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Bicyclotomic polynomials and impossible
intersections

par DAvID MASSER et UMBERTO ZANNIER

RESUME. Nous avons déja démontré qu’il n’existe qu'un nombre
fini de nombres complexes t # 0, 1 tels que les points (2, 1/2(2 — t))
et (3,4/6(3 —t)) soient d’ordre fini sur la courbe elliptique de Le-
gendre définie par y? = x(x — 1)(z — t). Nous avons généralisé
ensuite ce résultat aux couples de points algébriques quelconques
sur C(t). Nous revenons ici aux points (u, /u(u —1)(u —t)) et
(v,y/v(v—1)(v—1)) avec des nombres complexes u et v quel-
conques.

ABSTRACT. In a recent paper we proved that there are at most
finitely many complex numbers ¢ # 0,1 such that the points
(2,4/2(2 —t)) and (3, /6(3 — t)) are both torsion on the Legendre
elliptic curve defined by y?> = x(x — 1)(z — t). In a sequel we
gave a generalization to any two points with coordinates algebraic
over the field Q(¢) and even over C(t). Here we reconsider the
special case (u, v/u(u —1)(u —t)) and (v, /v(v — 1)(v —t)) with
complex numbers u and v.

1. Introduction

Motivated by recent work on unlikely intersections, we proved in [6] (see
also [5] for a short version) the finiteness of the set of complex numbers
t # 0,1 such that the points

both have finite order on the elliptic curve E; defined by 32 = x(z—1)(z—t).

The presenter (J-P. Serre) of [5] wondered what happens when the ab-
scissas 2,3 are replaced by any two distinct complex numbers u, v. In fact
we had already noted that our method is capable of some extension, and in
[7] we generalized the result to any abscissas defined over an algebraic clo-
sure of C(t); of course then the ordinates are also defined over this closure.
See also the discussion in section II1.4 of [14].

Manuscrit regu le 1°* septembre 2011.
Classification math. 11G05, 14H52.
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In this note we return to the question of the presenter; thus we take
complex numbers u, v and we investigate the set 7 = T (u, v) of all complex
t # 0,1 such that the points

(12) P =(uJulu—1)u—1t), Q= (v,\/v(v—1)v—1)

both have finite order.

In fact the presenter’s question was much more detailed. He considered
the transcendence degree § = §(u,v) of Q(u,v) over Q and asked separately
about the cases § = 0, 1,2. We consider each case in turn.

In general the results of [7] imply that 7 (u,v) is at most finite except
when there is a relation

(1.3) qP =pQ

holding identically in ¢, where p, g are integers not both zero. Actually (1.3)
is a considerable restriction. We can note that P is defined over an extension
of Q(t) ramified at ¢t = u, and similarly @ at ¢t = v. So as soon as u # v we
conclude 2¢gP = 2pQ = 0 also identically. But as soon as u # 0,1 we note
as well that P is defined over an extension ramified outside ¢t = 0,1 and so
cannot be torsion. Thus ¢ = 0; and a similar argument for ) shows that
p = 0as soon as v # 0, 1. Thus (1.3) can hold only if u = 0,1 or v = 0,1 or
u = v. In fact these cases were already excluded by our presenter.

So if we too exclude these cases from now on, by means of
(1.4) wo(u—1)(v—1)(u—v) # 0,
then T (u,v) is at most finite.

The case § = 0 means that u,v are both algebraic. But then the proof
of finiteness relies on certain estimates of Pila [8] whose effectivity is not

clear (see however his recent work [9]), and so we still cannot effectively
compute 7, even in the original case (1.1).

The case 0 = 2 means that u, v are algebraically independent. Then, as
suspected by the presenter, things are very much easier. Indeed a simple
argument shows that 7 (u,v) is empty. For it is well-known that multipli-
cation by a positive integer n is given by sending (x,y) to

(1.5) (M, yn) ,

where A, (X,T), B,(X,T) are polynomials in Q[X,7] depending only on
n. Further we can normalize to

(1.6)  Au(X,T)= X" 4+, Bu(X,T)=n?X""""4...

where the remaining terms have smaller degree in X.
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It follows that if P in (1.2) is torsion then By, (u,t) = 0 so u is algebraic
over Q(t); and similarly with @ that v is algebraic over Q(¢). But then u,v
cannot be algebraically independent over Q.

It is the halfway case § = 1 which we will study in this note. In fact no
fewer than five different techniques can be used.

Firstly this case can be quickly deduced fron Raynaud’s Theorem [10]
applied to a curve in Ep x Er over the function field Q(T).

Secondly we can specialize t as Raynaud did, even ending up on a curve
in B, x E; for a fixed algebraic 7; our situation is of course considerably
simpler than his.

Thirdly we can specialize rather u and v to algebraic numbers thus reach-
ing the case § = 0. However the details are not so straightforward and new
ideas are needed to avoid collapsing in the specialization procedure. Similar
problems were solved in [1] using abc techniques. Here we have to use some
stability properties of Néron-Tate heights on an elliptic threefold together
with some upper bounds for values of points on a elliptic surface.

In fact the effectivity of the above three techniques is not quite clear,
and so we give a fourth alternative which shows not only that 7 (u,v) is
usually empty, but also that when it is not empty then it can be effectively
found in terms of the unique polynomial relation connecting u and v. Here
is a more precise statement.

Theorem 1. For each positive integer d there is an effectively computable
finite set Fy of polynomials in Q[U, V], irreducible over Q and of degree
d, with the following property. Suppose u,v in (1.4) are complex numbers,
not both algebraic over Q, and algebraically dependent over Q through a
polynomial over Q irreducible over Q of degree d. Then the set T (u,v) is
effectively computable. If further F(u,v) # 0 for every F in Fy, then the
set T (u,v) is empty.

For example, the cardinality of 7 (u,v) is at most 6(12d)3? and that of
Fg4 is at most 200(12d)33. The proof will make the rest of the effectivity
clear.

A variant of the method enables us to strengthen the result by replacing
Q throughout by its algebraic closure Q. We postpone the statement and
its proof to an Appendix.

When d = 1 in Theorem 1 we go further by proving that F; can be taken
to consist of just U +V and U + V' — 2. This implies the following.
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Theorem 2. Suppose u,v in (1.4) are complex numbers, not both algebraic
over Q, with 1,u,v linearly dependent over Q but u+ v # 0, u+ v # 2.
Then the set T (u,v) is empty.

For example there are no complex numbers t # 0, 1 such that

(2m,/2n(2m — 1)(2m — 1)), (37, /37(37 — 1)(37 — 1))

have finite order on E;. Already in [7] we showed that there are at most
10%0.

We may note that u + v = 0,2 are genuine exceptions, coming from
4P = 4Q = 0 on the elliptic curve E; for t = u?,2u — u?. They reflect the
fact that the points with abscissas +v/T,1 + /1 — T have order 4 on Er.

More non-empty Fg4 can be found by taking rP = s@ = 0 for various
integers r, s.

For example (r, s) = (2,4) and the above points of order 4 as well as that
with abscissa T+ VT2 — T lead to the following relations
v —u=0, 0" —204+u=0, v°—2uv+u=0 (t =u)
corresponding to elements of Fo. Or (r,s) = (4,4) also to
u? +v? =20 =0 (t = u?)
also of Fo, as well as
20y —u? —v? =0 (t = u?),
2uv — u? — duv +v* + 2u =0 (t = 2u — u?)
of F3. Or (r,s) = (2,3) gives
duv® — 30t — 6uv? + 40* +u? =0 (t = )
of Fu. Or (r,s) = (2,6) gives three relations
vt + duPo — 6uv? — 3u® + duv = 0, vt — duPv + 6uv? — 403 +u? = 0,
vt — duv® + 6uv? + u? — duv = 0
with ¢t = u also of Fy. Or (r,s) = (4, 3) gives two relations
4uvd +ut — 6utv? — 30t +40% =0 (t = u?)
4uv® —ut — 6uv? — Suv® 4 3vt 4+ 4ud + 1200 — 40® —4u® = 0 (t = 2u—u?)
of F5 and finally
Sutvd —12uvt — 120302 + 120203 + 1200 +ut +6u*v? — 16uv® —3vt+40> = 0
(t = #il) of Fg. But perhaps F7 may be empty.

We will prove Theorem 1 by extending the arguments of sections 10,
11, 12, 13 of [7] about the generic Galois groups of the fields generated
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by torsion points. But for the proof of Theorem 2 we need to identify
the actual minimal polynomials of the abscissas of these points. These are
essentially the irreducible factors of the B, (X,T) in (1.6), which may be
considered as elliptic analogues of the cyclotomic factors of X™ — 1. We
take the liberty of calling these bicyclotomic polynomials; the adjective can
refer not only to the variables X, T instead of X, but also to the underlying
groups Z/nZ x Z/nZ instead of Z/nZ. We also need to know the next
two terms in (1.6) as well as those also for the irreducible factors. All this
will be carried out in section 2, and we prove Theorem 2 in section 3. It is
convenient then to give the proof of Theorem 1 in section 4.

We then present the simple deduction from Raynaud’s Theorem in sec-
tion 5, together with the specialization argument for t. However we post-
pone until a later work the more difficult argument for wu,v, which will
actually be carried out in the more general context of the product of two
different elliptic curves; for the moment we content ourselves with a sketch.

Then in section 6 we give a list of the bicyclotomic polynomials of low
degree, and in section 7 we make a couple of remarks on the (A, B) model
defined by y? = 23 + Az + B.

Finally in an Appendix we state and prove the stronger form of Theo-
rem 1.

We heartily thank Professor J-P. Serre for his care in presenting [5],
which led to the results of the present paper.

2. Bicyclotomic polynomials

The cyclotomic polynomials are of course the irreducible factors of X" —1
over Q. Here we consider the Legendre elliptic analogues to be those of
B, = B, (X, T); thus the curve 2 = x(x — 1)(z — T) provides an additional
variable. It will turn out that they are irreducible even over C.

It is known that B,(X,T)/n? for n > 2 is the product of X — z taken
over the abscissas x of all non-zero points of order dividing n.

There are at least two reasons why B, is not irreducible. One is simply
because a point and its inverse have the same abscissa, so B,, is essentially a
perfect square. The other is due to the points of each fixed order d dividing
n. This leads to the following first attempt at describing the irreducible
factors.

For n > 2 we define B} = B;;(X,T) as the product of X — x taken over
all distinct abscissas x of points of order exactly n multiplied further by a
leading coefficient. For n > 3 this is e, where A is the von Mangoldt
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function, but for n = 2 it is 4. For example B3 (X,T) =4X(X —1)(X —T);
and it suits us to define also Bf(X,T) = 1. For n > 3 the degree with
respect to X is 1¢2(n), where

o < AL - e

p|n p dn
Thus we have for n odd
(2.1) Bn(X,T) = [[ Bi(X,T)?,
dn

and we will soon see that the factors Bj(X,T') (d # 1) here are all irre-
ducible. And for n even

Bu(X,T) = By(X,T) [] Bi(X,T)%
2#d|n

however the irreducibility here is not such a simple matter, as the example
B3(X,T) shows. But we will see that the B(X,T') here are irreducible for
all odd d # 1.

Now Mobius Inversion of (2.1) and the subsequent formula gives

(2.2) By(X,T)* = ] Ba(X,T)"/
dln
for all n > 3, whether odd or even.

Now for even n there is a more subtle reason why B} is not irreducible.
Namely if P has order n = 2m then mP is one of the three points

QY = (0,0), QW = (1,0), Q™) = (T,0)

of order 2; and these are of course all rational over Q(7'). Thus for even
n = 2m we define B(X,T), BV (X, T), B (X, T) as the products of
X — z taken over all distinct abscissas x of points P of order exactly n
with mP = Q@ QW Q(*) respectively. Here it is natural to take monic
polynomials. Their degrees are $¢2(n) if n # 2; and of course

BY(X,T) =X, BV(X,T)=X -1, BY)(X,T) =X ~T.

Thus for even n # 2 we have

Bi(X,T) = ™BO (X, 7)BYV (X, T)B (X, T),
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and we will next see that all the factors here are irreducible. This will mean
that

AXX-1)(x-7) ][] BiX,7)?

2%#d|n, d odd
[1  Bx1)B8 (X, 1B (X, 1)
2#d|n, d even

gives the irreducible factorization of B, (X,T") for even n.
Here follows the irreducibility result for these bicyclotomic polynomials.

Lemma 2.1. The polynomials
B (X,T) (oddn+#1)
and
B7(10)(X7 T), Bq(q,l)(X, T), Bffo) (X,T) (even n)

are irreducible over Q.

Proof. Suppose first that n is odd, and let = be the abscissa of a point of
order exactly n on E7. We will show that = has degree $¢2(n) over Q(T).
As B (x,T) = 0 gives an equation of this degree, the irreducibility over Q
follows.

We need a model over Q(j) with as usual
(T? - T +1)3
T?2(1-T)% "~
which as in [7] we take as E; defined by
27y 27y
T L R L
Jj— 1728 Jj— 1728

j = 256

with
“ 2 1 v 3
(2.3) T =x (x—g(TJrl)), U =2x"y

where y is anything with
9 T2 -T+1
=Y T nEr 1)
As x? is in Q(T), it suffices to show that & has degree s (n) over Q(T).

Write Ky for the field generated over K = Q(j) by the set E;[N] of
points of order dividing N on Ej, so that Ko = Q(T). We know from
Lemma 10.1 of [7] that Ky,/K has group GL2(Z/2nZ). So the group of
Ko, /K3 is the subgroup of elements congruent to the identity mod 2. This
subgroup injects into GL2(Z/nZ) via reduction mod n, because 2 and n
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are coprime. The injection is surjective; so the group of K, /K> may be
identified with GLa(Z/nZ). Now a point (#,7) of order n in E;[2n] has
stabilizer of size ng(n) = n? L (1 — %) So the number of conjugates
over K is this size divided into the size n¢;(n)p2(n) of GLa(Z/nZ). Hence
we get precisely ¢o(n) different conjugates of (#,7). Each comes with its
inverse (distinct as n # 2), and so we get %gbg(n) conjugates of ¥ as needed.

Next suppose that n is even. There is then no need for Ko, , and similar
arguments show that the group of K, /K, is the kernel of the reduction
of GLy(Z/nZ) mod 2. Now this has size in¢1(n)¢z2(n). And now a point

of order n has stabilizer of size %ngf)l(n); for example we get the set of all

<(1) 2) with b congruent to 0 mod 2 and d congruent to 1 mod 2. The latter
is automatically implied by (d,n) = 1, and the former gives %n values. So
we get %gbg(n) conjugates for (¥, 7), leading as before to éqﬁg(n) conjugates
for & provided n # 2. As this is the common degree of BT(LO)7 qul), B,(fo) the
proof is complete. O

The irreducibility over C (which we do not need in this paper) may be
proved in a similar way using instead Corollary 2 of [3] (p.69) which involves
SLs. Then all the above sizes get divided by ¢1(n). See also the Appendix
below.

Next we calculate some terms of these bicyclotomic polynomials.

We start with a few more terms in (1.6). We could not find these in the
classical literature, either for the Weierstrass model 3% = 423 — gox — g3 or
the model y? = 23 + Ax + B used in [12] (pp. 105, 202).

Lemma 2.2. We have

An(X,T) =

1 1
X" - 6n?(rﬂ — D)X 4 4—5712(712 DM —D(T2+ )X 3 + ...
(so no term in X" 1),

1
Bo(X,T) =n2X™" — —p%(n — 1)(T + 1) X" 2+

3

1 _

" (0" = 1) (anT? + baT + @) X™ 75 4o
where a, = 4n® — 16, b, = 11n® — 14 and the remaining terms have

smaller degree in X . Further the term in A, (X,T) of smallest degree in X
is n2T*=D/2X (m odd) and T™"/2 (n even).
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Finally

An(1=X,1-T) = (—1)"(Au(X,T) — Bp(X,T)),
Bo(1-X,1-T) = —(-1)"B(X,T),
T A (T'X, TN = Au(X,T),
T 'B,(T'X,T™Y) = B,(X,T).

Proof. It is natural to define also Ag(X,T) = 1, Bo(X,T) = 0. Using the
addition law to evaluate n(X,Y) £+ (X,Y) as in [12] (p.216) we get the
recurrence relations
(2.4) Ap1Any1 = (XA, —TB,)? Bu-1Bpi1 = (A, — XB,,)?
for A, = A, (X, T), B, = B,(X,T).

Already the first of these shows with a simple induction that A, has no
term in X" ! (alternatively the analogous assertion for the Weierstrass

model is a consequence of the fact that there is no non-zero modular form
of weight 2, and then (2.3) - see also section 7 - implies it for Legendre).

Writing therefore
Ay =X" 4o/ X" 24 o/ X3 4
By =n’ (X" 4 B X" B
with o/, 51, Bl in Q[T] we deduce from (2.4)
Ay + gy = 2(ap, = n®T), aj_y +ap g = 2(ay —n?B,7T),
(n® = 1)(Br—1 + Bni1) = 20°B,,

(n® = 1)*(Bi_1 + Byt + Bro1Brir) = n* B —2(n® — 1) (ay, — n?By);

all for n = 1,2,3,.... These make it clear that a;, 1,0 1,01, Bny 1 are

determined by 1,051, 1, By and ay,ap, B, 6y, and the expan-

sions now follow with a somewhat tedious induction.

We use a similar procedure to find the last terms of A,,, except that we
must load the induction with the last terms of B,,, which are T(n*=1)/2 (n
odd) and n2T"*~2/2X (n even).

Finally the last four identities.

~ We note that the equation Y? = X(X —1)(X —T) is the same as
Y2 =X(X-1)(X-T)with X =1-X,Y =4Y and T = 1—T. This yields
a map ¢ from Er to E1_7 which is necessarily a group homomorphism; and

now o(n(X,Y)) = np(X,Y) means that 1 — gzg% = g”g’%. Looking

at the highest power of X gives the first two identities.
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A similar argument with X = 77'X, Y = T7732Y and T = T~ from
Er to Ey /7 completes the proof of the present lemma. We may remark that

the last of the identities shows that B, (X,T) has degree at most n? — 1 in
T. O

We may also note that
Ap 1Bni1+An1By 1 = 2XA2+(2X%2 42T —4TX —4X)A, B, +2T X B2,

This can be combined with (2.4) to show that all A,(X,T), B,(X,T) ac-
tually lie in Z[X, T], a fact not obvious from the model y? = 23 + Az + B
used in [12] because the transition between the two models involves a de-
nominator 3 as in (2.3) above. We will not need this fact here.

We will now obtain the analogues of (2.2) for BT(«LO), B(l) () for even
n = 2m. We write n = 2¥nq with n; odd and v > 1. Then

(2.5) An(X,T) = [[ B, (X, T)* (n#2).
di|n1

This is because the zeroes of the left-hand side are the abscissas of the P
with mP = Q. So the order of P divides 2m = n = 2“n;; however the
order must be divisible by 2 otherwise we would have mP = 0. So the
possible orders are 2”d; = nd;/ny as in (2.5). Now Inversion gives

(2.6) BOX, 1) = [] Amdyjny (X, T)H/ ) (£ 2),
di|n1

Similarly we get

Am(X,T) - By, = II BGY, (X, 1) (n #2)
di|n1

with inverse

2.7) BW(X,T)? =

p(na/di)
H (Amdl/nl (Xa T) - Bmdl/nl (X7 T)) o (TL 7& 2)7

dilni

and
Am(Xa T) - TBm(X7 T) H Bndl/nl 7T)2 (n 7& 2)
di|n1

with inverse
(28) BYI(X,T)* =

H (Amdl/nl (Xa T) - TBmdl/nl (X7 T)

dilni

)M(m/dl) (n #2).
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_n4H<1_) i M(gf)’

pln Ch din

6 nd p(d)
=n H ( ) 5
dn
for yet more analogues of Euler s phi function. We also define

() = —2¢4(n) +5¢2(n)* —20¢2(n), x(n) = 2¢4(n)+10¢a(n)* — 10¢2(n),
w(n) = ¢gg(n) — 21¢4(n) + 84¢pa(n), O(n) = 2¢4(n) — 10¢2(n).
Lemma 2.3. For odd n # 1 we have

We write

A B (X, T) = X902 — <o) (T 1) X202

%()(w(nﬂﬁ + x(n)T + ¢(n))X¢2(n)/2—2 +

For even n # 2 we have

1
BO(x 1) = x?(0)/6 _ _— g(n\T X ?2(n)/6-2

_- 2 ¢2(n)/6—3
5670w(n)(T +1)X +

(so no term in X®2(M/6=1) and

1¢2(H)X¢2 (n)/6-1

BW(X,T) = x®(M/6 _
n Y 6

1

1 $2(n)/6-2 |

360(9(n)T+¢(n))X 4
B>®)(X,T) = x%() 77@( YT X P2(M/6=1

L 2 G2 (n) /62
360 (Y(n)T*+0(n)T)X +

and the remaining terms have smaller degree in X. Further the term in
© (X, T) of smallest degree in X is e T?2(/12 (m odd) and £T9>(")/12
(m even). Finally

(2.9) BY(1-Xx,1-T) = BI(X,T).

Proof. To get at Bflo)(X ,T') we take (2.6) and we substitute the expansions
in Lemma 2.2 for the various A, after taking out the highest power of X as
a factor. We evaluate the products using a formal Laurent series identity

md u v
H(1+X2+X3+ > =1+—5+5+:
deD

X2 X3
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with

U= Zmdud, V= Zmdvd

deD deD
and a finite set D. This in turn is checked for example by taking logarithms

and then exponentiating. The terms of smallest degree in B7(10) (X,T) are
much easier to handle.

To prove (2.9), at least up to sign, we compare (2.6), (2.7) using Lemma
2.2. The sign follows from the fact that $¢s(n) is even.

This enables us to deduce the expansion of Bg) from that of B,SO). And
similarly comparing (2.7), (2.8) gives
TE@SEO(TIX, T = BEI(X,T)
(c0)

which leads to the expansion of By ’.

For B} (X, T) we argue similarly with (2.2) but with slightly more tedious
calculations based on

Uq Vg md U 2V+U?>-W
[T(1+ -2+ 2+ T T AL A
deD<+X+X2+ > +X+ e +

with U,V as above and W =} ,.p mdu?l. This completes the proof.

We may also note that the B} (X, T), Bflo)(X, T), B,(LU(X7 T), B1(100) (X,T)
also lie in Z[X, T; but again we will not need this fact here.

3. Proof of Theorem 2

We start with a preliminary result.

Proposition 3.1. Suppose that a # 0,b,c # 0 are rational numbers with
(a,b) # (1,0), and let r # 1,s # 1 be positive integers such that

(3.1) ¢B'(X,T) = B”(aX +b,T)

where the symbols 7,77 represent superscripts x,(0), (1), (c0) restricted as
in Lemma 2.1. Then the only possibilities are

aB (X, T7) = BY(aXx +1,7),
aBV (X, T7) = B (aX,T),
BY(X, 1) = B (-X,1),
aBV(X,T) = B (aX +1-0a,T),
B x,1) = BM(=X+2,71).
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Proof. By symmetry there are ten cases for the ordered pair (7,77). We
take these in increasing level of difficulty and we beg forgiveness for further
tediousness. At any rate the first six are relatively easy.

1. (*,%). Now in (3.1) it suffices to take

(3.2) BX(X,T) = M(xF — éR(T FOXEL

B:(X,T) = eA(S)(XS—éS(T—I—l)XS_I—I—-H)

with R = ¢2(7)/2, S = ¢2(s)/2. We find first R =S = N (say). However
the resulting equation ¢2(r) = ¢2(s) seems too reminiscent of Carmichael’s
Conjecture to be useful. But also

CeA(r) — CLNeA(S),

1 1
—gceA(T)N(T +1) = AN — gNaNfl(T +1)).
Eliminating ceX(")~A() and then equating coefficients of powers of T leads
quickly to the excluded case a = 1,b = 0.

2. (%,(0)). The case s = 2 is easily settled. Otherwise we take (3.2)
together with

(3.3) BO(X,T) = X940Xx5 1 4...

this time with S = ¢2(s)/6; and a similar procedure gives at once the
contradiction a = 0.

3. (%,(1)). Again we can take (3.2) with
(3.4) BM(X,T) = X9 -8X5 1 4...
and S = ¢2(s)/6; and a similar procedure gives again the contradiction
a=0.

4. ((0), (00)). The cases r = 2 or s = 2 are easily settled. Otherwise the
analogue of (3.3) for BY with
(3.5) B®(X,T) = X% —STX5 1 4...

again leads to a = 0.

5. ((1), (c0)). A similar procedure with (3.4) and (3.5) leads to a more
blatant contradiction.

6. ((00), (00)). Now (3.5) leads again to the excluded a = 1,b = 0.
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7. (%,(00)). The case s = 2 is easily settled. Otherwise a similar use of
(3.2) and (3.5) with R = ¢2(r)/2,S = ¢2(s)/6 leads to a = 3,b = —1, so far
no contradiction. Also R =S = N and ¢ = 3¥e=2(), Thus (3.1) becomes

3N AIBH (X, T) = B (3X —1,T).

Now we use all the terms in Lemma 2.3 for B} and B§°°). We equate

coefficients of XV~=2 and then coefficients of T2 and T°. We get a double
appearance of %d}(r), the first time being ﬁd)(s) and the second time
being 2N (N — 1). Eliminating v (r) gives after a short calculation and a
slightly surprising cancellation the equation ¢4(s) = 5¢2(s). This is quickly
solved; clearly

254 = C(14)54 < ¢4(s) = 5a(s) < s>

a contradiction for s # 2.

8. ((0),(1)). The case r = 2 or s = 2 leads quickly to the first displayed
possibility. Otherwise from (3.3) and (3.4) we get b = 1, also no contradic-
tion. But using two terms of B,(no) and three terms of Bgl) in Lemma 2.3

and equating coefficients of T° leads to the same ¢4(s) = 5pa(s).

9. ((0),(0)). The case r = 2 or s = 2 leads to the second displayed
possibility. Otherwise from (3.3) we get R = S = N, ¢ = o, and b = 0.
To find a we look at the terms of smallest degree in X.

If r/2, s/2 are both even, we get c = +1 and so a = £1. And if /2, s/2 are
both odd we get ¢ = 4e2(5/2) JeAr/2) 1f ¢ # £1 then the height of ¢ = oV
is at least 2V; but £e2(5/2) /eA/2) has height at most max{r/2, s/2}. If for
example r < s then we get 2° < 5/2 which leads easily back to r = s = 2;
and similarly if 7 > s. So @ = %1 here too; and the same conclusion follows
with the other parities of r/2,s/2.

As b = 0 in fact a = —1 and ¢ = (—1)". Finally considering just the
signs of the coefficients of XV~3 in B (X,T) = Bgo)(—X, T) gives the
contradictory ¢ = —(—1)" provided w(r) > 0 and w(s) > 0. In fact w(n) >

0 for all even n # 2 apart from w(4) = 0; this leads to the third displayed
possibility.

10. ((1),(1)). Now CBQ)(X, T) = Bgl)(aX + b,T) can be written using
Lemma 2.3 as cB\") (X,T) = Bgo)(d)z +b,T) for
X=1-X,T=1-T, a=a, b=1—a—b

with (@,b) # (1,0). Then the previous case leads to the fourth and fifth
displayed possibilities.



Bicyclotomic polynomials and impossible intersections 649

We can now prove Theorem 2. But first we remark that in the general
case 0 = 1 both u and v must be transcendental over Q if 7 (u,v) is non-
empty. For example if u is algebraic over Q then P being torsion would
imply that t is algebraic over Q otherwise P would be identically torsion
contradicting the ramification (u # 0,1). But then @ being torsion would
imply that v too is algebraic over Q.

Thus our linear relation takes the form v = au + b for rational a #
0,b. Suppose P = (u, /u(u — 1)(u — t)) has exact order r # 1 and Q =
(v,y/v(v —1)(v —t)) has exact order s # 1. Then we have

0=B’(u,t), 0= B"(v,t) = B (au+b,t)

where 7,77 are taken from the set {x, (0), (1), (c0)}. Now the equations
BX(X,T) = B¥(aX +bT) = 0

must define a variety with at least one curve component, else v would be
algebraic over Q. This implies by the irreducibility in Lemma 2.1 an identity
(3.1) for rational ¢ # 0.

Now (a,b) # (1,0) otherwise u = v which is forbidden by (1.4). So
Proposition 3.1 implies that r = s = 2 or r = s = 4. In the first case
u=0,1,t and v = 0, 1,¢; however these too are forbidden by (1.4). In the
second case we find u 4+ v = 0 or u + v = 2. This proves Theorem 2.

4. Proof of Theorem 1
There is a non-zero polynomial Fy(U, V) in Q[U, V], irreducible over Q
of degree d, such that
(4.1) Fy(u,v) =0.

We are in the situation of the Proposition of [7] section 2, with the curve
C parametrized in affine A® by

(u, yJulu = 1)(u — £),0,/o(w = 1)(v — t),¢)

as t varies. So C' is defined over K = Q(u,v). In [7] section 13 we took Wi
in A7 parametrized by

(1, \Julu — 1) (w = £), 0, \Jo(v = 1) (v — 1), 8, u,0)

as t,u,v vary subject only to (4.1). This is a surface defined over Q. We
took Wy as the projection to A parametrized by (u,v,t). This is also a
surface, of degree at most Dy = d. Now go back to the original complex
numbers u, v, t with P, Q torsion on E;. The arguments of [7], in particular
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equation (13.2) there, yield integers p, g, possibly depending on ¢, with (1.3)
and

0 < max{[pl, ||} < (12D)® = (12d)* = M.
By (1.5) this leads to an equation
Cpq(u,v,t) =0
with
Cp(UV,T) = AU, T)By(V,T) — Ap(V,T)B,(U,T)

and A,, By, suitably defined for n < 0 as in [7] section 14.

Now the polynomial Cpq(u,v,T) cannot be identically zero in 7', oth-
erwise (1.3) would hold identically, which we have excluded with (1.4).
This leads at once to the estimate for the cardinality of 7 (u,v). Namely
Cpq(u,v,T) has degree at most p? + ¢ — 1 < 2M? in T, so for such (p, q)
there are at most 2M? values of t. This would give at most 2M?(2M +1)? <
6(12d)32 in all, as was to be proved.

But how do we extract the set Fy?

We already remarked in the preceding section that both of v and v must
be transcendental over Q. This means that Fy(U, V') must involve both U
and V. A similar argument (without ramification) shows that ¢ must be
transcendental over Q.

We claim that in fact P has order r < m(12d)'7/2.

Suppose first that Cpe(U,V,T) does not involve V. Then we get an
equation C(u,t) = 0, which must involve u because t is transcendental
over Q. It follows that [Q(u,t) : Q(t)] < 2M?2. But also B’(u,t) = 0
where the symbol ? represents superscripts *, (0), (1), (co) restricted as in
Lemma 2.1, and it follows that 22 > 2¢a(r) > %ﬁ?ﬂ = J;r2. This leads

tor < mvV2M?2 = 7r\/§(12d)8 better than we claimed.

If Cpy(U,V,T) does involve V, then the resultant G(U,T') of Fy(U,V)
and Cpq(U,V,T) with respect to V is defined.

If this resultant were identically zero, then the two polynomials would
have a non-trivial common factor D(U, V,T) in Q[U,V,T]. As this divides
Fyo(U, V) it must be independent of 7" and in fact identical with Fy(U, V') up
to constants. So Fy(U, V) would divide Cpq(U,V,T). However as p, g vary,
these Cpq(U,V,T) have up to constants at most finitely many divisors of
degree d (and probably none independent of T"), and so it suffices to include
those irreducible ones (independent of T') among the set Fy.
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Thus we can assume that G(U,T) is not identically zero. Now the equa-
tion G(u,t) = 0 shows as above that P has order at most mv/N, where N
is the degree of G. Clearly N < 4dM? < (12d)'" and so our claim follows.

Of course the same argument applies to (). There are thus positive inte-
gers r and s, both at most 7(12d)'"/2, such that

By (u,t) = Bs(v,t) = 0.

Both B, (U,T) and B4(V,T) must involve T' (again ramification), so their
resultant H (U, V') with respect to T is defined. Again it is non-zero, this
time because a common factor would have to be independent of both V and
U and so in Q[T']; however this is absurd because there can be no algebraic
(or even complex) number ¢y with B, (U,tg) = Bs(V,tg) = 0 from (1.6).

And now H(u,v) = 0 shows that it suffices also to include in Fy all
irreducible factors of H(U, V') of degree d up to constants. Using the remark
immediately following the proof of Lemma 2.2 we find that the degree of
H is at most 2r2s? < 27%(12d)34, so it can have at most 27%(12d)3* <
200(12d)33 such factors.

Finally it is now clear how to compute everything effectively.

5. Specialization

It is easy to deduce the case § = 1 from Raynaud’s work. Suppose the
complex number ¢ # 0,1 is such that P and @ in (1.2) are both torsion.
Then ¢ is transcendental over Q otherwise u and v would both be in Q. So
there is an isomorphism o from Q(t) to some field F independent of t. We
can extend to a bigger field containing also the coordinates of P and Q.
Then o(P) and ¢(Q) are torsion on E, ;) and (o(P),c(Q)) lies on a fixed
curve, even defined over Q, on A = E, ;) X Ey(;) defined over F. We are
therefore in the situation of Manin-Mumford over the fixed field F.

Now o applied to (1.4) and the discussion around (1.3) shows that
qo(P) # po(Q) for any integers p and ¢ not both zero. It follows from
Raynaud’s Theorem 1 (p. 207 but also p.226) of [10] that the number of
(o(P),0(Q)) is at most finite. So o(P) and o(Q) have orders bounded above
independently of t. So also P and @), which leads to the desired finiteness
of the set of complex numbers t.

Using our bicyclotomic polynomials (which imply standard properties of
good reduction) we can specialize ¢ to some algebraic 7 and thus reduce to
Manin-Mumford over Q.

Namely as in section 4 there is a non-zero polynomial Fj over Q, irre-
ducible over Q, such that Fy(u,v) = 0. We start by finding an algebraic
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(and even rational) 7 such that the curve F = 0 relating the abscissas on
E, x E; does not have any one-dimensional torsion translate as a compo-
nent.

For such a torsion translate is defined by an equation ¢P — pQ = R with
a torsion point R. By considering geometric degrees we can easily bound
lq|, |p| and then assume them fixed. Now we can choose algebraic wug, vo with
Fo(Uo,’Uo) =0 but

’LL()’U()(UO — 1)(1)0 - 1)(UU - Uo) 75 0
as in (1.4). Then

R(t) = q(uo,/uo(uo — 1)(uo — £)) — p(vo, \/vo(vo — 1)(xg — 1))

cannot be identically torsion, say of order n, on E; by (1.4) and the dis-
cussion around (1.3) after multiplying by n. It now suffices to find 7 such
that R(7) is not torsion on E;. This can be done for example by appealing
to Silverman’s Theorem to the effect that an inadmissible 7 has bounded
height; or we could also use the results of [4] implying that such 7 are
sparse.

Having found 7, suppose now the complex number ¢ # 0,1 is such that
P has exact order r # 1 and @) has exact order s # 1. Then we have

(5.1) B/ (u,t) = B (v,t) = 0
as in section 3. Consider the variety with coordinates (U, W,V, Z,T) in A5
subject to
and of course
W2=UU-1)(U-T), Z>=V(V-1)(V -T).

It is clearly of dimension at most 1 defined over Q containing the point
0= (uw,v,zt), where w = Ju(lu—1)(u—1t), z = Vo(v—1)(v—1);
and the transcendence of t noted above shows that it has at least one curve
component C,.s also containing II. We are going to specialize II over Q in
the sense of [13] (p.26). This requires a little care, as it lies on the variety
Crs depending on the unknown 7, s.

But we can certainly start by specializing t to 7.

Next by (5.1) u,v and so w,z are integral over Q[t]. So by Propo-
sition 22 of [13] (p. 41) we can indeed specialize (u,w,v,z,t) to some
(Ups, Wy, Urs, 2rs, T). In particular on E. the point (u,s, wys) still has order
r and the point (v,s, zrs) still has order s. Further Fy(u,s,vrs) = 0. From
the choice of 7 we conclude that r and s are bounded and this implies the
finiteness of the original set of ¢ as desired.
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We finish this section with a brief sketch of how to specialize u and v
rather than t.

We follow the preceding argument until the curve C,;. From the irre-
ducibility of Bz , BZ? it can be seen that the degree A,; of C,s is at least
§(r? 4+ 5%) — ¢; here and elsewhere J, ¢ denote positive absolute constants.

We intersect C,s with a hyperplane H)y defined by U = AT For generic A
there will be A, different intersection points. However we wish to choose
non-generic A and indeed some fixed A independent of r and s. But then
there could be fewer intersection points.

We can resolve this by noting that B,(U,T7) = 0 on C,s and so
B,(AT,T) = 0 on the intersection. For generic A this latter polynomial
has degree A, > §r? — c. Now an argument based on the stability (or uni-
formity) of values of the functional Néron-Tate height on a family of elliptic
surfaces shows that the degree of B,.(AT,T) is at least A, — ¢ for all A out-
side a finite set independent of r. It follows that for such A the set C,s N H),
has at least A,s — ¢ points counted with multiplicity. We fix such a A.

Another argument based on Wang’s proof of the effective Roth theorem
for function fields shows that the multiplicities of zeroes of B,.(AT,T) are
at most er? + C, where C' depends only on the arbitrary e > 0.

It follows that for any N the set C.s N Hy has at least N different points
provided r and s are sufficiently large with respect to IN. These take the
form II; = (At, wy, vy, 24, t) with fixed algebraic functions wy, v, z; of t. So
we have found many ¢ with the points (A, w;), (v, 2z¢) both torsion on Fj.
But this can be made to contradict the finiteness result of [7].

A variation on this argument is to note that if our result for transcen-
dence degree 1 is false, then there exist infinitely many pairs (r, s) above.
Now for each such (r,s) we can find at least one II; (¢ = t,5 # 0,1) on
Crs N Hy (for this we still need the effective Roth argument). Clearly for
different (r, s) the ¢, are different, and we conclude as above.

Yet another variation enables us to reduce directly to the case § = 0.
One can show as in the proof of Lemma 2.3 that the degree of B} (X,T) in
T is 1¢2(n) for odd n # 1, and that the degrees of By(LO)(X7 T), Bfll)(X, T),
B,(IOO)(X, T) in T are %ng(n) for even n # 2. We now intersect with
U = X in a similar way, leading to many ¢ with (A, \/A(A —1)(A — 1)),
(g, /u(p — 1) (e — t)) both torsion, where Fy(A, p) = 0.
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6. Examples
Here, for the possible amusement of the reader, we exhibit here some of
the shorter polynomials.

First, the B,, = B,(X,T) (usually reducible), for convenience together
with the 4, = A, (X,T) for n =1,2,3.

Of course A; = X, By = 1. Then
Ay = X* —2TX?% + T? By =4X3 — (4T +4)X? +4TX,

Az = X% — 12T X7 + (8T% 4 8T)X® + 3072 X5 — (4872 + 48T3)X* +
(16T* + 6873 + 16T%) X3 — (24T* + 24T3) X2 + 9T*X,

By = 9X8 — (24T + 24) X7 + (1672 + 68T + 16) X6 — (4872 + 48T)X° +
3072 X4 + (873 + 8T?) X3 — 1273 X2 + T4,

Then the irreducible B}, = B} (X,T) for n =1,3,5.
Again B} = 1. Then
B =3X* —4(T+1)X3+6TX?-T?,

B =5X12— (20T 420) X 4+ (1672 +94T +16) X 1° — (8072 + 80T ) X —
10572 X8 + (36072 + 360T2) X7 — (240T* + 78073 + 24072) X6 + (64T +
560T* + 56072 + 64T2)X° — (160T° + 445T* + 1607°)X* + (140T° +
14074 X3 — 50T° X2 4 T°.

Finally the irreducible B = B”(X,T), BYY = BV (X, T), BY =
(X, T), forn=24,6,8,10.

Now B = X, B{") = X =1, B{* = X — T. Then

BV =x2_7 B =x2_2x+7T, B =X2_2TX +T,

B = X% — 6T X2 + (AT% + 4T)X — 372,

B = X* — 4X3 4+ 6TX? — AT?X + T2,

B = X4 — AT X3 + 6TX2 — ATX + T2,

B = X® — 20TX® + (3272 + 327) X7 — (167° + 5872 + 16T)X* +
(3273 + 32T%) X3 — 2073 X2 + T4,

B = X8 _8XT+ (20T +8) X6 — (3272 + 24T) X5 + (1673 + 54T2) X* —
(3273 + 24T%) X3 + (2073 + 8T?) X2 — 8T3X + T4,

BY = X& — 8TX7 + (8T2 + 20T) X6 — (24T2 + 32T)X5 + (5472 +
16T)X* — (2473 + 32T%) X3 + (8T* + 2073) X? — 874X + T,
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BY = X12_507 X104 (14072 +1407) X° — (16073 +445T% 4+ 160T) X 5+
(64T* +560T° + 56072 +64T) X " — (24074 + 78073 4 2407?) X + (360T* +
36073) X5 — 10574 X* — (80T° + 80T*) X3 + (16T + 9475 + 16T4) X2 —
(207° + 20T°)X + 5T,

BiY = X12 12X 4 (50T + 16)X1° — (14072 + 80T)X° + (16073 +
335T%) X8 — (64T* + 46473 + 264T%) X7 + (208T* + 50873 + 20872) X6 —
(264T* + 46473 + 64T2) X5 + (335T* + 160T3) X* — (80T® + 14074) X3 +
(1675 + 507°)X? — 127X + T,

B = X12 127 X1 4 (1672 +50T) X 10 — (8072 + 140T) X9 + (33572 +
1607) X8 — (26473 +464T2+64T) X+ (208T4+508T3+208T2) X ¢ — (6475 +
464T* + 264T3)X° + (16075 + 335T4) X* — (140T° + 80T*) X3 + (50T° +
167T4)X? — 127°X + T°.

7. The (A, B) model

Here, for the possible convenience of the reader, we exhibit the first few
terms of the multiplication polynomials for the model y? = 23 + Az + B.
They can be calculated by using weight arguments to see the general forms

(7.1) 2" 4 Ay Az 2 4, Ba™ T 4
for the numerator and
(7.2) n2gm 1 4 IJnAI”L3 4+

for the denominator, where A\, tin, v, depend only on n. We convert from
Legendre Y2 = X (X — 1)(X — T) using

(7.3) r=X - o(T+1)
and we find
(7.4) A:—%(TQ—T+ 1), B:—%(TJr (T —2)(2T — 1).

We substitute (7.3) and (7.4) into (7.1) and (7.2), compare with the first
part of Lemma 2.2, not forgetting to translate back with an extra %(T +1),
and equate some coefficients to find the values of A\, pin, vn. We find

1 2
Ao = —=n2(n% = 1), pn = ——n?(n*—=1), v,

5 I5 2(n? —1)(n* +6).

:%n
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8. Appendix

Here we strengthen Theorem 1 as follows.

Theorem 1. For each positive integer d there is an effectively computable
finite set Fq of polynomials in Q[U, V], irreducible over Q and of degree
d, with the following property. Suppose u,v in (1.4) are complex numbers,
not both algebraic over Q, and algebraically dependent over Q through a
polynomial over Q irreducible over Q of degree d. Then the set T (u,v) is
effectively computable. If further F(u,v) # 0 for every F in Fq, then the
set T (u,v) is empty.

Proof. This will also show, as for Theorem 1, that the cardinality of 7 (u,v)
is bounded effectively in terms of d. However here we adopt instead a Galois
strategy, similar to that for Lang’s original problem of curves in G2,. This
will lead to better estimates.

There is an irreducible relation Fy(u,v) = 0, where Fy in Q[U, V] has
degree d. Let us consider the set 7 = T (u,v) and pick a ¢ in T, letting
r,s denote the exact orders of the corresponding points P, Q) on F; with
abscissas u, v respectively.

As noted in section 4 above, t is transcendental, like u,v; hence as in
section 5 we may regard ¢ as an independent variable, with the proviso
that then w,v are viewed as certain algebraic functions of ¢, that is, the
abscissas of the torsion points P, Q in E;(Q(t)), still of the same orders.
We want to prove a bound depending only on d for these orders.

The curve E; is isomorphic (over Q(t)) to a curve Ej defined over Q(j)
by a Weierstrass equation as in section 3, with transcendental invariant

. B 2_ 3
j = i(Br) = 25645555

Now Q(t) becomes the field generated over Q(j) (or even Q) by the 2-
torsion on E;. After this isomorphism, we get torsion points P, () in E;. The

abscissas 1, v of P, () are also easily expressed as certain linear functions of
u, v with coefficients in Q(%).

These abscissas together with the corresponding ordinates generate over
Q(j) fields contained in modular function fields of levels r, s, as explained
for example in [3]. As such, these fields are subfields of the correspond-
ing field whose level is the lowest common multiple k£ of 2,7, s, denoted
here Kj; that is, K = Q(J, Ej[k]) is the field generated over Q(j) by
the coordinates of all torsion points on Ej of order dividing k. Now the
Galois structure of Kj/Q(j) is well known to be the maximal possible
one. Namely, viewing the k-torsion on Ej as a finite group isomorphic to
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Z/kZ x Z/kZ, and viewing the Galois action through its natural represen-
tation as a subgroup of GL2(Z/kZ), we know that the Galois image is in
fact the whole group GL2(Z/kZ) (see also Lemma 10.1 of [7]). Moreover,
by Corollary 1(ii),(iii) of [3] (p.68), the Galois group of Q(j, E;[k]) over
Q(3) corresponds to SLy(Z/kZ).

The original equation Fy(u,v) = 0 relating the abscissas of the points on
E, yields a similar equation Fp (i, 0,t) = 0, where Fy(U, V,t) in Q(¢)[U, V]
again has degree d in U, V. This equation yields a curve C' in Ej X Ej,
defined over Q(t). Note that this curve C is possibly reducible, but since
Fy defines an irreducible (over Q) curve in the (U, V)-plane, it gives rise to
at most four components in Ej X Ej: in fact, C' is the inverse image of the
plane curve ﬁb = 0, through the & x Z-map, of degree 4, from Ej X Ej to
projective P1 x Py. Also, if Z is an irreducible component of C, then every
other component is obtained as the image of Z by some automorphism
[£1] x [£1] of E’j X E'j, where [n] denotes multiplication by n.

Let us now use the Galois group over Q(t¢) of the modular function
field K} of level k; this Galois group is represented as the subgroup I' of
GL39(Z/kZ) of index 6 consisting of the matrices congruent to the identity
(mod 2), and so it contains all [¢] with ¢ prime to k.

And the Galois group Gal(Q(j, Evj[k‘])/é(t)) is Q=TNSLy(Z/kZ), also
of index 6 in SLo(Z/kZ). Hence if g is in €2, then ¢ fixes a field of definition
for C, so C9 =C.

Take now ¢ > 1 be prime to k and let us extend [¢] to an automorphism of
Q(¢t) over Q(t). If L is a (Galois) number field such that Fy, £y, C are defined
over L(t), suppose that this automorphism acts on L as ¢ in Gal(L/Q). (It
may happen that this o is not uniquely determined by ¢.)

Then for all g in €2 we have
(8.1) (P9, Q%) eC,  (LPI,LQ%) e C°.

We note that the stabilizer in SLy(Z/nZ) of a point of order n has size
n. This follows as in the proof of Lemma 10.1 of [7]; the Euler function
¢1 there drops out. Thus the orbit of the point under SLy(Z/nZ) has size
da(n) = n? [T (1 - I%) > $n? just as in Lemma 10.1; this is behind the

irreducibility of the polynomials BZ(X ,T) in Lemma 2.1 over Q or C.

We need here the orbit of (]5, Q) under €2, but this can be found as
follows. We work first in SLo(Z/kZ), and by the Chinese Remainder The-
orem it suffices to work in SLy(Z/p¢Z) for each prime power p¢ dividing
k. If p # 2 then at least one of P, (), considered in (Z/p°Z)?, has order
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p¢, and so its stabilizer has size p®. So that of (15, Q) has size at most

p°. If p = 2 then at least one of P, (), considered in (Z/2°Z)%, has or-
der either 2¢ or 2¢~1. If the former, then the stabilizer in SLo(Z/2°Z) has
size 2¢ as before. But if the latter, then we get 2°~! multiplied by the in-
dex [SLo(Z/2°Z) : SLy(Z/2°7'Z)] = 8, that is 4.2°. Multiplying over all
primes p, we see that the stabilizer of (P, Q) in SLy(Z/kZ) has size at most

4k. So also in the subgroup €2; and so the orbit under €2 has size at least

ko ( )/6 k2
: > 42

Now only two cases can occur.

I: There is no component common to both C° and [¢]C.

Then by Bezout’s theorem applied to the projection of these curves to
P, x Py (this is a bit simpler than working in E'j X Ej) we find that the
cardinality of C? N [¢(]C is at most 4d?¢?, whence, by (8.1) and the above
orbit calculations, k < 4wd¥.

If for some real A > 41 we cannot take £ < X then all primes p < A
divide k. In particular ¥(\) < logk in the standard notation of prime
number theory. However by the Corollary 3.16 (p.70) of [11] we have ¢(\) >
A1 — 1OgA) > %)\. So choosing A = 41 + 2log k we deduce £ < \.

It follows that
(8.2) k < 4rd(41 + 2logk)

which is at most 47d(4144vk) < 1807dv/k. This gives log k < 2log(1807d)
and then from (8.2)

k < 4md(41 + 4log(180rd)) < 180mdlog(180md).

In this case the order of torsion is likewise bounded for both points.
Each double relation 7P = s@Q = 0 yields, on eliminating t as in section
4, a relation between w,v (nontrivial because the B, (X,T) are essentially
monic in X), which possibly gives an element of F4. Clearly only finitely
many elements can arise in this way, and they can be computed.

II: There is a component common to both C° and [¢]C.

Let [¢]Z be such a component, where Z is a component of C. We have
already noted that every other component is obtained as the image of one
of them by some p = [£1] x [£1] on E; x E;. Then we have uZ° = [(]Z for
some such p. Iterating shows that [("]|Z = Z for some m > 1. But then by
general theory Z is a translate by a torsion point of an irreducible algebraic
subgroup.
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However this would say that the original relation Fy(u,v) = 0 defines a
union of at most four torsion translates of an algebraic subgroup. In turn,
the original points P, Q) on E; with abscissas u, v respectively would be lin-
early dependent on E;, which we can exclude, for instance by ramification,
as in section 1.

This completes the proof. O

Remark. It is probably possible to obtain quantitatively better estimates
by transposing to this elliptic context the cyclotomic arguments of Beukers

and Smyth [2].
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