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Séminaire de Théorie des Nombres,
Bordeaux, 1, 81-87 (1989)

The k-dimensional Duffin and Schaeffer conjecture.

par A.D. POLLINGTON AND R.C. VAUGHAN

Résumé — Nous montrons que la conjecture de Duffin et Schaeffer est
vraie en toute dimension supérieure a 1.

Abstract — We show that the Duffin and Schaeffer conjecture holds in all
dimensions greater than one.

In 1941 Duffin and Schaeffer [1] made the following conjecture:

CONJECTURE. Let {ay} denote a sequence of real numbers with

1
0< -
La, < 2
then the inequalities
(1) |nz —a| < an, (a,n)=1,

have infinitely many solutions for almost all z if and only if

(o]

2) Z anp(n)

n
n=1
diverges.

If (2) converges then it easily follows from the Borel-Cantelli lemma that
the set of z’s satisfying infinitely many of the inequalities (1) has Lebesgues
measure zero. Duffin and Schaeffer gave conditions on the a, for which the
conjecture is true and showed that the condition (a,n) = 1is necessary. In
1970 Erdés [2] showed that the conjecture holds if a;, = £ or 0. This was
later extended by Vaaler [6] who showed that a, = O(%) is sufficient. In
his book on metric number theory [5] Sprindzuk considers a k-dimensional
analogue of the conjecture in which (1) is replaced by

(3) max(|zin — a1],...,|zkn — ax|) < an (ai,n)=1, i=1 .,k

Manuscrit regu le 2 décembre 1988



82 A.D. Pollington and R.C. Vaughan

and (2) by

(@ 5o (et

n=1

where the measure is now k-dimensional Lebesgues measure. He states that
the study of such approximations subject to the conditions (a;,n) =--- =
(ak,n) = 1 is probably a problem of the same degree of complexity as the
case n = 1. This appears not to be the case. For we can now prove the
k-dimensional analogue of the Duffin and Schaeffer conjecture.

We prove the following result:
THEOREM. Let k > 1 and let {ay} denote a sequence of real numbers with

1
Osan<§

and suppose that

o o)

an‘P(n) k

$o(@nel

n=1
diverges. Then the inequalities

max(|z1n — a1l,...,|zkn — ak]) < an  (ai,n)=1, i=1,..,k

have infinitely many solutions for almost all z € RF.

Unfortunately our method does not readily extend to the case k = 1. We
are able find some more sequences {ay,} for which the conjecture holds, for
example if @, = 0 or 1 € a,, but not to settle the dimension one case.
In the k-dimensional case, k > 2, Vilchinski has previously shown that we
may take a, = O(n~7) for any v > 0.

Put
E,=EY x ... x EP
where
i a; —0n i+ 0n
© B | (Rt
1<a;<n n n
(ai,n)=1

Then E, is the set counted in (3) and
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®) M(En) = (2220

Thus (4) becomes

() Y Me(En)
k=1

diverges.

We are interested in

® Ak(ﬁ 0 E)

m=1n=m

By an ergodic theorem of Gallagher [3], see Sprindzuk [5], this is either
zero or one. Gallagher proves his result for dimension one. The correspon-
ding k-dimensional result is proved by Vilchinski [7]. In order to prove the
theorem it therefore suffices to show that (8) is not zero.

Since (7) diverges, and Ax(E,) — 0 as n — oo, given any 1 > > 0, for
every N we can find a finite set Z so that if 2 € Z then 2 > N, and

(9) 7 <AZ)= 3 M(Ea) <1
n€zZ

By the Cauchy-Schwarz inequality

(Ep Ak(Bn))®
(10 M (UE) 2 Sn s (B NER))’

this is Lemma 5 of Sprindzuk [5]. So provided there is some absolute
constant ¢ for which

(11) > M(EnNEp)<cd A(En)

ngEm ne€z
mne€Z
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the theorem is proved.
Thus we need to bound

> A(EnN Em).

n#Em
m,n€Z

In the subsequent discussion constants in the Vinogradov < symbol de-
pend at most on the dimension k.

Note that
k
(12) A(En) = [T MES)
=1
and
k
(13) Ak(En N En) = [T MEY n EW).
=1

We now concentrate on k = 1 and use (12) and (13) to obtain a bound for
k> 1.

We wish to obtain an estimate for

AME,NE,) withn>m.

Put
(14) min(=,2%) and A =max(22,22),
and m n
= (m,n) m’=7 n':z.
Then
(15) ME.NEn)<25 Y L
l&-xl<24
(a,n)=1
(b,m)=1

By estimating

(16) oo

we obtain
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LEMMA 1. With E, as above and d = (m,n) there is an absolute constant
c so that

(17) A(En N En) < NEDNER) [ (- %)—1.
plm'n’

p> gmnA

Let g(n) be defined as the least number so that

Put
t = max(g(n'),g(m’)).

Then by Lemma 1

(18) A(EnN En) < XEXEn) [[ - 1-1))-1.
plm'n’

2mpd < p<it

In particular if % >t then

(19) AMENER) < ME)AER).
Now
(20) [Ta- 1)—1 <JJa- 1)‘1 < logt.
pl%% P p<t P
p<t

We now return to the k-dimensional case. By (12) and (13)

(21) > M(EaNEn) <A2)7 S M(En)Ae(Em)
n#Em n#Em
log t<A(Z) /%

< A(2).

From now on we shall assume that

logt > A(Z)/*.
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We distinguish four cases:

(b) A=— ap,>an
=t
(c) A= > on <om
(d) A==, an>am.
Recall that m < n so (c) is impossible. We will consider the other three

cases seperately. The first case corresponds to the situation considered by
Erdos .

Case (a).
We have
mnA ,
5 = nam.
We need to consider pairs m,n with
(22) l<na, <t

Let Ay, denote that part of the sum

> A(Enn En)

m#En
case(a)

for which g(m') = u and g(n') = v. Then, by Lemma 1 and (22)

Auy <1ogFty " Ae(En) Z(u) Z(v) Ak(En).
m

m'|m am~!<n'<tam™!
1<m! <ta;} n=n'd

Where 3° ) means the sum of those m' with g(m') =  and m = m/'d.
Since

Me(En) = (2a,,‘°—52"—))k < ok,
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then

Ay < loght E Me(Em )iy, Z(u) Z(v) L
m m'|lm ap,~'<n'<tam”?!

1<m' <ta;} n=n'd

To estimate the inner sum we will use the following result due to Erdds
which also appears in Vaaler [6]. Let N(£,v,z) be the number of integers

n < = which satisfy
1
>ixe
p

pn
24
Then

LEMMA 2. For any € > 0 and any £ > 0 there exists a positive integer
vo = vo(&,€) such that for all z > 0 and all v > vy,

N(&,v,z) < zexp{—vﬁ(l—E)}
where log g = £.
Applying this result with £ = 1 and B(1 — €) = 3 we have

COROLLARY. Givenz >0 and v>1

(23) N(1,v,2) < z exp(—v?).
Using (23) and partial summation

Z(U) < tog! exp(——v§ )-
1<n'<ta?

Applying (23) again

Ay < t*logt texp(—ud)exp(—v3) Y Ap(Enm),

since k > 2. Then summing over u and v we have

(24) Y A(EnNEn) < A(2)

m#En
case(a).
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if n is sufficiently small.

(25)

The other cases are similar and we have

> M(EnNEp)<c) Ak(En)

n#m n

where c is a constant depending only on k. This completes the proof of the
Theorem .
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