | Sel(B/Ly) —— @) —otLnaes Ep)
’LU|p EN(OLn,w) ® Qp/Zp
forn > N + 1. Moreover, we define
Sel{) (E/Loc) = lim Sel(E/Ly)
n>N+1

HY(Loow, Bpee)
= ki Sel(E/Loo) — fi | :
er ( el(E/Loo) g% Ey(Or..) ®QP/ZP)

where EA}'V(OLOO,W) = li_IL;E}‘V(OLn,an)-

Lemma 4.16. Let K be a finite extension of Q, and n > N(K,V). For
i = 1,2, the exact annihilator of H (K, T)(i) under the Pontryagin duality

[~y ~] Hl(KmT) X Hl(KnvEp‘x’) — Qp/Zy
is isomorphic to H}N(i) (Kn, T)® Qp/Zy fori=1,2.

Proof. This essentially follows from [14, proofs of Lemma 8.17 and Propo-
sition 8.18]. By definition, we have an exact sequence

0 — Hy(Kp, 7)) — H'(K,,T) — Hom (H} y (;(Kn, T),2Z,) .
On taking Pontryagin duals, we obtain a second exact sequence
H},N,(i)(K”’T) ® Qp/Zp — Hl(Kn’Ep‘X’) - HJIV(KmT)(i)’v — 0.

Therefore, it remains to show that the first map above is injective. But
[pz,y] = plz,y] for all 2,y € H' (K, T). This implies that if € H'(K,,,T)
such that pz € H}N (i)(Kn,T), then z € H}N (Z.)(Kn,T). O

Corollary 4.17. Let K be a finite extension of Q, and n > N(K,V). For
i = 1,2, the exact annihilator of HA (Ko, T)(i) under the Pontryagin duality
is isomorphic to E%(Ok,) ® Qp/Z, fori=1,2.

Proof. This follows immediately from Corollary 4.14 and Lemma 4.16. [

Proposition 4.18. The two definitions of signed Selmer groups coincide,
namely,

Sel)(E/Loo) = Sel'(E/ L)
fori=1,2.
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Proof. It suffices to show that for any finite extensions K of Q,, we have

H1<Kn=Ep°°) Hl(KmEp"o)

lim — 1P

1 = 1 —
o H (Ko Bye) v By(Ox,) @ Qp/7,

where N > N(K,V). On taking Pontryagin duals, this is equivalent to
showing

lim H' (K., T)" 2 lim HY (K., 7))
by Corollary 4.17. Therefore, we are done by Corollary 4.8. 0

5. The supersingular 9ty (G)-conjecture

Throughout this section, we assume that F is an elliptic curve over Q
with good supersingular reduction at a prime p > 3 and a, = 0. Let Lo
be a p-adic Lie extension of Q containing Q(yup=), so G = Gal(Lo/Q)
is a compact p-adic Lie group of finite rank. Let H = Gal(Loo/Q(pp)).
Choose a sequence of finite extensions L,, of Q such that L., = hg L,, and

LE,ZZ) = Ly, (ppe) is Galois over Q for all m > 0. Recall that for i = 1,2, we
have defined Sel’(E/ A )) in Section 3.1. This allows to make the following
definition.

Definition 5.1. Fori = 1,2, we define Sel'(E/Ly) := lim Seli(E/Lg?))
for =1,2 and write

X;(E/Loo) = Homegs (Seli(E/Loo), Qp/zp) .

Definition 5.2. Denote by My (G) the category of finitely generated A(G)-
modules M for which M /M (p) is finitely generated over A(H). Here M (p)
denotes the p-torsion part of M.

The My (G)-conjecture in [11] states that the Pontryagin dual of the
Selmer group of E over Ly is an element of My (G) if E has good ordinary
reduction at p. We therefore analogously propose the following conjecture.

Conjecture 5.3. Let E be an elliptic curve over Q with good supersingular
reduction at p and a, = 0. Let Lo be a p-adic Lie extension of Q containing
Q(pp=). Let G = Gal(Lo/Q) and H = Gal(Loo/Q(pp)). Fori = 1,2, we
have X;(E/Lx) € My (G).

6. Difficulties

To simplify the notation, let Qs = Q(ptpe). In order to support Conjec-
ture 5.3, we tried to prove the following result:

Conjecture 6.1. Let E be an elliptic curve over Q with good supersingular
reduction at p and a, = 0. Let Lo be a p-adic Lie extension of Q containing
Q(pp=), and let H = Gal(Loo/Q(ppee)). Assume also that E(Ly.c) has no
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p-torsion for any prime v of L above p. Then for i = 1,2, the kernel and
cokernel of the restriction map

Sel'(F/Quo) — Sel(E/Lyo)
are cofinitely generated Z,-modules.

Recall that Sel’(F/Qs) is A(T')-cotorsion ([14, Theorem 1.2]). Assume
H is pro-p, and that Conjecture 6.1 holds. If Sel’(E/Q.) is a cofinitely
generated Z,-module, which is equivalent to the vanishing of the u-invariant
of X;(F//Qu) as conjectured in [14, §10], then we can apply Nakayama’s
lemma (c.f. for example [10, Theorem 2.6]) to deduce that X;(E/Lso) is
finitely generated over A(H).

In this section, we will explain some of the difficulties that we encountered
when trying to prove Conjecture 6.1 when L., is a finite extension of Q.
We first establish a preliminary result (Corollary 6.3), which allows us to
study a fundamental diagram (see the beginning of Section 6.2) analogous
to the ordinary case.

6.1. Analysis of Poitou-Tate exact sequences. Write Sy for the set
of finite places of S and let I! be as defined in Section 3.1. By [16, §A.3],
there are two exact sequences

(6.1)
0 — Sel’(E/Q(pyn)) — HY (GCs(Qupn)), Ep) — € Ji(Qpp))
veSy
— H}(QT)" — -+
0= HNQup), T) L H'(Gs(QUupr)), Ep)
(6.2)

> D LQupr)) — -

UESf
where H}(Q(ppn),T) is defined by
ker (H'(Q(upe), T) —> ] 1(Q(up)))
’UESf

and M"Y denotes the Pontryagin dual of M.

Lemma 6.2. The natural map

HI(GS(QOO)7EPO°) - @ JqZ](Qoo)

UESf

18 surjective.
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Proof. On taking inverse limit, we have
: Hyy(Qp, T)
im (@D L(Qupn))) = o)
% (vng ’ ’ ) HIIW(QI??T)Z
and L gn is injective by [14, Theorem 7.3]. Therefore, on taking inverse

limit in (6.2), we have

%inHzl (Q(,Up”)a T) =0,
n

which implies that lgH Q(ppn), T)Y = 0. Therefore, on taking direct

3
limit in (6.1), we have an exact sequence
0 — Sel'(B/Qo0) — H'(Gs(Qux), Ep) — (D J5(Quc) — 0
UESf

and we are done. O

Corollary 6.3. The natural map
H'(G5(Qoo), Bp<) — €D J4(Qc)
veS
18 surjective.

Proof. This follows as J!(Qs) = 0 for p # 2 if v is an infinite prime. 0

6.2. The fundamental diagram. We attempted to prove Conjecture 6.1
by studying the following commutative diagram, which we call the funda-
mental diagram.

0 — Sel'(E/Loo) — H'(Gs(Loo), By )" — @ Ji(Loo)”
veES

« B = ('71))

0 — Sel'(E/Qo) — H'(Gs(Qoo, Epe) — P Ji(Qos) = 0
veS
where the J! are as defined in Section 3.1. Applying the snake lemma gives
a long exact sequence

0 — ker(a) — ker(f) — ker(y) — coker(a) —— coker(f3).

In order to prove Conjecture 6.1, it is therefore sufficient to show that the
kernel and cokernel of the map 3 and the kernel of v are cofinitely generated
Zp-modules. The results for  and for v,, v { p, are easy consequences of
the inflation-restriction exact sequences (c.f. [9]).
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The main difficulty is the study of the kernel of the local restriction map
v when v | p. Let K be the completion of L at such a prime, and write H
for the Galois group Gal(K/Qp ). In order to prove Conjecture 6.1, we
may use the local conditions from Section 4 and attempt to show that the
kernel of the map

HI(QPVOOvEp“’) . < HI(KOOvEpw) )H
EfV(OQp,oo) ® QP/ZP E}V(OKOO) ® Qp/Zp

is a cofinitely generated Zj,-module. Consider the following commutative
diagram:

i Q Hl(@ ,00 °°)
0= Ex(Oq,..) © F —— H' (Qpo0, Bp) —+ .

J Zp EY(Oq,..) ® 22

H . 2
o EN(Oky) ® 72

—0

-~

where the vertical maps are restrictions. The the first two maps are injective
by Assumption 4.10. By the snake lemma, the kernel of the third map is
bounded by the cokernel of the first, so it is sufficient to show that the
cokernel of the restriction map

. . H
EN(0g,.) © Qp/Zy — (EN(OK..) © Qy/2,)
is a cofinitely generated Z,-module. By taking H-cohomology of the short
exact sequence
0 — EN(Ok..) — EN(Ok.) ©® Qy — EN(Ok.) © Qp/Zy — 0,

we may reduce the validity of Conjecture 6.1 to the following conjecture.

Conjecture 6.4. The group H' (H,E}V((’)Koo)) is a cofinitely generated
Zp-module.

Note that it is shown in [8, Theorem 3.1] that H! (H,E((’)Koo)) = 0.
It therefore might be possible to prove Conjecture 6.4 by showing that an
exact sequence similar to [14, (8.22)] holds, e.g., to give a bound on the
cokernel of the last map of

0 — E(Ok,) “% EX(Ok.) ® EX(Ok.,) " E(Ox..).
Unfortunately, this does not seem to be straightforward as far as we can
see.
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