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Products and quotients of numbers
with small partial quotients

par STEPHEN ASTELS

RESUME. On note F(m) l’ensemble des nombres dont tous les
quotients partiels (autres que le premier) sont inférieurs a m.
Dans cet article, nous nous intéressons aux produits et quotients
d’ensembles du type F(m).

ABSTRACT. For any positive integer m let F(m) denote the set of
numbers with all partial quotients (except possibly the first) not
exceeding m. In this paper we characterize most products and
quotients of sets of the form F(m).

1. Introduction

Let = be a real number and n a positive integer. We say that z is n-badly
approzimable if for every rational number p/q,

It can be shown that the set of such numbers is of Lebesgue measure zero;
however, in the following sense it is still quite large. For any positive integer
m let F(m) be the set of numbers

F(m) = {[t,a1,0a2,...];t €Z,1<a; <mfori>1}
where by [ao, a1, as,...] we denote the continued fraction

1
ap + 1
nt—7
a2+-'—'—.

with partial quotients ag, a1, az and so on. It can be shown that for every
z € F(m) and every p/q € Q,

1
(m + 2)¢?

x——e|>
q
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so that F(m) is a set of (m + 2)-badly approximable numbers. Note that

1+v5
2

and hence is of Hausdorff dimension zero, and is of little interest to us.
In 1947 Marshall Hall, Jr. proved [6] that

[1,00) C F(4) - F(4)
where for two sets A and B of real numbers we denote by A - B the set
A-B={a-b;a€ Aandbe B}
In fact, we shall show in Theorem 1.2 that
F4) F@) = - oo,; ~ g\/i] U [17 - 12v2,00).
More generally we will examine products and quotients of sets of the form
F(m). For any set A of real numbers we define A~! to be the set
A'={a"';a€ Aanda#0}
and let A/B denote the set A-B~!. We would like to completely describe
F(my)--- F(my)
F(n1)--- F(n)

where k and [/ are non-negative integers and m;,n; > 2 for 1 <¢ < k and
1 < j <l. We can do this except in a few cases. Define £ by

€= {(ta 2) ) 2 <t< 6} U {(3’3)1 (27272)7 (37272)}

where we consider the components of each (b;) in £ to be unordered. We
have the following results.

F(l)=Z+

Theorem 1.1. Let my,...,mg > 2 and ny,...,n; > 2 be integers for some
k0 >1. If (my,...,mg,n1,...,m) &€& then

F(m,)---F(mg)
= R\{0}.
F(ni1)---F(n) 0}
For positive integers m we define g(m) by

—m++vm? + 4m
5 .

(1) g(m) =
Theorem 1.2. Let m; > mg > --- > my > 2 be integers for some k > 2.
If (my,...,mg) & E then
F(mq)--- F(my) = (00, —L] U [U, )
for some L and U depending on my,...,mg. More precisely, we have
o[22 - g(ma))--- (1 - glma)), if k is even,
(1 -g(ma))--- (1 - g(ms)), if k is odd
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and

U= (1—g(m1))---(1-g(mg)), if k is even,
ﬂyﬁ'—fz (1-g(ma))---(1 —g(mg)), ifk is odd.

We shall prove partial results along the lines of Theorems 1.1 and 1.2 for
a few of the exceptional cases.

Theorem 1.3. F(3) - F(3) and F(5)- F(2) both contain (—oo, —c]U[c, )
for some constant c.

Theorem 1.4. Let = be a non-zero real number. Then z is a member of
F(3)/F(3) and F(5)/F(2) except possibly if x = r/s for some relatively
prime integers r and s with either r or s less than 8.

Note that since F'(5) C F(6) Theorems 1.3 and 1.4 also yield partial
descriptions of F(6) - F(2) and F(6)/F(2).
Finally, we establish the multiplicative analog of results contained in [3].

Theorem 1.5. For some constant ¢, F(3)F(2)F(2) 2 (—o00,—c] U [¢,0).
Further,

F(3)F(2)/F(2) = F(2)F(2)/F(3) = R\{0}.

Our basic approach in establishing these theorems will be similar in spirit
to that of Hall in that for integers m we will characterize [0,1] N F(m) as
a Cantor set and use Cantor set techniques to prove our results.

2. Background

Let T be a connected directed graph. We say that T is a tree if every
vertex V of T has at most one edge terminating at V', and one vertex Vg
has no edges terminating at Vg. We call Vg the root of T'. If there is an
edge connecting V; to Vs, then we say that V5 is a subvertez of V;. A tree
where each vertex has at most 2 subvertices is called a binary tree.

We define a generalized Cantor set (henceforth known as a Cantor set)
to be any set C' of real numbers of the form

c=r1\{Jo;

i>1

where I is a finite closed interval and {O; ; + > 1} is a countable (finite
or infinite) collection of disjoint open intervals contained in I. We may
inductively define a binary tree D that will represent C. Let the root of
the tree be the interval I. We say that {I} is the zeroth level of the tree.
Now say that we have defined our tree up to the nt* level. We define the
(n 4 1)t* level of the tree as follows. Let I be an nt* level vertex of our
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tree for some binary word w (i.e. w is a finite string of zeros and ones).

Assume first that
™0 (U 0,-) #0

i>1

(so that IV € C). Let Oqw be the interval in the set {O; ; i > 1} of least

index which is contained in I and let I*? and I**! be closed intervals with
Iw = Iwo U O[w U 11”1

We let "0 and I™! be subvertices of I in D and define the thickness of
IY to be
_ min{| 7%, [}
|Orw|
where for any interval J we let |J| denote the length of J. If

I‘”ﬂ(UOi) =0

i>1

o (I")

then we set I*0 = I, let " be the subvertex of I in D and put 7p(I%¥) =
00.
We repeat this process for every vertex I in the nt* level of D. The
(n+1)t level of the tree is the set of vertices I” in D with |v| = n+1, where
|v| denotes the length of the word v. We continue this process inductively,
creating the infinite tree D. For example, we might construct the following
tree.

Or
00 o 710 i

Now,

{Ow ; I is a vertex of D with I* € C} = {O; ; 1 > 1}

ozﬁ(uﬂ)

hence

n=0 \|w|=n
Any tree with this property is said to be a derivation of the Cantor set C
from I. The intervals I,1°,... are called bridges of the derivation, while
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the open intervals Oy, Ojo, ... are called gaps of C. We define the thickness
of the derivation D to be

(D) = 1nf (I").

For example, if C is the usual middle-third Cantor set we may take a
derivation of C to be the tree D with root I = [0 1] and bridges

dyda--ds _
et = 2338 42y &
=1
for all finite binary words d;d;...d;. We find that in this case 7(D) = 1.
Of course we may reorder the set of O;’s and hence obtain many different
derivations of the same Cantor set. These derivations may have different
thicknesses, so we define the thickness of the Cantor set C to be

7(C) = sup7(D)
D

where the supremum is over all derivations D of C. It is not difficult to show
that the supremum is attained if the sequence {|O;|}; is non-decreasing (see
Lemma 3.1 of [2]). We also define the normalized thickness of C, v(C), to
be
7(C)

€)= 7(C)+1
The problem of characterizing products and quotients of F(m)’s will involve
finding sums of certain Cantor sets. Let k be an integer which is at least
2, and assume that for 1 < j < k, C; is a Cantor set derived from I;. We
would like to determine when

@ Cr oo Com Lo+ I

where we are considering the pointwise sum of the sets. If I,...,Ix_; are
all much smaller than one of the gaps in Cj, then (2) cannot hold. Hence
in our approach to finding sums of Cantor sets we will only consider sets
that are approximately the same size, as follows. Let k£ be an integer which
is at least 2, and assume that for 1 < j < k, A; is a bridge of the Cantor
set Cj, with O; a gap of C; of maximal size contained in A;. We say that
the sequence of bridges (A, ..., Ak) is compatible if

|Ar+1] > |0 and |Ai|+---+|Ar| > |Orya]

forr =1,...,k—1and j = 1,...,r. Note that if ¥ = 2 than this is
equivalent to the condition

|A1] > 02| and |A2| > |04

In [2] the author derived a result concerning the sum of a finite number of
Cantor sets.
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Theorem 2.1. Let k be a positive integer and for j =1,2,...,k let C; be
a Cantor set derived from I;. Put S, = v(C1) + --- +¥(Ci) and assume
that (I, ...,I) is compatible. If Sy > 1 then

Ci+-+Ci=hL++I.

Otherwise
(Ci+--+Cp)> S, and dimg(Ci+---+Cp) > —-2B2
T k) =0y and GimEit ¥ = log(1+1/8,)
For positive integers ay,as,... we denote by (aj,as,...) the continued

fraction [0,a1,a2,...]. For any positive integer m > 2 let C(m) = [0,1] N
F(m) and put

Im) = (D), () = [ 22, g(m)]
_ [—1 ++/1+4/m —m+vmZ+4dm
2 ’ 2

where g(m) is defined as in (1). We may characterize C(m) as a Cantor
set derived from I(m) in the following manner. For any real a and b, we
denote by [[a,b]] and ((a,b)) the intervals

(@, b]] = [min{a, b}, max{a, b}]
and
((a,b)) = (min{a, b}, max{a, b}).

Assume that
(3) A =[[(a1,--.,ar,b,m,1),(a1,...,ar,m,1,m)]|
is a bridge of C(m) with b < m. We form the subvertices of A by setting

A® = [[(ay,...,ar,b,m,1),{ay,...,a,b1,m)]],

04 = (({a,...,ar,b,1,m),{as,...,ar, b+ 1,m,1)))
and

A' =[[(as,...,ar,b+1,m,1),{(as,.--,ar,m,1,m)].

Note that A° is of the form (3) with a,; = b and b replaced by 1. Similarly
A! is also of the form (3). Since I(m) is of the form (3) with » = 0 and
b =1, by induction we obtain a derivation D(m) of C(m) from I(m).

By calculation it can be shown (see Lemma 4.2 of [2]) that

gim)(m=1)  m-+g(m)—1

Cm) = T m =) m+g(m)
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TABLE 1. Values of 7(C(m)) and y(C(m)) to three decimal places

m 2 3 4 5 6 7
7(C(m)) | 0.366 0.822 1.300 1.788 2.281 2.775
v(C(m)) | 0.267 0451 0.565 0.641 0.695 0.735

Hence we may easily calculate 7(C(m)) and v(C(m)) (See Table 1). In
[2] the author used these calculations along with Theorem 2.1 to derive
results concerning sums and differences of numbers with small partial quo-
tients. We may also use this approach to examine products and quotients
of F(m)’s. For any set E of positive, non-zero numbers we denote by E*
the set

E* = {loge; e € E}.
It is not difficult to see that C(m)* is also a Cantor set. We have the
following result.

Lemma 2.2. Let A and B be intervals contained in [z,z + w], where z
and w are real numbers with 0 < 2w < z. Then

4] Al o Al

|B*| |Bl| =z |B]

Proof. We may assume that A and B are closed. Let A = [z + ag,z + a4]
and B = [z + by, z + b1]. Then

A log (:Jﬁ.}) _ log (1 + ;l_%;)
|B*| log (%) B log (1 + f.%;)

and the result follows from the application of the power series expansion of
log(1 + y). O

Note that by Lemma 2.2 we can make the thickness of (n + C(m))* as
close as desired to that of C(m) by choosing n large. For example, it follows
from Theorem 2.1, Lemma 2.2 and Table 1 that for n sufficiently large,

(n+C2)(n+C(7) = [(n+ 2,1))(n + (7, 1)), (n + (1,2))(n + (T,7))] .
3. Proofs of Theorems 1.1 and 1.2

For any set B of positive integers we let F(B) denote the set of real
numbers z such that all partial quotients of z, except possibly the first, are
members of B. We also let v(B) denote the normalized thickness of the
Cantor set F(B)N|[0,1]. In this manuscript we are concerned with

F({1,2,...,m}) =F(m) and 7({1,2,...,m}) =~(C(m)).
In [2] the author derived the following general result.



394 Stephen ASTELS
Theorem 3.1. Let k be a positive integer. For j =1,...,k let B; be a set
of positive integers and let €; € {1,—1}. If
Y(B1)+---+v(Bx) >1 and |ex+---+e| <k
then
(=00,0) U (0,00) C F(B1)* - -+ F(Bg)*.
Proof. See [2], Theorem 1.7, part 2. O

Proof of Theorem 1.1. Since zero is not contained in F(m) for any m, The-
orem 1.1 follows from Table 1 and Theorem 3.1. O

The proof of Theorem 1.2 will require several lemmas. For positive inte-
gers N and m > 2 we put

N

F*(m) = F(m)[(0,00), Cf(m) = | (n+C(m)),
n=0
N

F~(m) = F(m) ﬂ(—oo,O) and Cy(m) = U (n — C(m)).
n=1

Note that for all positive integers N and m > 2 the sets Cf;(m) and Cx(m)
are Cantor sets. We have the following results.

Lemma 3.2. If N is sufficiently large then
7(CH(2)*) >0.2679, (Cyx(2)*) > 0.2307,
7(CX(3)*) > 04511,  4(Cx(3)*) > 0.4342,
v(CF(4)*) > 0.5653,  v(Cx(4)*) > 0.5566,
Y(CX(5)*) > 0.6414,  y(Cx(5)*) > 0.6364,
v(CF(6)*) > 0.6952,  y(Cx(6)*) > 0.6920,
Y(CH(7)*) >0.7351,  y(Cx(7)*) > 0.7330,
v(C(8)*) > 0.7659,  v(Cx(8)*) > 0.7644.
For m > 9 and N sufficiently large,
Y(CH(m)*) > 0.7727 and (Cx(m)*) > 0.7727 .

.~ o~ e~

Proof. The result is attained by calculation, using Lemma 2.2 to limit the
number of calculations that must be performed in each case. O

Lemma 3.3. If0 < m < n then
1= (@Lm){n,1) < (1-(I,n)(m,1) and 1-(I,m)< (m,1).
Proof. See [1], Lemmas 6.4.1 and 6.4.2. O
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Lemma 3.4. We have

F(4)F(3) = (oo, —(£T)(1 - (1,3))] U [1 = (1,9) (1 - (1,3)),0)
and
F(T)F(2) = (o0, —~(T,1)1 = (T,2)] U [1 = (T,7))(1 = (1,2)),00) .

Proof. The first result is Theorem 1.8 of [2], so we shall only prove the
second. By Lemma 3.2 we have

Y(Cr(M*) +7(C{(2)*) >1 and Y(CH(T)*) +7(CF(2)") > 1
for N sufficiently large. Therefore by Theorem 2.1
F(MF(2) 2 (=(N = (7,1 +(1,2), -1 - (1,7))(2,1)]
U [T 1), (VN + (I, 7))V +(1,2)))
and letting N tend to infinity we find
@ F(NF(2) 2 (~o0,—(1 = (1, N){2,1)] U [(7,1)(2,1),0)
= (—00,—0.0411...]U[0.0464...,00).

To complete the proof of the lemma we must slightly enlarge the set on the
right-hand side of (4). Let

'=[1,5,2),(T,2)] and C'=C@)NT,
then we find by calculation that
y((1 = C1)*) > 0.2679.

Let O~ and O% denote the largest gap in (1-C(7))* and C(7)* respectively.
Then

0" =(1-(1L7),1-(271)" and OF=((2,7,1),(L,L,7)"

Further,
|0~ =0.119... , |0 =0.119... ,
|1 =1Y* =04557... , |I(7)*|=1.94...
and
|(1-1I(7)* =2.04...

so (1 = I(7)*, (1 — IY)*) and (I(7)*,(1 — I')*) are compatible pairs of
bridges. Therefore by Theorem 2.1 we have

1-cm@-ch=[1- T -T2,
(5) 1= D)1 -(1,1,2))]

=[0.0301...,0.369...]



396 Stephen ASTELS

and
@ ~eMa-CH=[INa-LL),-TD -, 1,2))]
=[-0.375...,—0.0339... ]
Since
F(7) - F(2) C (=00, (T, T)(1 = (T,2))] U [1 = (TL,7))(1 = (1, 2)), 0)
by Lemma 3.3, our result follows from (4), (5) and (6). O

Lemma 3.5. We have
F(2)F(2)F(2)F(2) = (o0, —(Z,T)(1 — (1,2))*] U [(1 - (T,2))*,0) .
Proof. By Lemma 3.2 we have, for N sufficiently large,
7(Cx(2)*) > 0.2307 and ~(Cf(2)*) > 0.2679.
Therefore by Theorem 2.1 and letting IV tend to infinity we have
™ F(2)* 2 (=00, —(Z,1)*(1 — (1,2))] U [(2,T)*, 0)
= (—00,-0.0131...] U [0.0179... ,oo).

As in the proof of Lemma 3.4 we must slightly enlarge this set to achieve
the desired result. In particular we put

I =[((2,1),(2,2,1)], I =[1-(12),1-(1,2)],
ct=c@)nrt and C-=(1-C(2)NnI".
By calculation we find that
¥(C*),7(C™*) > 0.2679.
and by Theorem 2.1 we have
CHeC )P =1tI")3 =210 -(1,2)30 - (1,1,2)%2,2,1)]

® =[0.00704...,0.0319...]
and
©) (€)Y =) =[1-(T2)4 (1~ (1,1,2)]

= [0.00514...,0.0319...].
The lemma follows from (7), (8) and (9). O

Proof of Theorem 1.2. Assume first that k = 2. If (m1, mg) equals (4,3)
or (7,2) then our result is a consequence of Lemma 3.4. Otherwise by
Lemma 3.3 we have

F(my) - F(ma) C (~o0, ~(mn, T)(1 = (T,ma))]
U = @m)( - (Tma)), o).




Products and quotients of numbers with small partial quotients 397

By Lemmas 3.2 it follows that for N sufficiently large
Y(CR(m1)*) +9(Cx(m2)*) >1 and 4(Cy(m1)*) +v(Cy(me)*) > 1
so by Theorem 2.1
(~(V + T m))(V = (ma, 1)), —(m1, 1) (1 — (T,mg))] C F(m1) - F(my)

and

[(1 = (Tm1)(1 - (T,ma)), (N — (m, 1))(N — (my,1))) C F(m1) - F(ma).

Since g(m) = (1,m) our result follows upon letting N tend to infinity.
Assume next that & > 2. If k = 4 and (m1,m2,m3,mq) = (2,2,2,2)

then the theorem is a consequence of Lemma 3.5. Otherwise our result

follows from Lemma 3.2, Lemma 3.3 and Theorem 2.1. O

4. F(5)-F(2) and F(3) - F(3)

Unfortunately both y(C(5)) + v(C(2)) and v(C(3)) + v(C(3)) are less
than one, so we cannot use Theorem 2.1 to find intervals in F(5) - F(2)
or F(3) - F(3). Instead we must use a more complicated approach, which
is similar in spirit to the approaches used independently by both Hanno
Schecker [8] and Gregory Freiman [5] in their examinations of F'(3) + F(3).

Assume that m is an integer with m > 3, and that A is a bridge of C(m)
with

A= [[(0'17 eee ,ar,—TF,T), (al,- .. 7a‘l'711_m>]]

for some positive integers ay,as, ... ,a,. Then we denote by A and O4 the
intervals

A =[[(ay,--.,ar,m—1,1),{a1,...,ar,1,m = 1)]]
and L
Oa = (({as,---,ar,1,1,m = 1),{ay,...,ar,2,m— 1,1))).
We will derive results concerning sets of the form A+ B. To do so we must
modify our concept of compatibility as follows. If A is a bridge of C(m)

and B is a bridge of C(n) for some m > 3 and n > 2 then we say that A
and B are P-compatible, written A ~ B, if

|4] > |0p| and |B| > |O4l.

For integers m > 2 let W™ denote the set of finite words with digits
between 1 and m inclusive. For any w € W™ with w = ajaz - - - a, we put

I(m;w) = [[{a1, a2, ...,ar,m,1),(a1,02,...,ar, T, m)]]
and

C(m;w) = C(m) N I(m;w).
In [4] the author proved the following result.
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Theorem 4.1. Let I(5;w) and I(2;v) be bridges of C(5) and C(2) re-
spectively. Assume that I(5;w) and I(2;v) are P-compatible, and that
w,v & {0,1,12}. Then

I(5;w) + I(2;v) C C(5;w) + C(2;v).

The proof of Theorem 4.1 is similar is spirit to the proof of Theorem
2.1 (as given in [2]), the key difference being that instead of relying on two
constants (the thicknesses) we must calculate 25 constants. However, all
of these constants are infimums of ratios of lengths of intervals (similar to
thickness), and so by Lemma. 2.2 and the proof of Theorem 4.1 we have the
following result.

Lemma 4.2. If n and m are sufficiently large then

(ntI(5;w))* +(m+1(2;v))* C(nxtC(5)" +(m+C(2))"

and

(n £ I(5w))* — (m+1(2v))* € (n £ C(5))" - (m+ C(2))*
whenever w,v ¢ {0,1,12} and (n + I(5;w))* and (m + I(2;v))* are P-
compatible.

Using the same technique as in the proofs of Theorem 4.1 and Lemma
4.2 (in this case using 91 constants) we may establish the following result
concerning F(3) - F(3).

Lemma 4.3. If n and m are sufficiently large then

(n£I(3;w))* + (m+1(3;v))* C(nx£C(3))" +(m+C(3))*

and

(n£1(3;w))* — (m+I(3;v))" € (n+CQ))* - (m + C(3))*
whenever w,v ¢ {0,1,13} and (n + I(3;w))* and (m + I(3;v))* are P-
compatible.

The reader is directed to Lemma 7.5.1 of [1] for more information re-
garding the calculations.

To prove Theorem 1.3 we will tile our infinite rays with intervals of the
form (n+1I(k;w))(m+I(l;v)), for (k,1) equal to (5,2) or (3,3). By Lemmas
4.2 and 4.3 the infinite rays will be contained in F(k) - F(l). To construct
the tilings we will use the following technical lemmas.

Lemma 4.4. Let I(k;w) and I(l;v) be bridges of C(k) and C(l) respec-
tively, for some words w and v. Assume that I(k;w) = I(l;v) and |I(l;v)| >
2|Or(k;w)|- Then for n sufficiently large and n < m < 2n,

(n+ I(k;w))* = (m + I(l;v))".
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Proof. See [1], Lemma, 7.6.1. O

Lemma 4.5. Let oy, ag, B, B2 be real numbers with0 < ay < 81 <1 and
0 < ag < B2 <1. Let é be any number in the range

1-(fr—a1)—(fe—a) <0 <1
For any integers v and s let J(r,s) denote the interval

I(r,s) = (r +[o1,51]) (s + [0, Ba))-
Then for Ny sufficiently large,

U U Jn+k2n-k

n2N |5 )<k<|3)
s an interval.
Proof. This is equivalent to Lemma 7.6.2 of [1]. O
Proof of Theorem 1.8. We first consider F(5) - F'(2). Let
Is; =[(1,1,1,5),(1,1,5,1)] and L =[(1,1,1,2),(1,1,2,T)].
Then by Lemma 4.4 there exists Ny such that
(n+1I5)" =~ (m+ )"
for any n > Ny and n < m < 2n. By Lemma 4.2 we have

(10) [(n+ a1)(m + a2), (n + B1)(m + B2)] C F(5) - F(2)
where

a1 =(1,1,1,4), pr=(1,1,4]1),

az =(1,1,1,2) and B2 =(1,1,2,1).

Put
J(n,m) = [(n + a1)(m + az2), (n + B1)(m + B2)] -
By Lemma 4.5, for N; sufficiently large,

U U Ja+k2n-k)
n2N | 1<k<| 3]
is an interval. Therefore by (10) there exists a constant ¢; such that
[e1,00) C F(5)F(2).
By a similar process we find that
[c2,00) C —F(5) - F(2)
for some constant co. Now we let

13 = [(17 1$Ta—3.)’ (17 1,—3,_1)]



400 Stephen ASTELS

and consider (n + I3)(m + I3). Using the same technique as above we have
[c4,00) € F(3)-F(3) and [c5,00) C —F(3) - F(3)

for some sufficiently large constants ¢4 and cs, and the theorem follows. [
5. F(3)/F(3) and F(5)/F(2)

To prove Theorem 1.4 we will add and subtract scaled versions of our
C(m) Cantor sets. We require a few preliminary results.
Lemma 5.1. Let (m,n) equal (5,2) or (3,3) and let a and b be non-zero
real numbers. Let I(m;w) and I(n;v) be bridges of C(5) and C(2) re-
spectively for some words w and v. Assume that al(5;w) and bI(2;v) are
P-compatible, and that w,v ¢ {0,1,12,13}. Then

al(m;w) + bl(n;v) C aC(m;w) + bC(n;v).

Proof. This lemma is a consequence of the proofs of Theorem 4.1 and

Lemma 4.3 , since ratios of lengths of intervals remain unchanged when
the intervals are scaled. a

Lemma 5.2. Let a and b be real numbers with a > b and suppose that
(m,n) equals (3,3), (5,2) or (2,5). Then there exists an integer t such that

aI(n;11(1)%) =~ bI(m;11) and a|I(n; 11(1)E)] > 3.35|0(m; 11)]
if (m,n) equals (3,3) or (5,2), and

al(n;11(1)Y) =~ bI(m;11) and a|I(n;11(1)%)| > 3.36|0(m; 11)]
otherwise.

Proof. We will prove the case (m,n) = (3,3). The other cases are similar.
If b|I(3;11)] > a|O(3;11)| then we may take t = 0. Otherwise let ¢t be
chosen such that

a|I(3; 11(1)%71)| < 3.36|0(3; 11)] < a|I(3; 11(1)P)].

Then
I(3;11) 1I(3;11(1)t+1)

0(3;11) 0(3;11(1)%)
by calculation, so b|I(3;11)| > a|O(3;11(1)t)| and the result follows. O

We will also need the following following version of Kronecker’s Theorem.

>4.4-0.85 >33

Lemma 5.3. Let @ and = be real numbers with 6 irrational. Then for any
number N there exists integers ¢ and p with p,q > N and

3
g0 —p—z| < —.
q

Proof. See [7], Theorem 440. a
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Proof of Theorem 1.4. Assume that (m,n) equals (3,3). The other cases
are similar. Let # € R Assume first that & > 1 and that § ¢ Q. By
Lemmas 5.1 and 5.2 the set C(3) — §C(3) contains an interval [z — d, z + J]
for some real z and §. By Lemma 5.3 there exist integers p and ¢ such that

@@ —pe€z—94,z+7],s0 o)

p+C(3

PR

as required.

Next assume that @ = r /s for some relatively prime integers r and s with
r > s > 8. By Lemma 5.2 there exists an integer ¢ such that r1(3;11(1)t) =

sI(3;11) and r|I(3;11(1)*)| > 3.35|0(3;11)|. By Lemma 5.1 we have
sI(3;11) — rI(3;11(1)%) C sC(3) — rC(3).
Further,

s|TG3;11)| + rI(3; 11(1)Y)] > s (|I(3; 10)| + 3.3|0(3; 11)|) >0.14s > 1

hence there exists real numbers o, 8 € C(3) and integers p and q such that
sa — rf = rq — sp (since r and s are relatively prime). Therefore
Tl +C(3)
s q+C(3)
as required.
Assume next that 6 € (0,1) and either § ¢ Q or § = /s with both r and
s at least 8. Then by the above argument we have 1/0 € F(3)/F(3), hence
0 € F(3)/F(3).
Finally, we may extend our result to the negative portion of the real
line. Assume that 6§ < 0 and either 8 € Q or § = —r/s with r,s > 8. By

a process similar to the above it follows that — € —F(3)/F(3), and the
theorem follows. a

6. Proof of Theorem 1.5
In [3] the author used Theorem 2.1 to established the following result.
Theorem 6.1. We have
FB)xF(2)£F(2)=R

We can use this result to find intervals in the product and quotients of
F(3), F(2) and F(2).

Proof of Theorem 1.5. The first part of the theorem may be proved using
the techniques employed in the proofs of Theorems 6.1 and 1.3. Consider
the quotient F(3)F(2)/F(2), and let a = (1) and B8 = (2,1). By a process
similar to the irrational case of the proof of Theorem 1.4 it follows that for
all z € Q, az and Bz are both in F(3)F(2)/F(2). Let 6 € R\{0}. Then
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since a/B ¢ Q either 6/a or 0/ is irrational, so § € F(3)F(2)/F(2) as
required.
The proof is similar for the set F(2)F(2)/F(3). a

References

[1] S. AsTELS, Cantor sets and numbers with restricted partial quotients (Ph.D. thesis). Univer-
sity of Waterloo, 1999.

[2] S. AsTELs, Cantor sets and numbers with restricted partial quotients. Trans. Amer. Math.
Soc. 352 (2000), 133-170.

[3] S. ASTELS, Sums of numbers with small partial quotients. Proc. Amer. Math. Soc. 130 (2001),
637-642.

[4] S. ASTELs, Sums of numbers with small partial quotients II. J. Number Theory 91 (2001),
187-205.

[5] G. A. FREIMAN, Teorija cisel (Number Theory). Kalininskii Gosudarstvennyi Universitet,
Moscow, 1973.

[6] M. HALL, JR, On the sum and product of continued fractions. Ann. of Math. 48 (1947),
966-993.

{71 G. H. HARDY, E. M. WRIGHT, An Introduction to the Theory of Numbers (Fourth Edition).
Clarendon Press, Oxford, UK, 1960.

[8] H. SCHECKER, Uber die Menge der Zahlen, die als Minima quadratischer Formen aufireten.
J. Number Theory 9 (1977), 121-141.

Stephen ASTELS

School of Mathematics and Statistics
Carleton University

Ottawa, Ontario, Canada K1S 5B6
E-mail : sastels@math.carleton.ca



