URNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

On special values of standard L-functions of Siegel cusp eigenforms of
genus 3

Tome 27, n° 3 (2015), p. 727-744.
<http://jtnb.cedram.org/item?id=JTNB_2015__27_3_727_0>

© Société Arithmétique de Bordeaux, 2015, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.cedram.org/), implique 1’accord
avec les conditions générales d’utilisation (http://jtnb.cedram.
org/legal /). Toute reproduction en tout ou partie de cet article sous
quelque forme que ce soit pour tout usage autre que I’utilisation a
fin strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2015__27_3_727_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 27 (2015), 727-744

On special values of standard L-functions of

Siegel cusp eigenforms of genus 3

par ANH TUAN DO et KiriLL, VANKOV

RESUME. Nous calculons explicitement les valeurs spéciales de la
fonction L standard L(s, Fi2, St) aux points critiques s € {—8, —6,
—4,-2,0,1,3,5,7,9}, ot Fjo est l'unique forme parabolique (&
un scalaire pres) de Siegel, de degré 3 et de poids 12, qui a été
construite par Miyawaki. Ces valeurs sont proportionnelles au pro-
duit des normes de Petersson du carré symétrique de la fonction A
de Ramanujan et de la forme parabolique de poids 20 pour SLy(Z)
avec un facteur rationnel et une certaine puissance de 7. Nous uti-
lisons la méthode de Rankin-Selberg et la projection holomorphe
pour calculer ces valeurs. A notre connaissance, c’est le premier
exemple d’une fonction L standard d’une forme parabolique de
Siegel de degré 3 ou les valeurs spéciales peuvent étre calculées
explicitement.

ABSTRACT. We explicitly compute the special values of the stan-
dard L-function L(s, F12,St) at the critical points s € {—8,—6,
—4,-2,0,1,3,5,7,9}, where Fijs is the unique (up to a scalar)
Siegel cusp form of degree 3 and weight 12, which was constructed
by Miyawaki. These values are proportional to the product of the
Petersson norms of symmetric square of Ramanujan’s A and the
cusp form of weight 20 for SLy(Z) by a rational number and some
power of w. We use the Rankin-Selberg method and apply the
Holomorphic projection to compute these values. To our knowl-
edge this is the first example of a standard L-function of Siegel
cusp form of degree 3, when the special values can be computed
explicitly.

1. Introduction

In the remarkable paper [10] I. Miyawaki considered certain Siegel cusp
forms of degree 3, and on the basis of some numerical calculations, he
was able to make interesting conjectures about the degeneration of the
standard and spinor L-functions associated to such cusp forms. Several
years later T. Tkeda [7] proved Miyawaki’s conjecture related to the standard
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L-function. Basically, he was able to construct an explicit lifting from Siegel
cusp forms of degree r to Siegel cusp forms of degree r 4 2n. In particular,
it turns out that the cusp form of degree 3 and weight 12 is a basic example
of this lifting (for r = 1,n = 1).

Recall that Miyawaki constructed his numerical examples by means of
theta functions with spherical functions. Namely, let Eg be the unique even
unimodular lattice of rank 8 i.e.,

2r; € Z(i=1,...,8),
By = '(x1,...,28) €R® |y + -+ a3 €22,

xi—:UjEZ
and
1 0 02z 00 OO
@=10 1 0 0 ¢« 0 0 O
00100 2 0O

be 3 x 8 matrix. Then the theta series

Fio(Z) = > R(det(Q- (v1,09,09))%) exp (wior((vi, 1)) Z)

v1,v2,v3€ Eg

=Y a(N)exp(2mic(NZ))
N>0

is a cusp form of weight 12 with respect to Sp3(Z), where ((v;,v;)) denotes
the matrix composed by the entries, which are the scalar product of two
vectors v; and vj, Z € $3, o is the trace operator, and

Sp,,(Z) = {M € Maton(Z) | M (f{n Ig)tM - (j;n Ig)} ,
9 ={Z="2=X+iY | X,Y € Matg(R), ¥ >0} .

Therefore, the explicit Fourier expansion can be computed

111 3014
313 100 013
11 (010) 119
Fio=1-q\22 +164 - g\001/ 41328 - g \2 2
0 2
0 i
1 1

1
2
1

DO

) — 131776 - q( ) — 6816512 - q<§§§) L

The purpose of this note is to show that at each critical point s one can
provide the explicit rational number R(s) and power of 7 such that

(1'1) L(Sv Fia, St) = R(S) e <A, A> <9207920>a

where A is Ramanujan’s discriminant cusp form and ggq is the cusp form
of weight 20 of level 1.
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The functional equation for a standard L function in general case is
proved by Bocherer [1]. For Fis it is as follows:

U(s, F19,St) = ¥(1 — s, Fy9,St),
where
U(s, F12,S5t) = 7(s) L(s, F12,St),
v(s) = C 273 r=Ts/2T (#) (s +9) [(s +10) (s 4 11)

with some non-zero constant C'. Critical points for L(s, Fi2,St) in the sense
of Deligne [4] are s € {—8,—6,—4,—2,0,1,3,5,7,9}. In particular, gamma
factor v(s) on the left hand side of the functional equation and v(1 — s) on
the right hand side is finite at these points.

Due to Miyawaki and Ikeda

L(S, F12, St) = L(s + 11, A® A) L(S + 10, ggo) L(S + 9,920) .

This theorem is the starting point of our investigation. We compute the
result in two steps: first, compute L(s + 11, A ® A) for all points we are
interested in, and then compute L(s+ 10, g29) L(s+9, g20). We use Rankin-
Selberg method to represent the L-funcion of multiplicative convolution
as an integral over a fundamental domain, which can be written in terms
of the Petersson scalar product. And, in order to compute it, we use a
holomorphic projection.

To our knowledge this is the first example of a standard L-function
of Siegel cusp form of degree 3, when the special values can be computed
explicitly. The case of spinor L-function was treated in our other work [2].
The authors are very grateful to Alexei Panchishkin for intensive and en-
couraging discussions, this work was undertaken due to his keen interest
into the subject.

2. Generalities and notation

Let 5 = {z € C | &(z) > 0} be the upper half-plane. For a positive
integer k£ and a Dirichlet character xy modulo a positive integer N such
that x(—1) = (—1)*, we denote by My (T'o(N), x) the vector space of all
holomorphic modular forms f(z) of weight k satisfying

FO(2)) = x(d)(ez + ) (2) for all 9 = (¢ 7) € To(V),

az+b
—.a
cz+d

To(N) = {(‘CI Z) €SLy(Z) | c=0 mod N}.

where the variable z € §, v(z) = nd
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We denote by Si(V, x) the subspace of My (To(IN), x) consisting of all cusp
forms. Every element f of My (I'o(N), x) has a Fourier expansion

n=0

where g = exp(2miz) and a(n) are complex numbers in general.
The L-function associated to f is defined as

n=1

More generally, with an arbitrary Dirichlet character w, the twisted L-
o

function is defined as L(s, f,w) = Z a(n)w(n)n~°. These L-functions can

n=1
be also written in the form of Euler product:

Lis,/)= [] A=ap)p®+x@p~"2)",

p prime

L(s, f,w) = ] (1—a@)wp)p™®+x@)wp)*p* ' 7>)".

p prime

Next, the Dirichlet L-series for any character y of conductor N is given by
oo

(2.1) L(s,x) = 3 x(n)n*
n=1

and its Euler product

1

(2.2) L(s,x) = H W

ptN
In the case, when yx is the identity Dirichlet character, the latter series is
[ee]
. . 1
Riemann’s zeta function ((s) = E et

n=1
Let g(z) = > 02ob(n)q¢" € M;(I'g(N),€) be another modular form of

weight | with Fourier coefficients b(n). The L function associated to two
modular forms f and g is given by the additive convolution

L(s, f,g9) = Z a(n)b(n)n=*.
n=1

Another type of L-functions associated to two modular forms is so-called
Rankin’s product L-function (multiplicative convolution). It is denoted by
L(s, f ® g) and defined as (see [14, page 786]):

(2.3) L(s,f®g)=Ly(2s+2—k—1,x)L(s, f,9),
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where L-function Ly(s,w) with a Dirichlet character w modulo N is de-
fined, as usual, in (2.1) with w(n) = 0 for (n, N) # 1, and the Euler factors
n (2.2), corresponding to the prime divisors of a number N, have been
omitted. Note, that in the case, when f and g are cusp eigenforms, the left-
hand side of (2.3) is an Euler product of degree 4 in view of the following
Lemma:

Lemma 2.1 (Lemma 1, [14]). Suppose we have formally

S Awyn~* = T[[(1 - app)1 = ap™)]
n=1 p

-1

and
-1

i B(n)n™*% = H {(1 — Bpp ) (1 — 5;/317_8)}
n=1

P
Then

i A(n)B(n)n™*% =
n=1
H 1— OLO/BBIP_ZS
o (L—app=s)(1—af'p=*)(1 —o/Bp~*) (1 — «/B'p~*) |

In the case when f = g, we introduce the convoluted zeta-function of f
with itself by defining Euler p-factor as

Lp(s, f@f)=1-afp®) ' (1 —aiagp™™) " (1 —azp™®)~!
=(1—p )T A —afp) T (1 —adp) Tt
Then the zeta-function L(s f ® f) is defined by
s,f®f)= H Ly(s, f® [).

Therefore, it is related to the addltlve convolution by
C(2s+2—-2k) X s
e Za(n)n .

n=1
For two elements f,h € M (Io(IN)) such that the product fh is a cusp
form, the Petersson inner product (f,h) is defined as

(2.5) (fih) = S / FE h(2)y* 2 dady,

where z = x + iy, Py is a fundamental domain for $) modulo I'y(N) and
the bar denotes the complex conjugate. We also define (f, h) by (2.5) for
nearly holomorphic modular forms f and h on $) whenever the integral is

(2.4) L(s, f® f) =
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convergent (see [15, section 8.2] for definition and properties of the nearly
holomorphic modular forms).

We also briefly recall the definition of standard L-function for modular
forms of arbitrary genus. Let f € MJ}(N,) be an eigenfunction of all
Hecke operators f —— f|T,T € Lj(N) with ¢ being prime number, ¢ { N,
so that f|T'= A¢(T) f. Then the number A¢(T") € C define a homomorphism
Af : L — C which is uniquely determined by (n + 1)-tuple of numbers

(a0, a1, . an) = (a0,£(a), @1,5(); - - -, o, p(q)) € [(C)" ]

which are called the Satake g-parameters of the modular form f.
Now let the variables Ty, 11, . .., T, be equal to the corresponding Satake
g-parameters ag,r(q), 01,7(q), - .., an, r(q) then

n

Ryq(2) = H(l —a; ') (1 — ai2) € Q! ..., o).

=1

The standard zeta function of f is defined by means of the Satake p-
parameters as the following Euler product:

s, f,8t,x) = [] L'V (s, f. St x)
gtN
with
L9D(s, £,5t,x) = (1 - x(0)¥(0)a~*) " Ry (x(@)¥(q)g*) ",
L(S7 f7 St7 X) =

H((l—m)ﬁQ_W) (1_X(p)06i(p)1>>_1‘

p p* p*

3. Computation of L(s, A ® A)

The first term L(s + 11,A ® A) is the symmetric square of cusp form
A by the mean of (2.3). This L function has been already studied in de-
tails by Rankin, Zagier, Li, Sturm and others. Using formulas from [12]
and [17, page 116] we have the values of L(s, A ® A) at the points s €
{12, 14,16, 18,20}. The values at points s € {3,5,7,9,11} can be obtained
from the functional equation (see [8])

D*(s,A) = D*(23 — 5, A),

where

D*(s,A) =27 n 20 ()T (3510) L(s, A @ A).

The results available online in supplementary materials [5, Section 1].
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4. The expression for L(s,g20)L(s — 1,g20)

We compute the product L(s, g20) L(s — 1, gog) at points critical points
of L(s, Fi2,St) (note the shift by 10) s € {2,4,6,8,10,11,13,15,17,19} in
two steps. The idea is to present the product L(s, f) L(s — 1, f) as an L
function of the Rankin convolution of f with appropriate Eisenstein series
and to use Rankin-Selberg method to relate the obtained expression to the
Petersson inner product.

Let gog € S29 be the cusp form of weight 20 of level 1:

o0

g20(z) = Y a(n)q"

n=1

= ¢ + 456¢° + 50652¢> — 316352¢* + 2377410¢° — - - -

and its associated L-function is

[e.9]

L(s, g20) Z

Assume 1 — a(p)X +p?X? = (1 — 0 X)(1 — a},X), then oy + o}, = a(p),

1 _ 519
apay, = p7, and

(4.1) L(s, g20) = [J((1 = app™) (1 = app™)) "

Let

Ga(z :_74_2

1
:—ﬂ+q+3q +4¢° + 7¢" + -

where o1(n) = >4, d is the divisor function defined as the sum of the
divisors of n.
Consider the Eisenstein series (see [9, Corollary 7.2.14])

Gop(2) = Ga(2) — pGia(pz) = L 4 Z > dq",

n=1d|n,pld
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of weight 2 for I'y(p) and the corresponding L series

(s,Gap) = Z Z dn*

n=1 d|n
pid

> d(ddy)”

d,d1>1
ptd

— Zdl_s Z d;s
d?é di>1
p

=(1=p'7)¢(s = 1)((s)-

Let us put p = 2, then consider the following holomorphic modular form
of weight 2 and level 2

GQ’Q(Z) = GQ(Z) — 2GQ(2Z)

1
= —+q+¢+4¢°+¢* +6¢° +4¢° +-

24
and
L(s,Ga) = (1 =2"7°)¢(s = 1) {(s).
Note,
G22—Zb n)q" € Mz(To(2),6)
with

1, if n odd;

0, if n even.

§(n) = (1 mod 2)(n) = {

Similarly to (4.1), consider Fourier coefficients and the decomposition

(s,Ga) = Zb
=(1-2"7")¢(s = 1)¢(s)

=1 -2 [J(a-p") @ —p) 7"

p
H 1 _/Bpp B/pis))ia
p

where 5(p) = 1 for all p, /(2) = 0 and '(p) = p for all odd primes.
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Recall Lemma 2.1 and consider gop and G22 in its context. By definition
(2.3) and using Lemma 2.1 with k£ =20, [ =2, N = 2, x = 1 we obtain

L(s,920 ® G2,2) = L2(25 +2 — 20 — 2,v) L(s, g20, G2,2)

=]« p20-25) =L, Z a(n)b(n)n™*
pF£~2 n=1

_ H 20 2s
p#2

y H ap /prﬁl —2s
S (1= apfBpp*) (1 — apﬁpp (1 = apByp=*)(1 = ap,B,p~*)
1
T (1= a2 9)(1 — b2

1
X
pl;IQ (1= app™#)(1 — app=*)(1 — app!=#)(1 — g pl~%)
~11 : 11 :
5 (L= app™)(1 — app™) i (1 — app!=#)(1 — appl=*)

= L(s,920)L(s — 1, 920) (1 — a(2)2' ~° + 2192>7%)
= (1 —456-2'7% 4 22172 (s, g99) L(s — 1, gap).
Finally, we obtain the following identity

L(s, g20 ® G22)
(1 — 456 - 21-s + 221—23) .

(42) L(S,ggo)L(S - 1,g20) =

5. Computation of L(s, g20 ® G2,2)

Now we express L(s, g20 ® G22) (at integer points) as a multiple of Pe-

tersson inner product (g20, g20). Put g39(2) = g20(—2) = X a(n)q". We use
Shimura’s formula [14, (2.4)]

L(s,920 ® G2,2)
O
2F(8) Py
(5.1) = ;?E)S)A) 950(2)G 2,2)(2) Bag a(z, 5 — 19,€)y" Py Pdady
_ (4m)°[SLa(Z) : To(2)]
B 20 (s)

(g20(2), Hol(Ga2,2(2)y" E1s 2(z, s — 19,€)))

930(2)G2,2)(2) E1s (2,5 — 19,&)y* ' ddy

(920(2), G2.2(2)y"" Frga(z, s — 19,€))
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where (f, g) is the Petersson inner product (2.5), ®5 denotes a fundamental
domain for I'g(2)\$, z = x + iy,

E\xn(z,8,8) = Z £(n) (mNz +n) " mNz +n|%,
(m,n)
>~ denotes the summation over all (m,n) € Z2, (m,n) # (0,0), Hol(F) is
the operator of holomorphic projection (see [3, (2.148)]). It is defined so,
that (f, F) = (f,Hol(F)) for all f € Sy(N, ).

In order to compute the holomorphic projection of the product in the last
identity of (5.1) Hol (Gz,z(z) (4my)s TR By 9o(z,s +1— k,{)) we need
the explicit Fourier coefficients of the product G 2 Ej_3 2. The holomorphic
projection belongs to the space of cups forms of weight 20 and level 2. It is a
4-dimensional space, therefore we need at least four Fourier coefficients of it
in order to identify it in a fixed basis. The Fourier coefficient of G 2(2) are
known. The Fourier expansion for Ej_s2(z,s+1—k,§) can be obtained in
a convenient form using the Whittaker functions by applying the following
proposition:

Proposition 5.1 (Proposition 2.2, [11]). Suppose that s,l € Z are two
integers satisfying s < 0 and s +1 > 0, then there is the following Fourier
expansion:

E; n(2,8;a,b) =0 (;) [C(l+2s;b,N) + (—1)“‘25 C(l+2s;—b,N)]
(—2mi)! 2 (—1)* T (1 + 25 — 1)
(4my) 25— L NT(1 + s) T'(s)
X [C(1+25—1;a,N)+ (=1)F25¢(1 + 25 — 1; —a, N)]

(—2mi)! 25 (—1)°
NIH+25T(] + s)

T 4 dd/ midd z
X Z sgn(d) d' 2571 e W( il y,l + 5, 5) e

N
dd’'>0
d'=amod N

where 6(x) = 1 if x is an integer, §(z) = 0 otherwise, and
((s;a,N) = Z n~*®
0<n=a(mod N)

denote the partial Riemann zeta function (defined if necessary by analytic
continuation on s).

In this Proposition the Eisenstein series E; x of weight [ are defined as

E; n(2,5;a,b) = Z(cz +d)Yed +d|7%,



On special values of L-functions of Siegel cusp forms of genus 38 737

where (¢,d) = (a,b) (mod N) and (¢, d) # (0,0), a,b € Z/NZ.
In order to apply the above proposition for our case, we note that
E18,2(Z7 s+ 193 5) = E18,2(Z7 s — 197 07 1) ’
k=20, 1<s<19, a=0, b=1, N=2, [=18,

5(5) =1,
((5:0,2)= Y n¥=> (2n)"° =27((s),
0<n=0(2) n=1
((5:1,2) = Y n¥=((s) —((5:0,2) = (1 —27°)¢(s).

0<n=1(2)

The Whittaker function W (y, a, 8) is defined as

Wi, =6 [ k)t e a

for y > 0, a, B € C with R(S) > 0 and for arbitrary a and ( this function
is defined by the analytic continuation and the functional equation:

W(ya O‘aﬁ) = yl—a—ﬂ W(y71 - Ba 1- Oé) .

For a non negative integer r, we have

Wy, a,—1) = ~ il
(y ) go Mo Y

Now we write the explicit expansion for the even weight | = k — 2 (when
k is even) at the point s + 1 — k:

(47Ty)s+1_k Ek,’—?,?(za s+1-— ka g)
= (4my)*t1F (2 C(k—2+2(s+1—k);1,2)
(—2mi)k= 242 =R ()P ( — 24 2(s + 1 — k) — 1)
(dry)k=2+2(s+1-k)~19(k =2+ s+ 1 — k) T(s + 1 — k)
x2C(k—2+2(s+1—k)—1;0,2)
(5-2) (_27”')k—2+2(s+1—k) (_1)s+1—k
* k=242 H1-K)T(k — 24+ s+ 1 — k)

% Z Sgn(d) dk72+2(s+1fk)71 eﬂ'id

dd’' >0
d’=0mod 2

!
" W(47Tcédy

,k:—2+s+1—k:,s+1—l<:)emdd'z).
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The first term of (5.2) becomes

(4my)* TR 2¢(k -2+ 2(s+ 1 —k);1,2)
= 2(4my)* TR (1 =282 (25 — k).

The second term of (5.2) becomes

spik (2m)P TR (=1 FRD(2s — k- 1)
(4my)2s—k—12T(s — 1) T(s + 1 — k)
. (27T)25_k (_1)s—k/2 (_ )s+1—k F( s—k— 1)
(4y)” T(s—1)I(s+1—k)
x 2kH1=25 (25 — |k — 1)
2w R ()R (25 — K —1)C(25 —k — 1)
[(s—1)T(s+1—k)

(47y) 2¢(2s — k — 1;0,2)

= (4my)?

The last term of (5.2) contains the sum over all d and d’ such that the
product dd’ is positive and d' = 0 (mod 2). Let us write d = 2d; and
break down the summation in two parts, one for positive d and another for
negative d. We also substitute dd; by n. Therefore,

S sen(d)d* e W (2ndd'y, s — 1,5 + 1 — k) e

dd’'>0
d’=0mod 2

= Y R ()W (4nddiy, s — 1,5 + 1 — k) e2mi0h*

d>0
d1>0

+ Z D d® (D)W (Anddyy, s — 1,5 + 1 — k) e?7iddrz

d<0
d1<0

—ZZd%kl VAW (4mny, s — 1, s +1 — k) ¢"

n>0 d|n

+ Z 25 k— ldQS k— 1( 1)d W(47Tdd1y,8—178+1—k) eQTriddlz

d>0
d1>0

—ZZd2S k=1 W(47rny, —1,s+1-k)¢"

n>0 dln

YN @ () W (dmny, s — 1,s + 1 — k) ¢"
n>0 d‘n

—2ZZd2S ML) AW drny, s — 1,s +1— k) ¢"

n>0 d|n
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The last term of (5.2) becomes
(_1)1—k/2 9 25—k
I'(s—1)

Z Z(fl)d d*F LW (drny,s — 1,s +1— k) ¢".
n>0 d|n
To abbreviate the following manipulations we introduce some notations.
Let
Ch(s) = (—1)1F2 2725 k(25 — k —1)¢(25s — k — 1)
0 [(s—1)T(s+1—Fk) ’

Cll(s) = 2(1 - 252) (25 — k),

k/29 (1 4 g2s—k—1y 2=k
Cy(s) = (—1)M/2 (2 — 925~k _ gls=2k—1y p2s—k
then (5.2) can be written as
(4my) ' B ga(z, s + 1k, €)
= 06 (47Ty)2fs + C(')’ (47ry)s+1fk
W(4my,s — 1,5 +1— k)

+C TGo1) (4my)*tFq

L0y W(Sﬁya;(; 17 i)‘i‘ 1—k) (dry)>H1F g2
I ISR P

e W(167ry7;(;_1718)+ 1—k) () kgt g

To find the image of the projection operator as a g-expansion Hol(F') =
> An(s)g™ we apply the Holomorphic Projection Lemma [6, Proposition
(5.1)] (the Lemma is originally due to Sturm [16]). We denote the Fourier
coeflicients of the product inside of the holomorphic projection operator by

An(s,y):
F(Z> S, y) = G2,2(z)(47ry)s+1_kEk—2,2(zv s+ 1- ka 5) = Z Avn(sv y)qn

It should be noted, that the relevant polynomial decay hypotheses of the
Lemma is satisfied for all actions on Ej_22(z,5+1—k,&)|y of v € SLy(Z)
and at each critical point s, see [11, (2.3)].

Consider the case of weight k& = 20. Recall that the holomorphic projec-
tion belongs to the space of cups forms of weight 20 and level 2, which is a
4-dimensional space. This space can be spanned by the the following four
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modular forms: gog(2), g20(22) and the orthogonal subspace of newforms
1 2
hsga(2) and h, (2):
g20(2) = q + 456 ¢* + 50652 ¢* — 316352 ¢" — 2377410¢° + - - ,
920( 2) = ¢ + 456 ¢* + 50652 ¢° — 316352¢° + - - - ,
20 Vo(2) = ¢ — 512¢% — 13092 ¢® + 262144 ¢* + 6546750 ¢° + - - - |
) =

20 2 (2) = q+512¢% — 53028 ¢ + 262144 ¢* — 5556930 ¢° + - - - .

Consider the linear combination
Hol(F)(2) = K1 gao(2) + K2 g20(22) + K3 higo(2) + K4 higy(2) .

Coefficients K; = K;(s) can be found explicitly by comparing the Fourier
coefficients (we also do not indicate the dependence of A; from s to abbre-
viate the notation):

A=K 1+ Ky -0+ K3-1+Ky-1

Ay =Ky -456 + Ky -1+ K3 - (—512) + Ky - 512

Az = K1 - 50652 + Ko - 0+ K3 - (—13092) + Ky - (—53028)

Ay = K - (—316352) + Ky - 456 + Ks - 262144 + K, - 262144 .

(5.4)

Resolving the system of linear equations (5.4), we obtain

o _ 13A4+ 15245 + 592845 + 8432992A1
1= 22947840
422944 + 2410443 + 940056 A, — 31 1728736A1
(5.5) 2= 2868480 ’
344+ 1645 — 13684 + 7624324,
37 2039808 ’
o _ —A1— 1645 145645 + 2861444,
1= 1105920 '

Recall that the computation of the Fourier coefficients of the Holomorphic
projection is given by the formula [6, Proposition (5.1)]:

Arm)k-1 oo _drmy b
Am(S)Z((,C_)Q)!/O Am(s,y) e 452 dy
1

- (& —2)! /OOO Ap(s,y) e ™™ (4rmy)*=2 d(4mmy) .

(5.6)

The explicit computations of A,,, and K, are given in online supplementary
materials [5, Section 2].
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6. Result for L(s + 10,g20)L(s + 9,920)

Recall that in each critical point s € {-8,—6,—4,-2,0,1,3,5,7,9} of
the standard L-function L(s, Fi2,St) according to (4.2) we compute two
factors, one of which is L(s+ 10, g20)L(s+9, g20). We consider the product
L(s,g20)L(s — 1,g90) at points s € {2,4,6,8,10,11,13,15,17,19}. In the
Section 4 we established the formula

L(s,920)L(s —1,920) =

Later, we found that

L(s,g20 ® G22)
1= 456 - 215 + 22125

3
L(s, 920 ® Gop2) = 3

2 F(S) <920(Z)7HOZ(F(ZaS7y))>>

where
F(z,5,y) = Ga(2)(4my)* P Eig p(2, 5 — 19,€),
We computed coefficients K (s), Ka2(s), K3(s) and Ky(s) so that

Hol(F)(2) = K1g20(2) + K2920(22) + Kshl)(2) + Kahy(2).

Both forms h%)g(z) and hg%)g(z) are orthogonal to gag, therefore their Pe-
tersson inner product with gog is zero. We compute the Petersson inner
product (g20(2), g20(22)) using the trace operator (see [13, paragraph 3.1]).

Recall that if we identify a modular form f of weight k& with its ¢-
expansion, we have

f(mz) = f(2) eV (m) =m™2 f2)| (7 9)
In our case f(2) = g20(2), k = 20, m = 2. Consider v € I'g(2)\SL2(Z). The
summation over all v gives

(920(2); 920(22)) = 270 < To(2)] 7' Y {g20(2) |7, 920(2)| (§§) )

= 2710371 <g20(2)7Tf(2) (920(2) (3 ?))> '

The trace operator Tr™) : My (To(N)) — My (SLa(Z)) is defined by the
action f — Z flry- We have
v€lo(N)\SLa(Z)
T (g20(2)| (39)) = 27° Ta(g20)
where T5 is the Hecke operator, therefore,
(920(2), 920(22)) = 2717 - 371 - 279 (gao(2), Ta(g20(2)))
= 271919 (goo(2), go0(2))-

Therefore,
(g20(2), Hol(F(z,5,y))) = (K1(s) +27'%-19 - Ka(s)){(g20(2), g20(2))
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The explicit values of the product L(s+10, g20) L(s+9, g20) for each critical
point s are given in online supplementary materials [5, Section 3].

7. The main identity

Combining the above results into the original expression (1) we get the
final result

L(S,Flg,st)
=L(s+11,A® A) L(s+ 10, g20) L(s + 9, g20)

_ R(A) 7T(A) Rggm)) 7T(gzo) <A, A) <920, g20>

S S S

a3 (4m" (Ki(s) +2719-19- Ky(s))

_ p®) (a3
R S Tls+10) 1—456.295 4212

(A, A) (920, g20)-

where RgA), &) were computed in Section 3 and K (s), K2(s) were com-
puted in Section 6.
For each critical values s € {—8,—6,—4,—-2,0,1,3,5,7,9} we evaluate
the final expression in the form
L(s, F12,5t) = Rs s (A, A) (g20, g20)
with the rational coefficient Ry factorised in primes and the correspond-
ing power of . We also provide approximate numerical values (Petersson

inner products evaluation is provided in online supplementary materials [5,
Section 4]).
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s R s | numerical value
—1-231.17-11411 - 1207259 6
- -903525.8071
8 35 7T 11361 0 | -903525.807173
—1-2%26.47.791797 .
- -14105.832
6 3 17113 m 05.832863
224 . 392033
—4 18 728.260808
35.53.7.17-19 T
—1-2%6.479903
—2 24 -24.122802
38.53.73.13-17- 157 T
222 . 5779
0 30 3.485667
313.54.73.11-13 T
225. 2269
1 34 1.901053
314 .54.73.112.13 - 17 T
240 42
3 1.156624
316 .56 74.113.132- 17 T
240 5
5 1.029466
320.58.76.11.133 .17 T
240 "
7 323.510.76.1712.132. 172 T 1.006025
221.9413 - 6782351 o6
1.
) 323 . 51078 114.13%4.172-19.61 000909
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