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A new exceptional polynomial for the integer
transfinite diameter of [0, 1]

par QIANG WU

RESUME. En améliorant I'algorithme utilisé par Habsieger et Sal-
vy pour obtenir des polyndmes & coefficients entiers de plus petite
norme infinie sur [0,1], nous étendons leur table de polynomes
jusqu’au degré 100. Au degré 95 nous trouvons un nouveau poly-
néme exceptionnel qui a des racines complexes. Notre méthode
fait appel & des polyndmes de Miintz-Legendre généralisés. Nous
améliorons un peu la majoration du diamétre transfini entier de
[0,1] et nous donnons une démonstration élémentaire de la mino-
ration des exposants de certains polynémes critiques.

ABSTRACT. Using refinement of an algorithm given by Habsieger
and Salvy to find integer polynomials with smallest sup norm
on [0,1] we extend their table of polynomials up to degree 100.
For the degree 95 we find a new exceptionnal polynomial which
has complex roots. Our method uses generalized Miintz-Legendre
polynomials. We improve slightly the upper bound for the integer
transfinite diameter of [0,1] and give elementary proofs of lower
bounds for the exponents of some critical polynomials.

1. Introduction

For a positive integer k, let Zi[z] be the set of polynomials P of degree
k with integer coefficients. Following Borwein and Erdelyi [2] we define the
integer Chebyshev polynomials on the interval [0, 1] as the polynomials Py
such that

Pllo=_ min |P
1| Pelloo P I Pllco
where ||Plloo = t% |P(t)]. The integer transfinite diameter of [0,1] is
€(0,

defined by

1) tz([0,1]) = lim ||Pl|3ZF.
k—00

Manuscrit recu le 16 novembre 2001.



848 Qiang WU

The exact value of tz([0,1]) is not known. The best known result has
been obtained by Pritsker who gives ¢z([0,1]) € (0.4213,0.4232). For a
general exposition see [3], [2] or [7].

The integer Chebyshev polynomials have been studied extensively by
many authors such as Aparicio [1], Flammang, Rhin and Smyth [4], Borwein
and Erdelyi [2], Habsieger and Salvy [5]. In [5] the authors gave a complete
list of integer Chebyshev polynomials for the degrees 1 to 75. They found
for the degree k = 70 a factor of P, which has not all its zeros in [0, 1].
This gives a negative answer to a question of [2]:

Do the integer Chebyshev polynomials of [0,1] have all their zeros in
[0,1]?

This exceptionnal polynomial is

4921210 — 24605z° + 53804z — 67586z + 53866° — 28388z°
+ 9995z — 231723 + 33822 — 28z + 1

which has four non real zeros. The question remained open to know whether
there are other such exceptional polynomials.

As suggested by Habsieger and Salvy we use a new algorithm to extend
their table and we give a list of integer Chebyshev polynomials up to degree
100. Nevertheless it seems that it is not possible to reach the degree 200
with our algorithm as suggested in [2]. For the degree 95 we have found a
new exceptional polynomial which is

4360912 — 261654z + 704777z1° — 11253902° + 118485428 — 8652707
+ 448776z% — 16632725 + 43659z* — 790523 + 93622 — 65z + 2.

We will give in section 4 a good polynomial in Z[z], of degree 102, which
proves the following

Theorem 1.1.
(2) tz([0,1]) < 0.423164171.

Remark. This improves slightly Pritsker’s result.

One of the important tools used by the previous authors is the Miintz-
Legendre polynomials. We will generalize these polynomials. This will
provide us lower bounds for the exponent of critical polynomials : an irre-
ducible polynomial T in Z[z] is a critical polynomial for the interval [0, 1]
if there exists a positive constant C(T") such that for n > ng every inte-
ger Chebyshev polynomial of degree n is divisible by the polynomial T%
with k > C(T')n. For instance we prove that if T, is an integer Chebyshev

polynomial such that ||Tn[|‘¥," < 0.423164171 then T, = zF(1 — z)%S,_a
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with
(3) k > 0.2976126n.

for n large enough. This bound is not as good as Pritsker’s bound k& >
0.31n, but the method of proof is more elementary.

This paper is organised as follows : section 2 will be devoted to the
generalized Miintz-Legendre polynomials (GML) on [0,1]. As already re-
marked in [5] it is interesting to deal with integer Chebyshev polynomials
on [0, 1/4] because tz([0,1]) = (tz([0, 1/4]))/2. Then section 3 is devoted
to the computations on the interval [0,1/4]. In section 4 we summarize
briefly the algorithm that we use (a more extensive version is available in
[8] or [9]), and we give a list of integer Chebyshev polynomials on [0, 1] from
degree 76 to 100.

2. GML polynomials on [0, 1]

We consider, for 0 < a < b, the scalar product of two real continuous

functions on the interval [a, b] defined by (f, 9)y, = /. ab f(z)g(z)p(z)dz where
¢ is a real positive function on the interval [a,b]. We note

1713 ) = (£ F)oi WFlloo oy = max (I£(2)IV/e(@)).-

a<z<b

In the papers by Flammang, Rhin, Smyth [4] and Borwein, Erdelyi [2],
the authors study the integer transfinite diameter of [0, 1] by using the
Miintz-Legendre polynomials which belong to the real vector space V,
generated by (z", z"7!, ---, z¥) (n > k > 0). They apply the Gram-
Schmidt process to the basis (z?, z"~1, ..., z*) and the usual scalar
product (f, g) = fol f(z)g(z)dz and obtain the orthogonal Miintz-Legendre
polynomials

Hio) = Z( (P12 Gkesiso

Let Ry[z] be the set of polynomials of degree n with real coefficients.
For a polynomial P(z) = z¥R(z) € Ry[z] belonging to V, x and R(z) €
Rn—k[x]v we get

+1+k
IROI < VEFI(" - L) 1P @, 00y

Let F be a fixed non zero polynomial of R[z]. We now consider the vec-
tor space V;,  generated by (z"F,z""1F,-.. ,z¥F). By the Gram-Schmidt
process with a scalar product ( , ), on the interval [a,b], we get the set
(LnyLp-1,-- ,Lg) of orthogonal generalized Miintz-Legendre polynomials.
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Suppose then that P = Fz*F R(z) belongs to V, s then we get the inequality
[8]

V —a
4 a —_— .
( ) l k| — ”L " ,[a b] ” "oo,[a,b]

We consider now the case of the interval [0,1] with F = (1 — z)? and
¢(z) = 1. Then we have, if ¢ > 0, kK < n are integers,

Lemma 2.1. On the interval [0,1] for F = (1 — z)9, the orthogonal GML
polynomials are

Liz) = Z( e AR [ E R U (R P!

Proof. 1t is sufficient to prove that for n > h > i+ 1, (L;, z*(1 — z)9) =
We know that

Vi 2q)!(51 + j2)!
zti2(1 — 2)2dg = ( - - ,
/o ( ) (2g+ 1 +42+1)

so
(Li, z(1 - w)")

/ Z( 1) n—j (n:_z_qi-:_]2;— 1) (n J)zj+h.(1 _ Z)quz

_ neifm+2q+j+1 i (2g)!(5 + h)!
_;( 1) ]( n—i+2q )(n j)(2q+j+h+1)!

_ N~ ynej_ (n+2q+5+1)! (n—i (G + h)!
—(2‘1)’2( D ](n—i+2q)!(i+j+1)!(n‘j)(j+h+2q+1)!

(n—z+2q)' Z(‘ r(n3)

x(n+2q+J+1) (h+1+j+29+1)(G+h)---(F+i+2)

dh—i—l 1 dn—h . .
= [dzh—i—l 724+ (dxn—h (z-1)" ‘$”+’+2‘1+1)] =0.

=1

O

Proposition 2.2. Let Q(z) € Rnyq[z], Q(z) = arz®(z — 1) + app1zFH!
(z-1)74--- 4+ apz™(z — 1)9. We have
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n+1+k\[(n+k+2q+1
IalellQllm\/(ZkH)( n—k )( n—k+2q )

Proof. Q(z) can be written Q(z) = AgLg + Ag+1Lk+1 + «* - + AnLn with

( n—k n+2q+k+1
a = (1) )‘k( n-k+2q )
By the inequality (4)
lak] = | Akl n+2Q+k+1> ___II_QLO__(n+2q+k+1)
We have
n . .
= _pyn—jfnt20+i+1\(n—1 L. #i(1 — )
(B 5= 31 (rrrar Tt (220 (@ 2=
_(_ n—i n+2q+z+1 ) i _ q
= = (TR (@, Fa- o).

We put S; = (Li, z*(1 — z)7), so
Si=3 (<) <n +2g+ ]+ 1) (n - i) (i + 4)!(2q)!

= n—1+2q n—j)(GE+7+2q+1)!
__ (g
(n —1i+ 2q)!
g Z":(_l)n_j(n—z‘)(n+2q+j+1)---(i+j+2q+2)
= n—j i1+J+1

1
T (n—i+2q)---(2q+1)

9 (zn:(_l)n_j(n—i)(n+2q+j+1)---(z'+j+2q+2)) -

o n-—Jj 1+j5+1

We consider S; as a rational function in the indeterminate ¢ where n, ¢ are
rational parameters. The degree of the denominator (2¢+n —1)--- (2g+1)
is equal to n—i. The degree of each numerator is (n+2g+j+1)—(i+j+2g+
1) = n—1. So if we keep the denominator in the form (2¢+n—1)--- (2¢+1),
then the numerator is of degree less or equal to n —¢. We will show that
S; is a constant in Q(gq). For that, we show that the denominator divides
the numerator. Let ¢ = —!/2 which is a zero of the denominator with
1 <1l < n—1i. We compute
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2":(_1),,_1. n—i\(n-Il+j+1)---(i+j—1+2)
= n—j i+5+1
The numerator of this sum is equal to zero because it is equal to
dl—l 1 dn—i—l —i il
[dz’—l z (dz""'“ (z =)™ )] =0

z=1

0 (2¢+n—1)--- (2g +1) divides the numerator of S;, i.e. S; is a constant.
So, to compute S;, we can take ¢ = —(n + i + 2)/2, and then

n+i+2
§i=5i ("T—)
_ i 1 -1---(i—n)
=(-1) (=21 -2)---(-n—i-1) 2i+1
— (cy (n—12)!

(ntit+1)---(2+2)(2%+1)
(n —i)!(2i +1)!

— n—1i
=(=1) 2+ 1)(n+i+ 1)V
Then
(L L_)=<n+2q+z'+1) (n — §)!(2i + 1)!
v n—i+2¢ J(2i+1)(n+i+1)!
and
al < ("2 )10l

nt2 k1 (k241! |
X ( n—k+2q )(2k+1)(n+k+1)!
n+2¢+k+1\(2k+1)(n+k+1)!
S”Q”°°\/( n—k+2g ) =K@k +1)!

_ n+2q+k+1\/n+k+1
—IlQlloo\/(ZkH)( A T (et

Then we show how we can deduce a result of type (3) using the Propo-
1

sition 2.2, i.e. if P, € Zy[z] and ||B,||& < 0.423164171 then P,(z) =
7*(1 — 2)kS,_ok(x) where S,_or € Zp_ok[z] and k > 0.2907588n for n
large enough.

In fact, let k¥ the minimum of the exponents of z and 1 — z, then P, is
the form P, = z*(1 — z)¥S,_ok(z) and

O
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n+1)\[(n+2k+1
musnamm¢@k+n(n_%)( )

where a; = Sp—2k(0). If ax # 0 then

+1)! T 2k + 1)
”P""°°\/(2’“ U&= ;7;)!(211 1) (2!(214: n 1)!) =

and

(n+1)(n+2k+1) (n + 2k)!
I "”°°\/( @k+1) ) (n— 2R)IRE =

We remark that
(n + 2k)!

(n — 2k)!(2k)!(2K)! (n — 2k)"~2 (2k) %

((n — 2k) + 2k + 2k)"+2% >

- (n + 2k)™+2¢ (n + 2Kk)!
(n — 2k)"-2(2k)% = (n — 2k)!(2K)12"

If we put o = %, and

(14202
@) = T ey 2egaya

then

(n+2k) =
fle) 2 <(n—2k)!(2k)!2) :

By the inequality || P,||3" < 0.423164171 we have

1/2n
(n+1)(1+2a+;1;)) -

1
0.423164171 2
u@)( s T

Since

1/2n
(2

it is enough to take o such that 0.423164171(f (a))lf >1,s0 a > 0.2907588,
i.e. k> 0.2907588n for n large enough.

Remark. Using Proposition 2.2 for £z([0,1/4]) we will prove the better
relation (3) in the next section.
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3. GML polynomials on [0, %]

We also know that Ay = 1 — 2z [5] is a critical polynomial on [0, 1],
with the change of variable u = z(1 — ), we obtain A3 = 4u — 1 which is a
critical polynomial for the integer Chebyshev polynomial on [0, 1/4]. We
consider here the vector space generated by the basis (z™(1 -—4:11:)‘1, " (1-

4z)9, ---, zF(1 — 4z)7) and the scalar product (f, g)2 = [y* f(z)g(z)dz.
As for the lemma 2.1, we have

Lemma 3.1. We put

= _ifn+2q+ji+1\(n—id\ . ;
Mi(””)=z.“”" ]( n—qz‘+]2q )(n—j)4]$1(1—4x)q=Li(4x)’
j=i

then (M;)k<i<n is an orthogonal GML family.

Proof. We put y = 4z and it is easy to verify that
1
(Mi, (1 - 4$)q)2 = A (Lz‘, y*(1- y)q) =0.
O

3.1. The factor z.

If we want to determine a lower bound for the exponent of the factor z
when the exponent of the factor 1 — 4z is equal to g, we take a polynomial
of degree n+q, Q@ = axz*(1—4z)I+ap1 1251 (1-42)9+- - - +anz" (1 —4x)9,
then Q = \e Mg + A1 Mg 41 + -+ + Ay My, with

lak| = 45| \] (n:f:iqz-;- 1)
then 1
Me(Mi, Mi)2 < (Q: Q)2 < Z1IQIZ, 0,1
We have '

Proposition 3.2.

+k+2¢+1\ (n+k+1
< 4k " :
mu_4Hquma¢@k+”< n—k+2g )( n—k )

Proof. By taking y = 4z, we check that

% ; 1
(Mo, e = [ 320 = [ 240) = 7 [ By = 308 2

1/n+i+2¢+1 . n+i+1\\*
M;, M;), = - .
(Mi, M;) 4( n—i+2q)((2z+1)( n—1i ))

SO
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n+k+2¢+1\ ;)\ 7!
|ak!(( 'n.—k+q2q )4k)
1 n+k+1\(n+k+2g+1\"
S"”Q”oo, [0,%]\/4(2k+1)( n—k )( n—k+2q ) .

This proves the proposition.

Then

O

Lemma 3.3. Let P, = a;z*(1 — 42)? + - + ap—gz" (1 — 4z)? € Zy[z].
Let B = 1 be given, then k > an + o(n) where a is the smallest positive
1

root of 4°‘||Pn||§°’[0,%]f(a, B) =1 where

D=

_(_(tatptetb(1+a— gires
f(a, .3) = ((1 —a+ ﬂ)l-—a+ﬂ(1 —a— ﬂ)l—a—ﬂ(za)4a)

Proof. We have

n+k+gq
n—k+gq
n+k—gq
n—k—gq

((n =k + q) + 2k)"Fk+a > ( )(n — k + q)"k+9(2k) %

((n— & - g) + 2k)™+ee 2( )(n—k—q>"-’°-q(2k)2’=.

Ifweputa=§and,3=%,wehave

Tl 72 (n—k+q)(n—k—q)'

Then

ntk—q+1l)(ntktg+l .
1 S Iakl S 4k”Pn”oo,[0,%]\/( 1 2k)_(i_n1 g )f(aa ﬂ)

i.e.

1 < 4% Byl

: (n(lMnﬂ%)(”“*ﬁ*%))ﬁf(a )

00,[0,] 20+ 1

Since

1
nl+a-B+)0+a+B+3)\™ _ 1+ o(1)
2a+% ’
we have .
1< 4°Rall7, g 1 @ B):
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If we take B = 0, i.e. the exponent of 1 — 4z is equal to zero, we have

n+k+1
lax| < 4| Palloo,jo,37V/2K + 1( nek )

and we obtain k£ > 2 x 0.2907588n which corresponds to the result on the
interval [0, 1] in the section 2.

3.2. The factor 1 —4z.

To find a lower bound for the exponent of the factor 1—4z if the exponent
of z is fixed, we consider the vector space generated by the basis z9(1 —
4z)", z9(1 — 4z)™ L, .-+, 29(1 — 4z)* and the scalar product (f, g)2. We
put

Ni(z )_L(4x) Z( 1) _](n+iqz‘:_.12;-1)(n J) 29(1 — 4z,

j=i

We have so (N;, (1 —4z)"2%),=0forn>h >i+1, and

1 (n+i+2¢+1 . n+i+1\\ !
(Nu 1)2 42q+1( n—z+2q ) ((2$+1)( n—1i ))

We take a polynomial Q € Z, (2], @ = 29(1 — 4z)*¥R(z) where 4" *R €
Z|[z] and deg R = n—k. If we write R(z) = bo+b1(1 —4z) +--- +bp_r(1—
4z)" % then 4" ¥R(1/4) = 4" *by. So we write Q = apz9(1l — 4z)"
an_129(1 —4z)" 1+ +a;z9(1 — 4z)* and Q = ppNp + pn—1Np—1+-- -+
/'l‘ka' Then /"’%(Nk’ Nk)2 < (Q’ Q)Z < _‘li”Q”zo,[O,%]’

g = [1ae] n+k+2q+1
kl = 1B n—k+2q

e n+k+2¢+1\7!
k n—k+2q

1
-1\ 2
20+1 n+k+1\(n+k+2q+1
( ||Q”°°[01]4 (2k+1)< n—k n—k+2q

and

B 3 k+2q+1\(n+k+1
n—k < n k+q n+ .
4 1Gk| <4 ”Q”oo,[o,%] (2k + 1) n—k+2g n—k

We obtain
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Proposition 3.4. Let P, = axz9(1-42)%+- - -+an—q29(1—4z)" "1 € Zy[z],
then

|ak| < 4‘1||Pn||°°’[0’21_]\/(2k + 1)(

We can estimate the exponent k of the factor 1 — 4z, because it is clear
that 4"~*~9q;, is an integer. As in lemma 3.3, we can prove

n+k+qg+1l\/n+k—-—qg+1
n—k+gq n—k—q )

Lemma 3.5. We put P, and a; as above. If B = % is given, then k >
an + o(n), where a is the smallest positive root of

1
LYBE p f (e ) =1
where f(a, B) is defined in lemma 3.3.

So, with lemma 3.3, by taking the exponent of 1 — 4z equal to zero,
we obtain that the exponent of z is at least equal to 0.5815176996n, and
with this result we obtain that the exponent of 1 — 4z is at least equal to
0.0949670642n by lemma 3.5. We put this last result in lemma 3.3, we thus
get that the exponent of z is at least equal to 0.59470097597n, we continue
and obtain the following results :

TABLE 1
ezponent of x of 1 -4z ezponent of x of 1 —4x
1| 0.5815176996 0 6 | 0.5952039244 | 0.0966191046
2] 0.5815176996 | 0.0949670642 | 7 | 0.5952244705 | 0.0966191046
3 | 0.5947009759 | 0.0949670642 | 8 | 0.5952244705 | 0.0966217252
41 0.5947009759 | 0.0965550944 | 9 | 0.5952253121 | 0.0966217252
5| 0.5952039244 | 0.0965550944 | 10 | 0.5952253121 | 0.0966218326

By these results, we obtain the proof of the relation (3), i.e. let P, €
1
Zy[z], if | PallZ o < 0.179067916 (because tz ([o, 3]) = tz(lo, 1))?),
g
then P, (z) = z¥(1 — 47)9S,_k—q(z) where Sp_g—g € Zp_k—q[z] and k >
0.5952253n, g > 0.0966218n.
4. Application for tz ([0,1]) and a new exceptional polynomial

In the paper by Habsieger and Salvy [5], we find a table of integer
Chebyshev polynomials of degree less than or equal to 75 on the inter-
val [0,1]. They found the factors : A; = z(1 — ), A2 = 1 — 2z, A3 =



858 Qiang WU

522 - 5z +1 Ay = 622 — 6z + 1, A5 = 29z* — 5823 + 4022 — 11z + 1,
Ag = (1323 — 2022 + 9z — 1)(132% — 1922 + 8z — 1), A7 = (31z* — 6323 +
44z% — 12z + 1)(31z* — 612° + 4122 — 11z + 1), Ag = 4921z — 246052° +
5380428 — 675867 + 5386625 — 2838825 +99952* — 231723 + 33822 — 28z + 1.

By the change of variable u = z(1 — ), we obtain the factors on [0, 3] :
Al =u, AZ2=4u—1, A3 =5u—1, Ay = 6u—1, A5 = 29u? — 11u + 1,
Ag = 169u3 — 94u? 4+ 17u — 1, A7 = 961u? — 71203 + 19402 — 23u + 1,
Ag = 4921u® — 4594u? + 1697u® — 310u? + 28u — 1.

In this section, we first consider the interval [0, 1]. For the search of
the factors of integer Chebyshev polynomials, we use the method which we
detail in [8] and [9] with the following steps:

1. Find a good upper bound for || Py|,[4,5) : In this step we use the LLL
algorithm [6] which furnishes a LLL-reduced basis (f;)1<i<m of H where
H is a lattice with basis (e;), i.e. such that the norm (euclidean norm) of
vectors f; is small and in particular such that the vector f; is not so far
from being the smallest non zero vector in H. Then we can find a good
upper bound.

2. Use this bound to deduce polynomials that are necessary factors of
P, : Now we use the generalized Miintz-Legendre method with this bound
to give an upper bound for the exponents of critical polynomials as in
section 2 and section 3. More precisely we comput explicitely the bound of
the coefficient a; when F is an explicit polynomial having even more than
one irreducible factor (such as Az, Ayg).

3. Perform an exhaustive search for the missing factors : We have so a
system of inequalities |F(z;)Q(z;)| < ¢, where F is determined by the step
2, c¢p, is the good upper bound in step 1, @Q(z) is a polynomial of degree
k = n — deg F whose unknown coefficients are to be determined and the
z; are control points in the interval [a, b] which are different from the roots
of F(z). This system defines a polyhedron of which we must determine
the integer points. We solve this system with a method adapted from the
simplex method and the LLL algorithm. We thus obtain a polynomial P,
which is appropriate.

We thus find a new factor

Ao = 33u2 — 12u+ 1 =33z* — 6623 + 4522 — 120 + 1

and also the factor

Ag = 941u* — 703u3 + 193u? — 23u + 1
= 94123 — 376427 + 6349z° — 5873z° + 3243z*
—1089z° + 21622 — 23z + 1
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and we extend the table up to degree 50 (i.e. on the interval [0,1] we can
obtain the integer Chebyshev polynomials of degree up to 100 if we consider
only the polynomials @ of even degree such that Q(z) = Q(1 — z)).

Otherwise, by lemma 1 of Habsieger and Salvy [5], we can also search
the factors of integer Chebyshev polynomials of odd degree on the interval
[0, 1] by transferring the search on the interval [0, 41], i.e. we compute
Py, (u) such that

1Pa(u)V1 = dullo 0,1y = Qeilzlf[“] 1Q(w) V1 — 4ull o 10,1
and we replace u by z(1 — z), the table 2 is thus obtained. In this table,
for the integer Chebyshev polynomial of degree 95, we have

A;; = 43609212 — 261654z + 704777210 — 1125390z
+ 11848542% — 865270z" + 4487762° — 166327z
+ 43659z — 790522 + 93622 — 65z + 2

which is a new exceptional polynomial, i.e. it has four non real zeros. For
the polynomials of degree less or equal to 75, we find of course the same
ones as those of the table of Habsieger and Salvy.

We will now explain how our computation let us obtain a polynomial of
degree 10® which will imply the Theorem. Let B; = 969581u8 —144151147 +
928579ub — 338252u® + 76143u* — 10836u% +951u2 — 47Tu+1, By = 49u2 —
20u+2, By = 34u? —12u+1, By = 193u® —104u2 +18u—1, Bs = 199u3 —
105u2+18u—1, Bs = 182113u” —233968u’ +127434u5 — 38125u +6763u> —
711u? + 41u — 1, where the polynomials B; appear during the computation
of the table 2. Using a classical semi-infinite linear programming (8], we

get the smallest bound for max |A1AS?... A0 A% B ... B€6| with

0<u<l/4
11 6 '
the condition Zai deg A; + Zﬁj degB; = 108. Then we obtain the
i=1 j=1

polynomial H of degree 10% with

a; = 64117551, oo = 12048122, a3 = 8256155,
o4 = 492953, as = 2698672, ag = 839171,
ay = 363750, ag = 47433, a9 = 749597,
ajg = 115864, a;; =0,

B1 = 120310, B2 = 60103, B3 = 132344,

B4 = 65765, Bs = 34290, Bs = 85792.
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TABLE 2

n polynomial tz ([2’1]) n polynomial tz ([2’1])

76 | AZAVAS AL As Ay | 0.4276 | 89 | AAJAJAsAg | 0.4270
77| APASA3AsAg | 0.4279 | 90 | AZBAP A A5 AAy | 0.4269
78| A¥APALA 04279 | 91 | APAPBALALAZ | 0.4277
79| AZAJAZAsAy | 0.4272 | 92 | APAJPAJALAsAg | 04273
80| A¥AAfAZ 0.4275 | 93 | A0ALBA3A4A5 A0 | 0.4271
81| AAJATAsAs | 0.4276 | 94 | AP APAZAsAgAg | 0.4267
82| A27AL2A3A,AZ | 04275 | 95 | APAJA3AsA; | 04273
83| AZALlASAsAs | 04279 | 96 | ARZALAALAZ | 0.4267
84| AZTAASAsAs | 04281 | 97 | ASTAJAJAZA, | 0.4273
85| AZA3A3A5AsAy | 0.4272 | 98 | AF?AF2AJAsAs | 0.4269
86| AZALASAsAs | 0.4273 | 99 | A32AP3A§A4A5 A | 0.4271
87 | A27A3A3A5AsAs | 0.4273 | 100 | A34AP2A3AsA9 | 0.4271
88 | APALALAsAy | 0.4273

So
tz([0, 1/4]) < max |H(z)"" < 0.179067916.
0<z<1/4

This proves the theorem. Surprisingly we see that the exceptional polyno-
mial A;; does not appear as a factor of H!
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