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On the Hausdorff dimension of countable
intersections of certain sets of normal numbers

par BiLL. MANCE

RESUME. On démontre que ’ensemble des nombres qui sont Q-
normaux en distribution mais pas simplement Q-normaux en ratio
est de dimension de Hausdorff maximale. Sous certaines condi-
tions, on peut aussi démontrer que les intersections dénombrables
de ces ensembles sont encore de dimension maximale, en dépit du
fait qu’elles ne sont pas gagnantes (au sens de W. Schmidt). En
conséquence, nous pouvons construire plusieurs exemples expli-
cites de nombres qui sont simultanément normaux en distribution
mais pas simplement normaux en ratio par rapport a certaines fa-
milles dénombrables de suites de base. De plus, on démontre que
certains ensembles connexes sont soit gagnants, soit de premiere
catégorie.

ABSTRACT. We show that the set of numbers that are Q-distribu-
tion normal but not simply @-ratio normal has full Hausdorff di-
mension. It is further shown under some conditions that countable
intersections of sets of this form still have full Hausdorff dimen-
sion even though they are not winning sets (in the sense of W.
Schmidt). As a consequence of this, we construct many explicit
examples of numbers that are simultaneously distribution normal
but not simply ratio normal with respect to certain countable fam-
ilies of basic sequences. Additionally, we prove that some related
sets are either winning sets or sets of the first category.

1. Introduction

The Q-Cantor series expansion, first studied by G. Cantor in [2]!, is
a natural generalization of the b-ary expansion. Q = (gn)2%; is a basic
sequence if each ¢, is an integer greater than or equal to 2. Given a basic
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sequence @, the Q-Cantor series expansion of a real x in R is the (unique)?
expansion of the form

(11) PP g

' n—1 N2 G0’
where Ey = |z| and E, is in {0,1,...,q, — 1} for n > 1 with E, # ¢, — 1
infinitely often. We abbreviate (1.1) with the notation x = FEy.E1FEoFs3 . ..
w.r.t. Q.

Clearly, the b-ary expansion is a special case of (1.1) where g, = b for
all n. If one thinks of a b-ary expansion as representing an outcome of
repeatedly rolling a fair b-sided die, then a Q-Cantor series expansion may
be thought of as representing an outcome of rolling a fair ¢; sided die,
followed by a fair ¢o sided die and so on.

For a given basic sequence @, let N,(;? (B, z) denote the number of times
a block B occurs starting at a position no greater than n in the Q-Cantor
series expansion of z. Additionally, define?

Q;k) — i 1 and TQ,n(x) — (ﬁ Qj) xT (mod 1).
j=1

i=1 459541 - - - Qj+k—1
[

A. Rényi [17] defined a real number = to be normal with respect to @ if
for all blocks B of length 1,

. NZ(B,z)

If ¢, = b for all n and we restrict B to consist of only digits less than b,
then (1.2) is equivalent to simple normality in base b, but not equivalent to
normality in base b. A basic sequence @ is k-divergent if lim,_ oo Q%’C) = 00.
Q is fully divergent if @ is k-divergent for all k and k-convergent if it is not
k-divergent. A basic sequence @ is infinite in limit if ¢, — oco.

Definition. A real number x is Q-normal of order k if for all blocks B of
length £,

We let Ny (Q) be the set of numbers that are @-normal of order k. A real
number z is Q-normal if x € N(Q) := Ni2; Nk(Q) and z is simply Q-
normal if it is @Q-normal of order 1. Additionally, = is Q-ratio normal of

2Uniqueness can be proven in the same way as for the b-ary expansions.
3For the remainder of this paper, we will assume the convention that the empty sum is equal
to 0 and the empty product is equal to 1.
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RN(@Q)NDN(Q) N(@Q)NDN(Q) N@Q)NRN(Q)

@: N(@)

order k (here we write x € RNy(Q)) if for all blocks By and Bj of length &
NQ(B17 ZE) o

FiGure 1.1

N(@)NRN(Q)NDN(Q)

We say that x is Q-ratio normal if x € RN(Q) := Niz; RNE(Q). A real
number z is Q-distribution normal if the sequence (T ,(x))5e is uniformly
distributed mod 1. Let DN(Q) be the set of Q-distribution normal numbers.

It is easy to show that for every basic sequence @, the set of Q-distribu-
tion normal numbers has full Lebesgue measure. For ) that are infinite in
limit, it has been shown that the set of all real numbers x that are ()-normal
of order k has full Lebesgue measure if and only if @ is k-divergent [12].
Early work in this direction has been done by A. Rényi [17], T. Salat [22],
and F. Schweiger [20]. Therefore if @ is infinite in limit, then the set of all
real numbers x that are (Q-normal has full Lebesgue measure if and only if
Q is fully divergent. We will show that RN;(Q) is a set of zero measure if
@ is infinite in limit and 1-convergent. This will follow immediately from a
result of P. Erdds and A. Rényi [3].

Note that in base b, where ¢, = b for all n, the corresponding notions of
@-normality, @-ratio normality, and @-distribution normality are equiva-
lent. This equivalence is fundamental in the study of normality in base b. It
is surprising that this equivalence breaks down in the more general context
of Q-Cantor series for general Q).
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We refer to the directed graph in Figure 1 for the complete containment
relationships between these notions when (@ is infinite in limit and fully
divergent. The vertices are labeled with all possible intersections of one,
two, or three choices of the sets N(Q), RN(Q), and DN(Q). The set labeled
on vertex A is a subset of the set labeled on vertex B if and only if there is
a directed path from vertex A to vertex B. For example, N(Q) N DN(Q) C
RN(Q), so all real numbers that are -normal and Q-distribution normal
are also )-ratio normal. These relations are fully explored and examples
are given in [10].

It is usually most difficult to establish a lack of a containment relation-
ship. The first non-trivial result in this direction was in [1] where a basic
sequence @ and a real number z is constructed where 2 € N(Q)\DN(Q).*
By far the most difficult of these to establish is the existence of a basic
sequence @ where RN(Q) N DN(Q)\N(Q) # (. This case is considered in
[10] and requires more sophisticated methods. Other related examples may
be found in [11],[13], and [10].

It should be noted that for every @) that is fully divergent infinite and
infinite in limit, the sets RN(Q)\N(Q), DN(Q)\RN(Q), and N(Q)\DN(Q)
are non-empty. It is likely that RN(Q) N DN(Q)\N(Q) is also always non-
empty. In this paper, we will be concerned with the Hausdorff dimension
of sets of this form.

Definition. Let P = (p,,) and @ = (g,) be basic sequences. We say that
P~ Qif

s
dn = H ps(n—l)-i—j'
j=1

The main result of this paper is the following theorem, which concerns

the Hausdorfl dimension of countable intersections of sets of the form
DN(Q)\RN1(Q):

Theorem 1.1. Suppose that (Qj)?& s a sequence of basic sequences that
are infinite in limit. Then

dimgg (ﬁ DN(Qj)\RNl(Qj)) 1

j=1
if either of the following conditions hold.

(1) For all j, the basic sequence Q; is 1-convergent.
(2) The basic sequence Q1 is 1-divergent and there exists some basic
sequence S = (sy,) with

Ql ~s1 QQ ~s9 Q3 ~s3 Q4' tto.

4This real number z satisfies a much stronger condition than not being @-distribution normal:
Ton(xz) = 0.
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Corollary 1.1. Suppose that (Q])J"’;1 is a sequence of basic sequences that
are infinite in limit. Then

dim g (ﬂ DN(Q;‘)WMQ;‘)) = dimpy (ﬂ DN(Q;‘)\MQ;‘)) =1,
j=1 j=1
under the same conditions as Theorem 1.1. Additionally, for any Q that is
infinite in limit,
dim g (DN(Q)\RN(Q)) = dim g (DN(Q)\N(Q)) = 1.

Proof. This is immediate as N(Q) € RN(Q) € RN;(Q) for every basic
sequence () that is infinite in limit. O

We note the following fundamental fact about @-distribution normal
numbers that follows directly from a theorem of T. Salat [23]:°

Theorem 1.2. Suppose that @ = (qn) is a basic sequence and
limpy 00 % 27]1\[:1 qin = 0. Then x = Eg.E1Ey--- w.r.t. Q is Q-distribution
normal if and only if (Eyn/qy) is uniformly distributed mod 1.

The first part of Theorem 1.1 is trivial: we show in this case that the
sets DN(Q;)\RN1(Q;) are of full measure. Part (2) will be more difficult to
establish. We will provide an explicit construction of a Cantor set ©¢g s C
Nj21 DN(Q;)\RN1(Q;) with dimp(©¢g,s) = 1 by refining the methods
used in [13]. Moreover, this construction will give us explicit examples of
members of (;2; DN(Q;)\RN1(Q;) for any collection of basic sequences
(Q;) that are infinite in limit with Q1 ~,, Q2 ~s Q3 ~s; Q4---. To
see that the second part of Theorem 1.1 would not immediately follow if
we were to prove that dimp (DN(Q)\RN1(Q)) = 1, consider two basic
sequences P = (p,) and @ = (gy,) given by

(p1,p2,p03,-+) = (2,2,4,4,4,4,6,6,6,6,6,6,8,8,8,8,8,8,8,8,---);
(q1,92,q3, ) = (4,16, 16, 36, 36, 36, 64,64, 64,64, - - - ).
Define the sequences (E,) and (F},) by
(E1,Eq, E3,---)=(0,1,0,2,1,3,0,3,1,4,2,5,0,4,1,5,2,6,3,7,-- - );
(Fy, Fy, F3,---) =(0,0,8,0,12,24,0,16, 32,48, - - -).

Let x = > 07 pfﬁ and y = Y 00, ﬁ. Clearly, z € DN(P) and y €

DN(Q) by Theorem 1.2. However, y = 0.00002000204000204060 - - - w.r.t.

5The original theorem of T. Sal4t says: Given a basic sequence @) and a real number z with

Q-Cantor series expansion z = |z + ZZO:I ﬁ, if imy_ o0 % Z;\jzl i =0 then z is Q-
distribution normal iff E,, = |0ngn]| for some uniformly distributed sequence (65). N. Korobov
[7] proved this theorem under the stronger condition that @ is infinite in limit. For this paper,

we will only need to consider the case where @ is infinite in limit.
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P, so y ¢ DN(P). Furthermore, note that
= 0.2273(10)(17)4(13)(22)(31) - - - w.r.t. Q.

So Ton(zr) < 1/2 for all n and x ¢ DN(Q). Thus, we have demon-
strated an example of two basic sequences P and @) with P ~5 () where
DN(P)\DN(Q) # 0, DN(Q)\DN(P) # 0, and DN(P) # DN(Q). It should
be noted that these examples are in sharp contrast with a well known the-
orem of W. M. Schmidt [18]:

Theorem 1.3. We write r ~ s if there exist integers n,m with r" = s™. If
r ~ s, then any number normal to base r is normal to base s. If r » s, then
the set of numbers which are normal to base r but not even simply normal
to base s has the power of the continuum.

While there is no reason to expect uncountable intersections to preserve
Hausdorff dimension, it is not immediately clear that there are not numbers
that are ()-distribution normal for every basic sequence () that is infinite
in limit. If this were the case then it might be possible that Theorem 1.1
could be extended to arbitrary uncountable intersections.

Theorem 1.4. There is an uncountable family of basic sequences (Q;)jcs
that are infinite in limit such that

[ DN(Q)\RN1(Q;) = 0.
jeJ
Theorem 1.4 can be proven with only a trivial modification of the proof
of Theorem 1.1.4 in the dissertation of P. Laffer [9]. P. Laffer’s Theorem
1.1.4 shows that no number is Q-distribution normal for all basic sequences
Q. It should be noted that every irrational number is Q-distribution normal
for uncountably many basic sequences ) and not Q-distribution normal for
uncountably many basic sequences Q. P. Laffer [9] also provides further
refinements of these statements.
Moreover, we will also show the following for () that are infinite in limit:

(1) The sets DN(Q) and RN2(Q)€ are a-winning sets (in the sense of
Schmidt’s game) for every « in (0,1/2).
(2) DN(Q) and RN1(Q) are sets of the first category.

2. Properties of RN, (Q), and DN(Q)

2.1. Winning sets. In [19], W. Schmidt proposed the following game
between two players: Alice and Bob. Let o € (0,1), g € (0,1), S C R, and
let p(I) denote the radius of a set I. Bob first picks any closed interval By C
R. Then Alice picks a closed interval A; C By such that p(A41) = ap(By).
Bob then picks a closed interval By C Ay with p(Bg) = 8p(A1). After this,
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Alice picks a closed interval Ay C By such that p(As) = ap(Bsz), and so on.
We say that the set S is («, 8)-winning if Alice can play so that

o0
(2.1) () B CS.
n=1
The set S is («, 8)-losing if it is not (a, B)-winning. S is a-winning if it
is (o, B)-winning for all 0 < 8 < 1. Winning sets satisfy the following
properties:
(1) If S is an a-winning set, then the Hausdorff dimension of S is 1.
(2) The intersection of countably many a-winning sets is a-winning.
(3) Bi-Lipshitz homeomorphisms of R preserve winning sets.

We write windim S to be the supremum of all a such that S is a-winning.
N. G. Moshchevitin [14] proved

Theorem 2.1. Let (t,) be a sequence of positive numbers and

'
Ve >0 3Ny Vn > Ny : L

1
>1+—.
nE

n

Then for every number 6 > 0 the set

As = {x ER:3e(x) >0 Vn €N ||tnz]| > Cfl?}
is an c-winning set for all o in (0,1/2). Thus, windim As = 1/2.
Corollary 2.1. For every basic sequence Q, windim DN(Q)® = 1/2. More-
over, DN(Q)\RN1(Q) is not an a-winning set for any c.

Proof. Let t, = qiq2- - qn. Clearly, for all § > 0, As € DN(Q)c. Thus,

=

windim DN(Q)¢ = 1/2. But DN(Q)¢ N DN(Q) = 0 and the property of
being a-winning is preserved by countable intersections, so DN(Q) and
DN(Q)\RN1(Q) are not a-winning sets for any a. O

Lemma 2.1. If Q is infinite in limit, * € RN (Q), and t is a non-negative
integer, then
; Q _
nlLI%O N7 ((t),z) = oc.
Proof. Since (@ is infinite in limit and € RN2(Q), for all i, 5 > 0, we have
NE((t,i
i MEUD.3)
" N ((¢, ), @)
So, for all j there is an n such that N2((t,),x) > 1. Since there are
infinitely many choices for j, the lemma follows. O

Let FZ(Q) be the set of real numbers whose Q-Cantor series expansion
contains at most finitely many copies of the digit 0.

Corollary 2.2. If Q is infinite in limit, then FZ(Q) C RN2(Q)°.
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Theorem 2.2. IfQ is infinite in limit, then windim RN (Q)¢ = 1/2. More-
over, if Q is 1-divergent, then windim N1(Q)® = 1/2.

Proof. We note that windim FZ(Q) = 1/2 by Theorem 2.1. The first con-
clusion follows directly from this and Corollary 2.2. If () is 1-divergent and
x € N1(Q), then every digit occurs infinitely often in the @-Cantor series
expansion of z. So, FZ(Q) € N1(Q)¢ and windim N;(Q)® = 1/2. O

It should be noted that Theorem 2.2 is in some ways stronger than
the corresponding result for b-ary expansions. The original proof due to
W. Schmidt that the set of numbers not normal in base b is 1/2-winning
heavily uses the fact that a real number x is normal in base b if and only
if x is simply normal in base b* for all k. In fact, the set of numbers not
normal of order 2 in base b is not an a-winning set for any «. The reasoning
used in the proof of Theorem 2.2 and in the preceeding lemmas only works
because () is infinite in limit.

2.2. DN(Q), RNk(Q), and Ni(Q) are sets of the first category.
Given a sequence Z = (z1,...,2,) in R and 0 < v < 1, we define

An([0,7),2) :==[{i;1 <i<nand {z} €[0,7)}

Theorem 2.3. For any basic sequence Q, the set DN(Q) is of the first
category.

Proof. We define

~ An([0,1/2), Tgn-1(x))
2.2 m = R: : 2
e) =0 {x e : < /3}
and put G = U _ G- Clearly, DN(Q) € G and each of the sets G, is
nowhere dense, so DN(Q) is of the first category. g

We also note the following, which is proven similarly to Theorem 2.3.

Theorem 2.4. For any basic sequence QQ and positive integer k, the set
RNK(Q) is of the first category. Since Ni(Q) C RNk(Q), Nk(Q) is also of
the first category.’

3. Proof of Theorem 1.1

Suppose that @ is a basic sequence and * = Eg.F1Fy--- w.r.t. Q. We
let S(x) be the set of all positive integers which occur at least once in the
sequence (E,). P. Erd6s and A. Rényi [3] proved the following theorem.

Theorem 3.1. If QQ is infinite in limit and 1-convergent, then the density
of S(x) is with probability 1 equal to 0.

6N, (Q) could be empty. See Proposition 5.1 in [12]. It is proven in [10] that N (Q) € RNy (Q)
for all @ that are infinite in limit.
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Corollary 3.1. If Q is infinite in limit and 1-convergent, then
A(RN1(Q)) = 0.

The first part of Theorem 1.1 follows immediately from Corollary 3.1 as
the sets DN(Q)\RN1(Q) have full measure when @ is infinite in limit and
1-convergent. The remainder of this paper will be devoted to proving the
second part of Theorem 1.1.

3.1. Construction of ®¢ s. For the rest of this section, we fix basic
sequences @ = (¢,) and S = (s,,). We let Q1 = @ and define basic sequences

Qj = (gjn) by

Q1 ~sy Q2 ~sy Q3 ~sy Qa-- .
We will define the following notation. Let S; = Hi;ll sj and set v; =
min {t €l :qm > szj for m > t}. Put l; = s1v9 and

(S s - @iy - 1)
J = Sj ’

Given l1,lp,- -+ ,l;, define L; = Zi:l Spli. Thus, we may write

. — L]’_l . (2j8jVj+1 - 1)
J S] .

Let U= {(j,b,c) e N3:b<l;,c<S;}. Put
¢(j.bc)=Lj_1 + (b—1)S; +c.
Note that ¢ : N> — N is a bijection. Define
(i(n), b(n), c(n)) = ¢~ (n)
and put a(n) = Si(n)- Let

J= {(F(jvbvc)> Gboeu S N

F.
(],b,C) 6 ‘/‘vj,b,c} ,
de(5.bc)

where

[ 12 ) ifj=1
46 (5,b,¢) 4o (4,b,c)
Vibe =

C 1 . .
[a(m,b,c)) + aGGea wen) t a@eea } ifj>1
Given F' € F, we set Epy, = Fy-1(n), EF = (Ern)52y, and put



208 Bill MANCE

We set ©g g = {zp : F € F}. It will be proven that Og g is non-empty,
has full Hausdorff dimension, and

00,5 € [ DN(Q)\RN1(Q;).
j=1

3.2. Distribution normality of members of ©g s.

Let w(n) = #{Ep, : F € F}.

Lemma 3.1. w(n) =1 ifi(n) =1 and
w(n) > gl > 2
if i(n) > 2
Proof. By construction, Er, =1 when i(n) = 1. If i(n) > 2, then
Er, c
< Lag 2o o+ o)

which has length 1/a(n)?. Thus,

w(n) =1+ [gn - (1fa(n)?)] > —2o_

a(n)
1/i(n)
By construction, g, > a(n)*(™ thus ql/z(n) > a(n)?. So qa"(T)Q > 1 and
a(qT")Q > q,lfl/i(n). Additionally, n > v, s0 g, > 532 > 16. Thus, q1 L/i(n) >
4> 2. O

Lemma 3.1 guarantees that ©¢ g is non-empty, but will also be critical in
o0 EF,n
n=1 qiq2--qn’

i Ean :

=1 41952 " qjn

determining dimyy(0¢,s). If zp = then the @ ;-Cantor series

expansion of zp is

where
Sj Sj Sj

EF,j,n = Z EF,Sj-(TL*l)#*’U ’ H 4s; (n—1)+w and djn = H 4s; (n—1)+w
v=1 w=v+1 w=1

Lemma 3.2. For all j,n>1

0< Epjn  Ers;n-1+1 < S

9jmn 4s;.(n—1)+1 4s;-(n—1)+1
lim Epjn  Ers; -1+
N0 Qhn 4s;-(n—1)+1

=0.
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Proof.

S; S;
<EF,j,n ERSj.(n,l)Jrl _ ZvLQ (EF,S]-~(n—1)+v ) HwJ:y-‘,-l qu-(n—l)—l-w)

0

. S
qjn qu-(n—l)—l—l ijzl qu-(n—l)—l—w

4s;-(n—1)+v — 1) Hw:v+1 4s;-(n—1)+w H’LU:U 4s;-(n—1)+w
<) : S ’ <y J
v=2

[Tw=1 ds;-(n—1)+w v=2 ITo=14s;-(n-1)+w
S; 1 1 S;

1

—1 ’ —1
v—2 H&:l 4s;-(n—1)+w 4s;-(n—1)+1 =9 Hz;:2 4s;-(n—1)+w
S;
4s;-(n—1)+1

— 07 as QSj-(n71)+1 — OQ.

g

Lemma 3.2 suggests the key observation that the @;-distribution nor-
mality of a member of ©g g is determined entirely by its digits (E,) in
base @), where n =1 (mod S;). Thus, we prove the following.

Lemma 3.3. For all j > 1, Sj11 divides L;.

Proof. We prove this by induction. The base case holds as L1 =l = sy1e.
Assume that S;|L;_1. Then

(3.1) Lij=Lj_1+S; —2 1 ( ];JV]Jrl )
J

Ly Ly
(3:2) = <2JVj+1 : fgjl> Sjsj = <23Vj+1 : g;) Sjt1-

= 2ij_1Vj+1Sj

O
Lemma 3.4. For all j > 1, l; is an integer, l; > js;, and Lj > vjiq1 — 1.

Proof. 11 = s1v is an integer. To show that [; is an integer for j > 2, we
write

Sj
which is an integer by Lemma 3.3. Since vj11 > 1, 2vj417s; — 1 > jsj.
Thus, by (3.3), [; > js;. The last assertion follows directly from (3.1). O

(33) lj = : (2j3jyj+1 - 1),

Definition. For a finite sequence z = (z1,..., 2,), we define the star dis-
crepancy DY = D} (z1,...,2,) as
A([0, ),
o [AO02) )

0<~<1 n
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Given an infinite sequence w = (wy, ws, .. .), we define
Dy (w) = Dy (w1, ws, ..., wy).
For convenience, set D*(z1,...,2,) = D} (21,...,2n).

Theorem 3.2. The sequence w = (w1, wa, .. .) is uniformly distributed mod
1 if and only if lim, o D} (w) = 0.

We will make use of the following definition from [8]:
Definition. For 0 < § < 1 and € > 0, a finite sequence 1 < 9 < -+ < TN

in [0, 1) is called an almost-arithmetic progression-(d, €) if there exists an 7,
0 < n < ¢, such that the following conditions are satisfied:

(3.4) 0<z1<n+dn;
(3.5) N—0<Tpt1 —Tp <n+onforl <n<N-1,
(3.6) l—-n—6m<zy<l1.

Almost arithmetic progressions were introduced by P. O’Neil in [16]. He
proved that a sequence (x,) of real numbers in [0, 1) is uniformly distributed
mod 1 if and only if the following holds: for any three positive real numbers
J, €, and €, there exists a positive integer N such that for all n > N, the
initial segment =1, xs, ..., T, can be decomposed into an almost-arithmetic
progression-(d, €) with at most Ny elements left over, where Ny < ¢/ N. We
will use the following theorem from [15]:

Theorem 3.3. Let 1 < 290 < -+ < xn be an almost arithmetic progress-
ion-(6,€) and let n be the positive real number corresponding to the sequence
according to Definition 3.2. Then

1 )

JE— + .
N 1+v1-62
Corollary 3.2. Let x1 < x5 < --- < xn be an almost arithmetic progress-
ion-(0,€) and let n be the positive real number corresponding to the sequence
according to Definition 3.2. Then Dy < % +9.

1
Dy < for 6 >0 and Dy < min <n,N) for d =0.

For j < k set

Se/Si—1
(EF,¢>(j,b,1+Sjn)> i
Yejrp=|—"—"—"—""
4¢(j,b,1+S;mn)

and let Dy, = D*(Yrjkp). Put

n=1

Yrj =Yrjj+11YF 5412 Yr 41,0 YR 421
X Yrjj+2,2- - YEjjt20.YFjj+3,1-

If we prove that Yp; is uniformly distributed mod 1, it will immediately
follow that zp € DN(Q;).
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Lemma 3.5. If F' € J and j < k, then Y i is an almost arithmetic
progression—(ﬁ, %) Thus,

1 S; 1 S;
=2 <928
S; Sk Sy SiSk T Sk
Proof. We verify only (3.5) as (3.4) and (3.6) may be verified similarly.
Note that

(3.7) D jnp < [Yrjksl +

EF¢(k,b,1+5,n) c

1+Sjn+i 1+Sjn+3 .

Se ST s, TsE|”
1+8in+1) 1 1+8i(n+1) 2
Sk 52’ Sk S2|

EF ¢(k,b,1+5;(n+1)) c
dp(k,b,14+S;(n+1))

Therefore,

Ergpirs;inr1)  Ero@kpi+sm) < (18 +1) N 2
Q(k,b,1+5; (n+1)) Aé(kp1+S;n) Sk S?

1+Sjn 1
( Si +S£>

s
Sy Sz
Similarly, it may be shown that

Eroep1+8,nt1) _ Erotpivsm o S 1

iy 2'
Qi (k,b,1+S; (n+1)) Qo (k.b,1+;n) Sk S}
. E N ,b, S (n E ) ,b, S:n
Thus, with n = ¢, we have n — dn < Foeb 145;0tl) | ZROS IS o
4¢(k,b,1+5;(n+1)) 9¢(k,b,14+5n)
N+ on. O

We will need the following corollary of Theorem 2.6 in Chapter 2 of [8].

Corollary 3.3. If t is a positive integer and for 1 < j < t, z; is a finite
sequence in R with star discrepancy at most €;, then

t
D* (zll . z’t) < Zimililzle
1 t = .
P EHEA

. s . . . . Liny—
For any given positive integer n and j < i(n), we can write n = % +

m;j(n), where m;(n) can be uniquely written in the form

Si(n)
S;

+ Bj(n),

mj(n) = a;j(n)
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with 0 < a(n) < litny and 0 < Bj(n) < M For j < t, define
Li/S;+ > ]+12lk+2w+z _
L;/S; +Zk_j+1lk-%’;+%w+z’
_ Li/S;+ ¥ Zit1 2l + 5¢/5;
o Li/Sj+ ¥ g+1lk'%+5t/sj.
The following lemma is proven similarly to Lemma 11 in [1].
Lemma 3.6. If1<j <t and (w,z) € {0,--- ,l;} x {0,---,S¢/S;}, then
fir(w, 2) < [4(0,5:/5;) = €.
Lemma 3.7. Suppose that j < i(n). Then
Dy (Yr;) < fiim)(aj(n), Bi(n)) < & in)-
Proof. This follows from Lemma 3.5, Corollary 3.3, and Lemma 3.6. O

fj,t(wv Z)

We will need the following basic lemma.

Lemma 3.8. Let L be a real number and (an)2>, and (by)22, be two
sequences of positive real numbers such that

an—ooand lim a—":L.

n—oo n

Then
ar+ag+...+ap

w50 by + by + ..+ by

Lemma 3.9. The limit limy_. €;4 is equal to 0.

=L

Proof. For 1 <k < j, putakfbk.f Fork>],setak:21+M;&€
and by = [}, - g—f + S’“%JS’“ Clearly, EN = % for t > j. Then

ak QZij + Skr1 — Sk < lij " Sk+1 — Sk
b lkSk+ Sk+1— Sk~ Sk 13 Sk
1 sp— 1 1 1

8j8j+1 """ Sk—1 U 5jSjt1- Sk—1 kK

by Lemma 3.4. Thus, the conclusion follows directly from Lemma 3.8. [
Theorem 3.4. If F € F, then xp € ;2 DN(Q;)-

Proof. Let j > 1 and F' € J. By Lemma 3.7 and Lemma 3.9, Yr; is
uniformly distributed mod 1. Thus, by Lemma 3.2, zr € DN(Q;). O

Theorem 3.5. If F' € J, then zp ¢ ;2 RN1(Q;).
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Proof. By construction, Er, # 0 for all natural numbers n and F € J.
Note that EFj, can only be equal to 0 if

S; S;
Z EF,Sj-(n—l)-l—v' H 4s;-(n—1)+w =0.

v=1 w=v+1
But this is impossible as Epg..(,—1)1v 7 0 for all v. Thus, Ep;, # 0 for
all j and n, so zr ¢ ;2 RN1(Q5). O

Corollary 3.4. We have the following containment

00,5 C [ DN(Qj)\RN1(Q;)-
j=1

We note the following theorem that is proven similarly to Theorem 3.8
and Theorem 3.10 in [13].
Theorem 3.6. The set ©¢ s is perfect and nowhere dense.

3.3. Hausdorff dimension of ©@¢g g. We will make use of the following
general construction found in [4]. Suppose that [0,1] =Ip 2 [; D I2 D ...
is a decreasing sequence of sets, with each I a union of a finite number
of disjoint closed intervals (called k™" level basic intervals). Then we will
consider the set NP2 ;. We will construct a set @/Q, g that may be written

in this form such that dimyy (0¢,s) = dimpg (@’Q,S).
Given a block of digits B = (b1, be, ..., bs) and a positive integer n, define
5@73 = {1‘ =0.F1Ey... wrt Q:E1=0b1,...,E = bs}

Let P, be the set of all possible values of E,(z) for x € ©¢ s. Put Jy = [0,1)
and

Jo= U 8o
BEHZ:1 P
Then Jy, C Ji—1 forall k > 0 and O¢g s = Ny Jk, which gives the following.

Proposition 3.1. The set ©¢g g can be written in the form NFZJy, where
each Jy is the union of a finite number of disjoint half-open intervals.

We now set I;, = J, for all £ > 0 and put @’QS = N2 o1k Since each set
Ji, consists of only a finite number of intervals, the set Ij\Jj is finite.

Lemma 3.10. For all Q and S, we have dimg(©q,s) = dimg (9,62,5)'
Proof. The lemma follows as O, ¢\Oq,s is a countable set. O

We need the following key theorem from [4].
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Theorem 3.7. Suppose that each (k — 1) level interval of Iy, contains
at least my, k" level intervals (k = 1,2,...) which are separated by gaps of
at least €, where 0 < exy1 < €k for each k. Then

log(mima - --my_1)
— log(mpex)

o.9]
dim g ( N Ik> > lim inf
k=0

Theorem 3.8. Suppose that Q is infinite in limit and

k—1
(3.8) logqr = o (Z log qn> .

n=1
Then dimp (©q,s) = 1.

Proof. We wish to better describe the k™" level basic intervals Jj, in order
to apply Theorem 3.7. We note that when a(k) > 1, each k" level basic
interval is contained in

for some (F1, Eo,--- ,Er_1) € Hﬁ;ll P,,. Thus, by Lemma 3.1, there are at
least q;:}/ ik=1) kth Jevel basic intervals contained in each (k — 1) level

basic interval. By (3.9), they are separated by gaps of length at least

2 B Bt 1 k) 1
> + + : + —
1 e Qe Qr—1 g1t Qr—1 a(k)  a(k)
=1 E, 1 k) 1
(> " , L
g qege—1 \a(k) o a(k)
(Bp1+1) = Ep 1 1 1-1/a(k)?

Q- Qh—1 q - qr—1 a(k)
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Thus, we may apply Theorem 3.7 with m;, = qi:}/i(k—l) and e — %
But 1 —1/a(k) — 1, so
k—1 1-1/i(n)
dimpOq,s > lim inf 10? [l dn 1
oo _ — 5
> —log ((q FREY
im i Enst (1 - ﬁ) log ¢,
= lim inf — :
heo Zn:l lOg qn — (1 - Z(T)) lOg qk
k—1 1
—1 (1~ 7 ) log g
— lim inf == (k_l 1<n)> n_
heo Zn:l log qn
by Lemma 3.8 and (3.8) since
1- s log qr—1 .
k—o0 log qr—1 300 Z(k)
Thus, dimyOq,s = 1. .

Clearly, every 1-convergent basic sequence satisfies (3.8). So, part (2) of
Theorem 1.1 follows by Corollary 3.4 and Theorem 3.8.

4. Further Remarks
We observed after Lemma 3.2 that it was key to be able to approximate
% forn =1 (mod S;). Part (2) of Theorem 1.1 can be extended to a larger
intersection of sets of the form DN(Q)\RN7(Q) by estimating % forn=r
(mod S;), r = 0,1,---,5; — 1. Given Q = Q1 ~, Q2 ~s, Q3---, define
Qjk = (¢ kn) DY
?:1 qj ifn=1
Qj,k,n = )
Hj‘:l As(n—1)+j+k ifn>1
so @j = Qjo. With only small modifications of the preceeding proofs, we
may conclude that

0o Sj—1

00,5 G [ [ DN(Qjk)\RN1(Qjpx)

j=1 k=0
and

0o Sj—1
dimpy (ﬂ N @N(Qj,k)\RNl(Qj,k)) =1

j=1 k=0
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The techniques introduced in this paper are unlikely to settle the following
questions. For an arbitrary countable collection of infinite in limit basic
sequences (@), is it true that

dimH m @N(Q])\RNl(Q]) =17
j=1
A more difficult problem would be to construct an explicit example of a
member of (;2; DN(Q;)\RN1(Q;). The problem gets much harder if we
loosen the restriction that (); is infinite in limit. In fact, it is still an open
problem to construct an explicit example of a member of DN(Q) for an
arbitrary Q. See [9] for more information.
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